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ABSTRACT: Carbon-nanotube (CNT) aggregates are promising
light-absorbing materials for photovoltaics. The hopping rate of
excitons between CNTs directly affects the efficiency of these devices.
We theoretically investigate phonon-assisted exciton hopping, where
excitons scatter with phonons into a same-tube transition state,
followed by intertube Coulomb scattering into the final state. Second-
order hopping between bright excitonic states is as fast as the first-order
process (∼1 ps). For perpendicular CNTs, the high rate stems from the
high density of phononic states; for parallel CNTs, the reason lies in
relaxed selection rules. Moreover, second-order exciton transfer
between dark and bright states, facilitated by phonons with large
angular momentum, has rates comparable to bright-to-bright transfer,
so dark excitons provide an additional pathway for energy transfer in
CNT composites. As dark excitons are difficult to probe in experiment, predictive theory is critical for understanding exciton
dynamics in CNT composites.

1. INTRODUCTION
Carbon nanotubes (CNTs) are presently garnering attention
for potential use in photovoltaic solar-cell and photodetector
applications.1−10 The development of these CNT-based
photovoltaics is dependent on the photophysics of CNTs. In
the past two decades, there has been considerable improvement
in our understanding of the electronic and optical properties of
CNTs, with a special effort to isolate and study the properties
of individual CNTs.11 However, the physical processes that are
important in determining the efficiency of photovoltaic devices
depend on the electronic interactions between CNTs. An
example of these processes is intertube exciton hopping, which
is directly related to the efficiency of photovoltaics that use
CNTs as the light absorber. Therefore, it is critical to
understand the mechanisms through which excitons hop
between CNTs and to maximize the intertube exciton-transfer
(ET) rate.12

In recent years, several groups have measured the intertube
ET rate in CNT films.13−22 The reported results range from
tens of femtoseconds to tens of picoseconds. In our recent
paper,23 we calculated the ET rate between pairs of
semiconducting CNTs using first-order Fermi’s golden rule
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We studied the effects of CNT chirality, exciton confinement,
exciton scattering from impurities, and the relative orientation
of the donor and acceptor CNTs. (The donor/acceptor CNT
refers to the tube that hosts the electron before/after exciton
transfer.) We showed that the origins of the wide range of
measured ET rates are exciton confinement in local quantum

wells that stems from disorder and exciton thermalization
between bright and dark excitonic states. The physical process
behind this type of exciton hopping is elastic: exciton hopping
happens via Coulomb coupling between the initial and final
excitonic states with equal energies. The phonon baths within
each CNT act as intratube scattering sources and help relax
exciton populations toward thermal equilibrium. Therefore,
phonons play an indirect role in the first-order ET process.
Several studies have shown that ET between molecules and

quantum dots can be facilitated by higher-order processes,
which include exciton−phonon interactions.24−31 In these types
of processes, the underlying phonon bath plays a direct role in
the ET process. Rebentrost et al. studied the effect of the
exciton−phonon coupling strength on the efficiency and rate of
ET in quantum dots.29 They showed that there is an optimal
range of exciton−phonon coupling strengths that leads to an
increase in the ET rate; in this range, exciton−phonon
scattering rates are comparable to typical excitonic energy
spacings (in the units of ℏ). However, these findings are not
directly applicable to CNTs, where the energy levels have
smaller spacings than the quasi-zero-dimensional molecular
systems and quantum dots.25 Recently, Postupna et al.32 used a
molecular-dynamics technique along with density functional
theory to show that exciton−phonon coupling could change
the band structure and symmetry of dark excitons, thereby
opening new pathways for ET between arrays of carbon
nanotubes.
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In this paper, we present a calculation of the phonon-assisted
ET rates using second-order Fermi’s golden rule. This transfer
process consist of two successive scattering events: intratube
scattering of excitons due to their interaction with phonons,
followed by intertube scattering of excitons due to Coulomb
coupling between the two CNTs (or vice versaintertube first,
intratube second). The excitonic states in CNTs are calculated
by solving the Bethe−Salpeter equation in the basis of tight-
binding single-particle states.33,34 Band bending due to the
presence of neighboring CNTs is on the order of a few tens of
meVs,32,35 which is small when compared to the band gap
difference for the CNTs considered here and is therefore
neglected. The exciton−phonon interactions are calculated
using the Su−Schrieffer−Heeger (SSH) model.36,37 The
Coulomb coupling between excitonic states is calculated within
the transition-monopole approximation (TMA).23,38,39

Our results show that the second-order phonon-assisted ET
process between CNTs has a rate of about 1 ps−1, which is the
same order of magnitude as the first-order ET process. The
reason behind this fast second-order process depends on the
orientation of the donor and acceptor tubes: (1) When the
CNTs are nonparallel, the large density of the phononic states
that facilitate the ET process causes the high transfer rates. (2)
When the CNTs are parallel, the participation of phononic
states helps with finding the initial and final quantum states that
simultaneously conserve momentum and energy, thereby
increasing the number of suitable donor and acceptor excitonic
states, which leads to high rates of phonon-assisted ET. We also
find that, for optically inactive E-type excitons, the phonon-
assisted transfer rate (∼1 ps−1) is at least 2 orders of magnitude
higher than the rate of the first-order transfer process (∼0.01
ps−1). These results are important from an experimental point
of view, as optically inactive excitons are invisible in the most
common measurement methods (time-resolved photolumines-
cence spectroscopy and pump−probe spectroscopy), so one
needs to complement measurements with theoretical calcu-
lations in order to get a complete picture of exciton dynamics in
these types of nanostructures.

2. THEORY OF PHONON-ASSISTED EXCITON
TRANSFER

According to Fermi’s golden rule,40 the second-order transition
rate is given by
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where the electronic system is initially in state |i⟩ and is in state
|f⟩ after transfer. |m⟩ is an intermediate state that the electronic
system jumps into as the first step of the scattering process and
jumps out of (and into the state |f⟩) in the second step. A
schematic of second-order scattering is shown in Figure 1. γ is
the lifetime of the initial state, |i⟩, which will be discussed later.
Scattering is caused by a perturbation Hamiltonian (V), which
consists of exciton−phonon interaction (Hex−ph) and the
Coulomb interaction (Hcoul) between the electrons in the
donor and acceptor CNTs

= + +− −V H H Hcoul ex ph,1 ex ph,2 (3)

Indices 1 and 2 in the exciton−phonon interaction Hamil-
tonians refer to CNTs 1 and 2 because the phonon bath inside

each CNT interacts only with excitons inside that CNT and can
only result in intratube exciton scattering.
The radial breathing modes (RBMs) in CNTs couple weakly

with excitons, so the graphene-like G modes dominate
exciton−phonon interaction.37,41 As the RBM modes are of
little importance here, for numerical simplicity, we calculate
phonon dispersions by zone folding of graphene modes,42

which is an accurate approach for G modes.
The exciton−phonon interaction Hamiltonian in the i-th

CNT is
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where ci,λ
† (q) and ci,λ(q) are the phonon creation and

annihilation operators in the i-th CNT, respectively. q is the
phonon wave vector, and λ is the phonon branch index. |i,s,K⟩
is the state with a single exciton in the i-th CNT. Here, we limit
ourselves to the cases where only one CNT is excited and hosts
a single exciton, while the other CNTs are in the ground state.
The single-exciton approximation is appropriate for low-
intensity illumination conditions, common in experiment.19,20

K is the wave vector of the exciton center-of-mass, and s is a
quantum number analogous to the principal quantum number
in a hydrogen atom. Li is the CNT length. gss′(λ, q, K) is the
exciton−phonon coupling term given by the Su−Schrieffer−
Heeger (SSH) model,36,37 which is appropriate for the coupling
of excitons with G phonon modes. In the SSH model, the tight-

Figure 1. Second-order exciton scattering. Panel (a) shows exciton
hopping where intratube exciton−phonon scattering is followed by
intertube exciton scattering due to Coulomb interaction. Panel (b)
shows exciton hopping where intertube exciton scattering due to
Coulomb interaction is followed by intratube exciton−phonon
scattering. Black dashed lines represent Coulomb scattering, while
black solid lines represent scattering due to exciton−phonon
interaction. Solid red and blue curves show the exciton energy
dispersions in the donor and acceptor CNTs, respectively.
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binding matrix element t = t0 − gδu is modulated by the
longitudinal displacement of nearest-neighbor atoms (δu)
owing to phonon vibrations. The electron−phonon coupling
constant in CNTs is g = 5.3 eV/Å.37

Unlike the exciton−phonon interaction, which only results in
intratube exciton scattering, the Coulomb coupling Hamil-
tonian

∑ ∑= ′ ′ | ′ ′⟩⟨ | +
′ ′

H M s s s sK K K K( , ; , ) 2, , 1, , h.c.
s sK K

coul
, ,

(5)

is responsible for intertube exciton scattering. The Coulomb
coupling matrix element, M, is calculated under the TMA23 and
shows two different types of behavior, depending on whether
the donor and acceptor CNTs are parallel or not. Both cases
are present in most processed CNT samples, as the CNTs tend
to form bundles in which the tubes are parallel and the CNT
bundles are randomly oriented with respect to one another. We
will discuss the cases of both parallel and nonparallel CNTs.
In the following, we discuss second-order exciton hopping

between pairs of perpendicular and parallel CNTs for the two
types of hopping process shown in Figure 1: (i) exciton−
phonon scattering within the donor CNT followed by
Coulomb scattering into the final state in the acceptor CNT
(Figure 1a) and (ii) Coulomb scattering from the initial state in
the donor CNT into an intermediate state in the acceptor
CNT, followed by exciton−phonon scattering within the
acceptor CNT (Figure 1b). Both (i) and (ii) can involve
emission or absorption of a phonon [see eq 4], with emission
being the dominant (higher-rate) process. Therefore, we
consider only phonon emission in the rest of the paper.
As an aside, we also note that a type-II heterojunction and

the resulting dissociation and charge transfer can happen when
tubes are in very close proximity and have large orbital overlap.
However, typical intertube surface distances in experiment are
no less than 5 Å,20 owing to surface charge and polymer residue
left over from the process of separation of semiconductor
nanotubes from the CNT soot. For typical distances, Postupna
et al.32 have shown, using ab initio calculations, that the energy
transfer phenomena (i.e., exciton transfer) are dominant, as
they happen considerably faster than charge transfer (i.e.,
dissociation of excitons into electrons and holes).
2.1. Perpendicular CNTs.When the CNTs are nonparallel,

the Coulomb matrix element is inversely dependent on the
length of donor (L1) and acceptor (L2) CNTs

′ ′ = ′ ′⊥M s s
L L

M s sK K K K( , ; , )
1

( , ; , )
1 2 (6)

This length dependence can be understood by realizing that the
average distance between the CNTs increases with increasing
length of the CNTs, which results in weaker Coulomb coupling
between longer tubes. Here, M⊥ is a length-independent
Coulomb matrix element; it is the term remaining after the
length dependence is explicitly pulled out of the full matrix
element M(s, K; s′, K′) in eq 6. We also note that, when the
donor and acceptor CNTs are nonparallel, the exciton center-
of-mass momentum does not have to be conserved in the
exciton hopping process.
We calculate the total ET rate for a unit length of donor

CNT by summing the transition rate for every possible
phononic (λ and q) and final excitonic state (s2 and K2). For
perpendicular tubes, the rate for a unit length of a donor CNT

is a quantity important in experiment, as one often measures
the rate of scattering from a donor CNT to a bundle of
acceptor CNTs, all of which cross the donor tube, so the actual
length of one crossing and the density of acceptor tubes are
important in obtaining the final rates (see a detailed discussion
in refs 23 and 43). The expressions for the ET rate through
second-order process types (i) and (ii) together (shown in
Figures 1a and 1b, respectively) are similar, with some
differences in the selection rules for the transition and final
states. For process type (i), the total ET rate from a donor
CNT of unit length to a set of acceptor CNTs that are
perpendicular to the donor is given by

∫
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For process type (ii), the corresponding rate is
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In eqs 7 and 8, Ωi,s(K) is the exciton energy in the i-th CNT
obtained by solving the Bethe−Salpeter equation.23 ℏω1,λ(q) is
the energy of the emitted phonon in the donor CNT.42 ni,λ(q0)
is the thermal (Bose−Einstein) occupation number of phonons
in tube i, branch λ, and with wave vector q0 at temperature T:
ni,λ(q0) = (exp(ℏωi,λ(q0)/kBT) − 1)−1, where kB is the
Boltzmann constant. γ = 30 meV is the inverse lifetime due
to the exciton−phonon scattering rate.37,44,45 The phonon wave
vector q0 is the value for which the energy is conserved in the
exciton hopping process: Ω2,s2(K2) = Ω1,s1(K1) − ℏω1,λ(q0).

and μ are the circumferential components of exciton and
phonon wave vectors, respectively. In the SSH interaction term,
g = 5.3 eV/Å and t0 = 3.033 eV.42 [Excitons with zero angular
momentum ( = 0) are called A-type excitons, which are
further divided into the optically inactive (dark) A1 and
optically active (bright) A2 excitons. Excitons with nonzero
angular momentum ( ≠ 0) are dark and referred to as E-
type. The first-order ET rate due to Coulomb coupling is
generally 2 orders of magnitude higher among A2 excitons than
the ET rate between E-type and A2 excitons.23 Owing to
symmetry, A1 excitons do not contribute to exciton hopping via
first- or second-order processes and will not be discussed here.]
It is important to note that the second-order ET rate

between nonparallel CNTs [eq 7] contains the phonon density
of states
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which would be absent in phonon-assisted second-order
processes between parallel tubes [see eq 11]. Namely, in
most cases of phonon-assisted processes, the degree of freedom
over the phonon wave vector is eliminated by momentum
conservation, which results in a dependence of the rate on the
electronic density of states. Once the momentum conservation
is relaxed because of tube misorientation, the phonon density of
states remains in the expression, and since it is much higher
than the electronic density of states, we expect a much higher
rate of the phonon-assisted second-order process between
nonparallel than between parallel CNTs.31

2.2. Parallel CNTs. In the case of parallel CNTs, the
Coulomb matrix element does not depend on the length of the
CNTs, but instead it conserves the center-of-mass momentum

δ′ ′ = × ′ ′′M s s M s sK K K K( , ; , ) ( , ; , )K K, (10)

Here, δK,K′ is the Kronecker delta function, which eliminates the
phonon degree of freedom in the scattering process. The ET
rate between two parallel CNTs due to process type (i) is
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For process type (ii), the expression is
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Here, K2,0 and q0 are the wave vector of excitonic and phononic
states which simultaneously conserve energy and momentum:

Ω2,s2(K2,0) = Ω1,s1(K1) − ℏω1,λ(q0), = −K K
q

2,0 1 2
0 .

In the case of parallel CNTs, the phonon density of states is
absent due to the momentum-conservation requirement;
therefore, in contrast to the perpendicular case, the phonon-
assisted ET rate between parallel tubes does not benefit from
the large density of phononic states.

3. RESULTS AND DISCUSSION
3.1. Phonon-Assisted Exciton Transfer Rate for

Perpendicular CNTs. Figure 2a shows the phonon-assisted
ET rates among A2 excitonic states in perpendicular CNTs. The
ET happens through phonon scattering within the donor CNT
followed by the Coulomb coupling of the transition excitonic
state in the donor CNT to the final excitonic state in the
acceptor CNT. These second-order ET rates are within the
range of measurements13−22 and have the same order of
magnitudes as the theoretical calculations of the first-order ET

rates,23 which makes them important from both experimental
and theoretical points of view.
As we can see in Figure 2a, the ET rate increases with

increasing exciton kinetic energy and depends on the chirality
of the donor and acceptor tubes. In the case of CNT pairs with
the same chirality [(10,0) → (10,0)], excitons with energies at
the bottom of a band cannot emit a phonon (see blue curves in
Figure 2), but the excitons with higher energies can. In the case
of dissimilar chiralities, if the acceptor CNT has a smaller
energy gap than the donor CNT [such as (10,0) → (11,0) or
(10,0) → (13,0)], the excitons at the bottom of the dispersion
curve can emit acoustic phonons, and the scattering rate is high
(green and red curves in Figure 2b). As the exciton energy
increases past a longitudinal-optical-phonon energy, we see a
jump in the scattering rate due to the interaction of those
optical phonons with excitons. The right inset in Figure 2
shows the scattering rate between (10,0) and (11,0) CNTs,
with the same vertical energy scale as the left inset, which
depicts the excitonic and phononic energy dispersions. We can
see the turn-on of new exciton scattering pathways as the
emission of new longitudinal optical phonon G-modes becomes
possible.
However, the ET rate at the bottom of the band is of the

greatest importance because the exciton occupation number
decreases with increasing energy. Figure 2b shows the ET rate
multiplied by the exciton thermal occupation number

Ω = β− Ω ∂
∂Ω( )N e( ) /K where is the partition function and

∂
∂Ω

K is the exciton density of states at energy Ω. The effective ET
rates measured in experiment are the areas under the curves in
Figure 2b. These effective ET rates (summarized in Table 1)
between CNTs with the same chirality are lower by a factor of 2
than the effective ET rates between pairs of CNTs with

Figure 2. (a) Phonon-assisted ET rates between A2 excitons in pairs of
perpendicular CNTs via process type (i) (i.e., intratube phonon
scattering followed by intertube Coulomb scattering). The energy axis
starts from the bottom of the excitonic band in the donor CNT. (Left
inset) Exciton band dispersions [green dashed line: (10,0) donor
CNT; red dashed line: (11,0) acceptor CNT] and donor-CNT
phonon dispersions (solid yellow horizontal lines). (Right inset) The
ET rate, with the vertical energy axes aligned with that in the left inset,
to emphasize the relationship between the onset of different phonon
scattering channels and phonon dispersions. (b) Phonon-assisted ET
rates multiplied by the thermal occupation number at temperature T =
300 K.
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different chiralities, owing to the reasons discussed in the
previous paragraph.
As we stated before, the phonon-assisted ET rates via process

types (i) and (ii) are similar in terms of their mathematical
expression. However, the minor differences in the selection
rules result in major differences in the behavior of the ET rates
via process types (i) and (ii). Figure 3a shows the second-order

ET rates via process (ii) [Coulomb coupling followed by
phonon scattering (Figure 1b)]. In all cases (between similar
and dissimilar donor and acceptor CNTs), the ET rates tend to
zero at the bottom of the exciton energy band. This is due to
the shape of the Coulomb coupling matrix element, eq 6, which
tends to zero for K1 = 0 or K2 = 0. When Coulomb coupling
happens first, we have K1 ≈ 0 for the states at the bottom of an
excitonic energy band, leading to a zero scattering rate
regardless of the band gap in the acceptor CNT. Therefore,
the highly populated excitonic states have very small ET rates
(Figure 3), which produce lower effective ET rates for process
(ii) overall than the rates in process type (i). We also observe a
few orders of magnitude jump in the ET rate for process (ii) at
the energies that optical phonons become available: Ω1,s1(K1) −
min(Ω2) = ℏωoptical. The large jumps are a consequence of the
high density of final excitonic states at the bottom of the
acceptor−CNT energy band. It is noteworthy that these ET
rates are comparable to the intratube exciton relaxation rates
due to phonons, and it is therefore possible to observe transfer

of hot excitons between CNTs before they are able to relax to
lower-energy excitonic states.
First-order ET from the E-type dark excitonic states are at

least 2 orders of magnitude lower than the first-order ET from
A2 bright excitonic states.23 The reason is the weak Coulomb
coupling of E-type excitons to any other type of exciton.
However, this limitation is overcome in the context of second-
order exciton scattering. Figure 4a shows the scattering rates of

E-type excitons in (10,0) CNT to A2 excitons in acceptor
CNTs with various chiralities. If an exciton has enough energy
to emit an acoustic or an optical phonon, the transfer rate from
dark to bright excitonic states can exceed 1 ps−1 nm, about 2
orders of magnitude improvement with respect to the rate of
first-order ET between the same excitonic states.23 As we can
see in the insets of Figure 4a, the ET process is of type (i),
where in the first step the initial dark excitonic state (E)
converts to a bright transition state (A2) on the same tube via
phonon scattering. In the second step, the transition excitonic
state couples to the final bright excitonic state via Coulomb
interaction.
Unlike the case of ET from the A2 exciton, the ET rate from

low-energy E-type excitons is small even when the acceptor

Table 1. Effective Exciton Transfer Rates between Different Pairs of Perpendicular and Parallel Carbon Nanotubes at
Temperature T = 300 Ka

(10,0) → (10,0) (10,0) → (11,0) (10,0) → (13,0)

orientation type A2 ↔ A2 E ↔ A2 A2 ↔A2 E ↔ A2 A2 ↔A2 E ↔ A2

perpendicular (i) 0.61 1.4 × 10−3 1.3 2.6 × 10−2 1.1 0.66
perpendicular (ii) 0.62 2.4 × 10−2 0.78 1.1 0.72 0.33
parallel (i) 1.2 3.9 × 10−3 1.4 8.2 × 10−2 1.4 1.6
parallel (ii) 0.33 0.12 0.13 0.20 3.6 × 10−2 1.6 × 10−2

aThe rates for the perpendicular orientation are in [ps−1·nm], while the rates for the parallel orientation are in [ps−1].

Figure 3. (a) Phonon-assisted ET rates among A2 excitons in pairs of
perpendicular CNTs via process type (ii) (i.e., intertube Coulomb
scattering followed by intratube phonon scattering). The energy axis
starts from the bottom of the excitonic band in the donor CNT. (b)
Phonon-assisted ET rates multiplied by the thermal occupation
number at temperature T = 300 K.

Figure 4. (a) Phonon-assisted ET rates between E and A2 excitonic
states in pairs of perpendicular CNTs. The energy axis starts from the
bottom of the excitonic band in the donor CNT. Insets show a
schematic of ET mechanism, where first the E-type exciton transitions
to an A2 exciton in the donor CNT via phonon scattering, followed by
intertube Coulomb scattering from between A2 excitonic states in the
donor and acceptor CNTs. The solid blue (red) curve shows the
dispersion of E-type (A2) excitons. The solid black arrow indicates
exciton−phonon scattering, while the dashed black arrow denotes
Coulomb scattering. (b) Phonon-assisted ET rates multiplied by the
thermal occupation number at temperature T = 300 K.
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CNT has a smaller band gap. This behavior can be understood
by noting the large difference in angular momentum of E-type
and A2 excitons. Therefore, both acoustic and optical phonons
that facilitate the second-order ET of E-type excitons have a
large angular momentum with energies higher than 50 meV.
This means that the low-energy excitons can only transfer if the
excitonic energy of the acceptor CNT is smaller by more than
50 meV. Among the different choices of sample CNTs we
consider herenamely, (10,0), (11,0), and (13,0)this
criterion is satisfied for ET from (10,0) to (13,0), where we
observe much higher effective ET rates than for other donor/
acceptor CNT pairs (Figure 4b).
3.2. Phonon-Assisted Exciton Transfer Rate for

Parallel CNTs. Now, we turn to the case of parallel CNTs,
in which the Coulomb matrix element does not depend on the
length of the CNTs, but instead it conserves the center-of-mass
momentum [eq 10]. In the case of parallel CNTs, the phonon
density of states is absent due to the momentum-conservation
requirement; therefore, in contrast to the perpendicular case,
the phonon-assisted ET rate between parallel tubes does not
benefit from the large density of phononic states. However,
Coulomb coupling between parallel CNTs is much stronger
than the Coulomb coupling between perpendicular CNTs. For
example, the first-order ET between parallel CNTs could
potentially be 2 orders of magnitude faster (∼100 ps−1) than
the first-order ET between nonparallel CNTs.23 However, the
number of excitonic states that obey the selection rules is
limited for most cases of donor and acceptor CNT chirality,
and the first-order ET rate is usually less than 1 ps−1.23 In
second-order exciton scattering, the presence of phonons helps
with finding the final excitonic states that obey the selection
rules. As phonons increase the number of donor and acceptor
exciton states between which an exciton can transfer, the
second-order ET rate increases. As we can see in Figure 5a, the
exciton scattering rates between bright states generally exceed 1
ps−1 regardless of the chirality of donor and acceptor CNTs.
Figure 5b shows the exciton scattering rate from E-type

excitons to A2 excitons in pairs of parallel CNTs. The scattering
rates have the same trend as the rates in Figure 4a. Again, the
scattering rate of low-energy excitons is large when the
difference between bottoms of excitonic dispersion energies

in donor and acceptor CNTs is large enough to allow for
phonon emission.
Overall, the second-order ET rates between parallel CNTs

are about 2 orders of magnitude lower that the maximal first-
order ET rates between parallel CNTs. However, the second-
order process is still relevant since the maximal first-order ET
rate only happens for limited choices of donor and acceptor
chiralities; the second-order ET rates reported here are faster
than the cases of first-order ET process that happen in most
experiments.

4. CONCLUSIONS
In conclusion, we performed a calculation of second-order
phonon-assisted ET between pairs of CNTs with parallel and
perpendicular mutual orientations. We showed that the ET
rates and the selection rules for the initial and final states are
notably different between these two cases. Table 1 shows a
summary of the effective ET rates between bright and dark
excitonic states of three example CNTs; these effective rates are
directly relevant in experiment. The second-order ET rates
between bright excitonic states are generally higher than 1 ps−1,
which is roughly the same order of magnitude as the first-order
ET rates. The second-order ET rate between dark and bright
excitonic states can also reach values as high as 1 ps−1, which is
about 2 orders of magnitude higher than the first-order ET
rates between bright and dark excitons. Dark-exciton transfer is
facilitated by exciton scattering with phonons of large angular
momentum into same-tube bright states that are strongly
Coulomb coupled to bright acceptor-tube states.
These conclusions are true for both parallel and

perpendicular tube orientations. The high second-order ET
rate between perpendicular CNTs stems from the high density
of phononic states. For parallel CNTs, the high ET rate is a
result of the selection rules that are much less restrictive in the
presence of phonon scattering than for the resonant, first-order
Coulomb scattering.
The finding that second-order dark-to-bright exciton transfer

is as fast as both first and second order bright-to-bright transfer
is very important as a complement to experiments because it
shows that dark excitonic statesnot directly accessible in
experimentare able to efficiently and directly transfer
excitons between CNTs in a CNT film. Together, the fact
that second-order bright-to-bright and dark-to-bright exciton
transfer has rates on par with first-order resonant transfer is
very important for predictive modeling of ET in CNT
composites.
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