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We present a detailed investigation of the effects that optical-phonon confinement has on the
electronic transport properties of GaAs-based midinfrared multiple-quantum-well �MQW� quantum
cascade lasers �QCLs�. The macroscopic dielectric continuum model is used to describe the
interface �IF� and confined �CF� optical phonon modes. Dispersions of the IF modes are obtained by
using the transfer matrix method with periodic boundary conditions. Normalization coefficients of
the IF and CF potentials are derived in detail for MQW structures consisting of arbitrary
combinations of binary and ternary alloys. Interstage and intrastage scattering rates due to all the IF
and CF modes are calculated for both �- and X-valley electrons. The IF and CF scattering processes,
in addition to the electron-electron and intervalley phonon scattering, are fully incorporated into the
multivalley Monte Carlo simulation of a deep-active-well 6.7 �m GaAs-based MQW QCL. At both
77 K and room temperature, we find that phonon confinement enhances the electron-polar optical
phonon scattering rates to a relatively small extent and induces minor corrections to the current,
population inversion, and the electronic temperature with respect to the results obtained in the
bulk-phonon approximation. Therefore, the bulk-phonon approximation in transport simulations of
GaAs-based QCLs remains valuable due to its simplicity and high accuracy. © 2008 American
Institute of Physics. �DOI: 10.1063/1.2899963�

I. INTRODUCTION

Midinfrared �mid-IR� intersubband lasers, such as quan-
tum cascade lasers1 �QCLs� and intersubband quantum box
lasers,2 continue to attract great research attention because of
their potential for wide use in applications ranging from gas
sensing3 and medical diagnosis4 to free-space
telecommunication.5 Electron transport in these low-
dimensional heterostructures is mainly governed by the
electron–longitudinal optical �LO� phonon interaction.
Transport simulations6–12 of QCLs generally assume elec-
trons interacting with dispersionless bulk phonons of the
well material due to the simplicity of the scattering rate cal-
culation under this approximation. However, it has been un-
clear whether the spatial confinement of phonons has a
strong influence on the electron-LO phonon scattering
strength in cascaded structures: on the one hand, Rücker et
al.13,14 showed that phonon confinement has an insignificant
effect on the scattering rate in single-well GaAs /AlGaAs
structures but is critical for interpreting the signals of time-
resolved Raman spectroscopy.15 Williams and Hu16 also
showed that the total phonon scattering rates including con-
finement in one stage �three quantum wells� of two
GaAs /Al0.3Ga0.7As terahertz QCLs are very close to those
obtained using GaAs bulk phonons, thanks to wide wells and
thin low-Al barriers. On the other hand, calculations by Me-
non et al.17 indicated that the scattering rate �21 �levels 2 to
1� in a similar three-QW �quantum well� THz structure can
be strongly enhanced due to phonon confinement, and Ref.
18 reported that, in step quantum-well structures using

GaAs /Al0.25Ga0.75As /Al0.4Ga0.6As materials, the scattering
rates with phonon quantization are more than an order of
magnitude greater than the bulk GaAs rate.

Furthermore, very little work has been done on incorpo-
rating phonon confinement in QCL transport calculations
�beyond the scattering rate computation�: notable work in
this direction came from the University of Rome group,19–21

who focused on the electroluminescence spectra calculation
in InGaAs / InAlAs superlattice QCLs �each period contain-
ing one barrier and one well� lattice matched to InP sub-
strates. The same group reported the calculation of the
electron-LO phonon scattering rates with phonon
quantization22 for a GaAs /Al0.45Ga0.55As 6.9 �m QCL struc-
ture consisting of triple-QW active regions designed by
Strasser et al.23 However, so far there has been no systematic
account of the phonon confinement on the transport proper-
ties of GaAs-based QCLs, such as the current-field charac-
teristics or population inversion.

The purpose of this paper is to provide a detailed ac-
count of the effects that phonon confinement has on the elec-
tron transport properties of mid-IR multiple-quantum-well
�MQW� GaAs-based QCLs. In our previous work,9,12,24 we
developed a multivalley Monte Carlo �MMC� simulator to
investigate the X-valley leakage in mid-IR GaAs /AlGaAs
QCLs and, more recently, employed it to optimize the design
of a deep-active-well 6.7 �m GaAs QCL for room-
temperature operation.25 The LO phonons previously used in
the simulator were the dispersionless GaAs bulk phonons. In
this work, we take full account of the spatial confinement
effect on the phonon spectra and incorporate the resulting
phonon modes in the MMC simulator. The phonon quantiza-a�Electronic mail: knezevic@engr.wisc.edu.
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tion is treated within the macroscopic dielectric continuum
�DC� model,26 where the LO phonons are classified as con-
fined �CF� bulklike modes and interface �IF� modes. The IF
phonon spectra are obtained by using the transfer matrix
method27 with periodic boundary conditions. The calculated
CF and IF potentials are then utilized to evaluate both �- and
X-valley electron transition rates due to the interaction with
these phonon modes. Intravalley electron-IF, electron-CF,
and electron-electron scattering, as well as intervalley scat-
tering, are implemented in the MMC simulation of the deep-
active-well 6.7 �m GaAs QCL structure we recently
proposed.25,28 The structure is shown in Fig. 1 for the read-
er’s convenience: it utilizes one layer of tensilely strained
GaAs0.6P0.4 and Al0.45Ga0.55As in the barriers, GaAs in the
injector wells, and compressively strained In0.1Ga0.9As in the
active wells.

The remainder of this article is organized as follows. In
Sec. II, we first present the details of the phonon spectra and
potential calculation using the transfer matrix method with
periodic boundary conditions �Sec. II A� and follow with a
calculation of the phonon potential normalization coeffi-
cients �Sec. II B�. In Sec. III, we compute the scattering rates
of all the �- and X-valley electron states of interest by all the
phonon modes �Sec. III A� and include them in the MMC
simulation to investigate the effects of phonon confinement
on the transport properties of GaAs QCLs �Sec. III B�. Fi-
nally, we conclude with a brief summary in Sec. IV.

II. PHONON CONFINEMENT MODELING

There are four macroscopic models that can treat the
interaction of confined electrons with confined polar-optical
phonons in heterostructures: the DC model,26,29 the hydrody-
namic model,30 the reformulated DC model,31,32 and the hy-
brid model.33–35 It was shown by Nash34 that the first three
models all produce the same scattering rates in a single
GaAs /AlAs quantum well in the limit of dispersionless bulk
phonons, provided that the modes in each model are mutu-

ally orthogonal and constitute a complete set. Constantinou
and Ridley35 found that the total scattering rates obtained by
the hybrid model are reproduced to an excellent degree by
the DC model and are virtually insensitive to the bulk dis-
persion. Moreover, Rücker et al.14 and Lee et al.36 showed
that the DC model accurately predicts the total scattering
rates obtained by microscopic calculations. In view of the
accuracy of the DC model in the scattering rate calculation
and the simplicity of its implementation, the DC model has
been widely used16–18,22,27,37 to treat phonon confinement in
MQW structures.

A. Phonon dispersions

Within the DC model, the optical phonon modes are de-
scribed by the electrostatic potential ��r ,z� �where r is the
in-plane position vector and z is the growth direction� result-
ing from the polarization field created by atomic displace-
ments in a polar semiconductor. In regions devoid of free
charges, the phonon potential ��r ,z� satisfies the Poisson
equation �����2��r ,z�=0, where ���� is the dielectric func-
tion. Using the generalized Lyddane–Sachs–Teller relation,
���� takes the form of a single-pole function,

���� = ��

�2 − �LO
2

�2 − �TO
2 , �1�

for a binary alloy, and obeys a double-pole relation,38

���� = ��

��2 − �LO1
2 ���2 − �LO2

2 �
��2 − �TO1

2 ���2 − �TO2
2 �

, �2�

for a ternary alloy, where LO �TO� stands for the longitudi-
nal �transverse� optical mode and 1 and 2 denote the material
type. �� is the high-frequency dielectric constant of the alloy,
which is found as a linear combination of the constituents’
constants. The dielectric constants and phonon frequencies of
the alloys used in the 6.7 �m QCL �Ref. 25� are listed in
Table I, where for ternary alloys AxB1−xC, ��LO1 ���TO1� is
the BC-like LO �TO� frequency and ��LO2 ���TO2� is the
AC-like LO �TO� frequency. The strain-induced frequency
shifts in GaAs1−xPx �Refs. 39 and 40� and InxGa1−xAs �Ref.
41� grown on GaAs substrates are less than 1 meV, so they
are not included in this work.

Since phonons are unconfined in the x−y plane in a
MQW system, the potential ��r ,z� can be written as

��r,z� = �
q

f�q�	�q,z�eiq·r, �3�

where q and r are the in-plane phonon wave and position
vectors, q= �q�, 	�q ,z� is the so-called functional form, and
f�q� is the normalization coefficient �calculation of f�q� can
be found in Sec. II B�. Substituting Eq. �3� into the Poisson
equation, we obtain the equation that 	�q ,z� must satisfy,

����� �2

�z2 − q2�	�q,z� = 0. �4�

Equation �4� has two types of solutions: IF modes, for which
���2 /�z2�−q2�	�q ,z�=0 and �����0, and confined �CF�
modes, for which ����=0.

FIG. 1. �Color online� Calculated conduction band profile and the moduli
squared of the relevant �-valley wave functions in two adjacent stages for
the deep-active-well 6.7 �m QCL �Refs. 25 and 28�. The bold black curves
denote the active lasing levels, the thin black ones are the injector miniband
states, and the bold green curves are the �-continuum levels. The vertical
arrow denotes the lasing transition 3→2. Details of the structure and the
X-valley states can be found in Ref. 25.
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For IF modes, �����0 and the modes should have fre-
quencies ��q���LO. In region Ri of Fig. 2 �i=1,2 , . . . ,N,
where N is the number of layers in one stage�, 	i�q ,z� is
given by

	i�q,z� = ci,+eq�z−zi� + ci,−e−q�z−zi�. �5�

In the DC model, the potential 	i�q ,z� and the tangential
component of the electric field �i�� /�z�	i�q ,z� �where �i

=�i���, with � omitted for simplicity� must be continuous at
each interface. It then follows that at the interface between
regions Ri+1 and Ri �at z=zi+1�.

	i+1�q,zi+1� = 	i�q,zi+1� , �6�

�i+1
�

�z
	i+1�q,zi+1� = �i

�

�z
	i�q,zi+1� . �7�

After some manipulations, we obtain the following compact
matrix-form equation:

	ci+1,+

ci+1,−

 = Qi�di�	ci,+

ci,−

 , �8�

where di denotes the thickness of the ith layer and the trans-
fer matrix Qi�di� is defined as

Qi�di� = 1
2	�1 + �i/�i+1�eqdi �1 − �i/�i+1�e−qdi

�1 − �i/�i+1�eqdi �1 + �i/�i+1�e−qdi

 . �9�

By applying the chain rule, the coefficients in the last �Nth�
and the first layer of the same stage are related by

	cN,+

cN,−

 = QN−1�dN−1� ¯ Qi�di� ¯ Q1�d1�	c1,+

c1,−

 . �10�

Next, by imposing the electrostatic boundary conditions at
the interface between two adjacent stages, i.e., at z=z1, we
obtain

	c1,+

c1,−

 = QN��dN��	cN�,+

cN�,−

 , �11�

with QN� defined as

QN��dN�� = 1
2	�1 + �N�/�1�eqdN� �1 − �N�/�1�e−qdN�

�1 − �N�/�1�eqdN� �1 + �N�/�1�e−qdN�

 .

�12�

To obtain the IF dispersions in a MQW QCL, the
isolated-stage boundary conditions �BCs� are generally
assumed:16,17,27 namely, the IF potentials purely decay in the
N�th and Nth layers of Fig. 2, i.e., cN,+=0 and cN�,−=0. How-
ever, this assumption leads to a discontinuity in the phonon
potentials at the interfaces between adjacent stages,45 which
violates the BCs of the DC model. In order to properly ac-
count for the periodicity of QCL structures, periodic BCs
�Ref. 19� are used here in obtaining the IF modes, namely,
cN�,+=cN,+ and cN�,−=cN,−. It is also evident that QN��dN��
=QN�dN�. Then, we end up with the following eigenvalue
equation:

�M − I�	c1,+

c1,−

 = 0, �13�

where I is the identity matrix and

M = QN�dN�QN−1�dN−1� ¯ Qi�di� ¯ Q1�d1� . �14�

For Eq. �13� to have a nontrivial solution, det�M−I�=0.
Since M=M�q ,��, the solutions to det�M−I�=0 yield the
dispersion relations of the IF modes. The number of interface
modes is determined by the number of intefaces in one stage
and the constituents of each inteface. Each binary/binary in-
terface contributes with two IF modes, while the number of
contributed modes per interface is 3 for a binary/ternary in-
terface �each ternary has two LO-like frequencies� and 4 for
a ternary/ternary IF.

The IF dispersions for the 6.7 �m QCL are shown in
Fig. 3. One stage of this structure has 17 interfaces, among
which 5 are ternary/ternary and 12 are ternary/binary, giving
rise to a total of 56 IF modes. The mode frequencies at each
q are obtained by numerically solving det�M�q ,��−I�=0.
Due to the many interfaces and the multiplication in Eq.
�14�, det�M�q ,��−I� rapidly oscillates as a function of �,
making it increasingly difficult to resolve between consecu-
tive zeros for larger chosen q’s. Therefore, for the 6.7 �m

TABLE I. Dielectric constants and optical phonon frequencies for the alloys used in the 6.7 �m QCL �Ref. 25�.

GaAs AlAs InAs GaP AlxGa1−xAsa InxGa1−xAsb GaAs1−xPx
c

�� 10.89 8.16 12.3 9.11 10.89−2.73x 10.89+1.41x 10.89−1.78x
��LO1 �meV� 36.25 50.09 29.79 50.19 36.22−4.67x−0.27x2 36.32−3.75x−2.27x2 36.17−3.17x
��TO1 �meV� 33.29 44.88 27.18 45.47 33.16+0.58x−2.46x2 33.5−3.64x 33.28+0.8x
��LO2 �meV� 45.09+6.66x−1.72x2 29.66−2.1x+2.08x2 43.5+8.97x−2.49x2

��TO2 �meV� 44.93−1.19x+1.18x2 29.53−2.45x 41.9+3.4x

aReference 42.
bReference 43.
cReference 39 and 44.

FIG. 2. Schematic drawing of a MQW QCL heterostructure. The z axis is
chosen as the growth direction.
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QCL considered, we explicitly calculate the frequencies up
to qlim=0.25 Å−1, while at higher q’s we simply extrapolate
��q
qlim�=��qlim� for each mode obtained.

Once the IF dispersions have been obtained, the poten-
tial 	i�q ,z� in region Ri for each IF mode can be deduced by
setting c1,+=1. �The real value of c1,+ will be taken care of by
the normalization coefficient f�q� �Sec. II B�.� The IF poten-
tial in one stage consists of the different layer 	i�q ,z� in that
stage, i.e., 	��q ,z�=	i�q ,z�, z�Ri. Then, the IF potential in
the entire computational domain �ECD� �two or more
stages�, 	�q ,z�, is obtained by repeating the one-stage poten-
tial, 	��q ,z�, with the proper shift in the z axis.

For CF bulklike modes, ����=0, so �=�LO for a binary
alloy and �=�LO1 or �LO2 for a ternary alloy. The LO
phonons propagate in a chosen layer to the interfaces and are
fully backscattered from them because the neighboring lay-
ers have different LO frequencies; the incident and backscat-
tered waves interfere and result in zero potential at the
interfaces.46,47 Therefore, in each layer i �i=1,2 , ¯ ,Ntot,
where Ntot is the total number of layers in the ECD�, the
following functional form of the CF potential holds:

	i�q,z� = sin�m� �z − zi�/di�, m = 1,2, . . . , �15�

where ziz�zi+1 and di=zi+1−zi is the layer thickness. In
the case of the 6.7 �m QCL, there are seven CF LO modes:
InAs-like from InGaAs �29.47 meV�, GaP-like from GaAsP
�46.69 meV�, AlAs-like from AlGaAs �47.74 meV�, GaAs
�36.25 meV�, GaAs-like from InGaAs �35.92 meV�, GaAs-
like from AlGaAs �34.06 meV�, and GaAs-like from GaAsP
�34.9 meV� �see Table I�.

B. Phonon mode normalization

The normalization coefficient f�q� of the IF and CF po-
tentials for each phonon mode can be determined from the
orthonormality and completeness conditions imposed on the
phonon eigenfunctions.26,48 In polar crystals, optical vibra-
tions of the lattice, which are characterized by a relative
displacement u�r ,z�, result in macroscopic electric and po-
larization fields �E�r ,z� and P�r ,z�, respectively�. These
quantities are related to each other by the macroscopic Born–
Huang theory.49 Using two-dimensional Fourier transforms,
we can rewrite u�r ,z�=�qu�q ,z�eiq·r, similarly for E�r ,z�
and P�r ,z�. For binary layers, the Fourier transforms are re-
lated by26,29,49

���TO
2 − �2�u�q,z� = e*E�q,z� , �16a�

P�q,z� = �0��� − 1�E�q,z� + e*u�q,z� , �16b�

where � is the reduced mass density, e* is the effective ionic
charge density, and �0 is the vacuum permittivity. In Eq.
�16b�, the first term on the right-hand side represents the
electronic polarization, while the second term describes the
ionic polarization. Making use of the relation

D�q,z� = �0����E�q,z� = �0E�q,z� + P�q,z� �17�

and Eq. �1�, it is straightforward to obtain

�e*�2 = ��0����LO
2 − �TO

2 � , �18�

and then

���u�q,z��2 =
�0

2�

d����
d�

�E�q,z��2, �19�

where the relation that d���� /d�=��2���LO
2 −�TO

2 � / ��2

−�TO
2 �2 has been used.
In the case of ternary layers AxB1−xC �0�x�1�, we

have19,36

�1��TO1
2 − �2�u1�q,z� = e1

*E�q,z� , �20a�

�2��TO2
2 − �2�u2�q,z� = e2

*E�q,z� , �20b�

P�q,z� = �0��� − 1�E�q,z� + �1 − x�e1
*u1�q,z�

+ xe2
*u2�q,z� , �20c�

where 1 and 2 refer to the BC-like and AC-like alloy modes,
respectively. Combination of Eqs. �17� and �20c� results in

�0����� − ���E�q,z� = �1 − x�e1
*u1�q,z� + xe2

*u2�q,z� .

�21�

Substituting Eqs. �20a�, �20b�, and �2�, into Eq. �21� leads to

�1 − x��e1
*�2

�1
��TO2

2 − �2� +
x�e2

*�2

�2
��TO1

2 − �2� = �0�����2

− �LO1
2 ���2 − �LO2

2 � − ��2 − �TO1
2 ���2 − �TO2

2 �� .

�22�

From Eq. �22�, we can derive the expressions for �e
1
*�2 �let

�=�TO1� and �e
2
*�2 �let �=�TO2�,

FIG. 3. Dispersion relations of the 56 IF modes for the 6.7 �m QCL. From
the bottom to top, the dispersions include 4 InAs-like modes around
29.4 meV, 17 GaAs-like modes within 32.8–33.6 meV, a second set of 17
GaAs-like modes within 34–36.4 meV, and 18 modes �2 GaP-like and 16
AlAs-like� within 43–48 meV.
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�e1
*�2 =

�1�0����LO1
2 − �TO1

2 ���LO2
2 − �TO1

2 �
�1 − x���TO2

2 − �TO1
2 �

, �23a�

�e2
*�2 =

�2�0����LO1
2 − �TO2

2 ���LO2
2 − �TO2

2 �
x��TO1

2 − �TO2
2 �

. �23b�

By combining Eqs. �20� and �23�, we obtain

�1 − x����1u1�q,z��2 + x���2u2�q,z��2

=
�0

2�

d����
d�

�E�q,z��2, �24�

where the first derivative of the dielectric function has the
following form for ternary alloys:

d����
d�

= ��2�	 ��LO1
2 − �TO1

2 ���LO2
2 − �TO1

2 �
��2 − �TO1

2 �2��TO2
2 − �TO1

2 �

+
��LO1

2 − �TO2
2 ���LO2

2 − �TO2
2 �

��2 − �TO2
2 �2��TO1

2 − �TO2
2 � 
 . �25�

The generalized normalization condition for each optical
�IF and CF� phonon mode � in MQW structures consisting of
arbitrary combinations of binary and ternary layers is given
by26,38

�
i

A�
Ri

dz��1 − x����1iu1i�q,z��2 + x���2iu2i�q,z��2�

=
�

2��

, �26�

where the summation goes over all the layers of interest, A is
the in-plane area, x=0,1 for binary alloys, and 0�x�1 for
ternary ones. Substituting Eqs. �19� and �24� into Eq. �26�,
the normalization condition can be rewritten as

�
i

A�
Ri

dz
�0

2��

d�i���
d�

�E��q,z��2 =
�

2��

. �27�

On the other hand, the electric field is related to the potential
through

E��r,z� = − ����r,z�

= − �
q

eiq·r�iqq̂ + ẑ
�

�z
� f��q�	��q,z� , �28�

where q̂ and ẑ are the unit vectors for the q and z directions,
respectively; hence,

E��q,z� = �− iqq̂ − ẑ
�

�z
� f��q�	��q,z� . �29�

Putting Eqs. �29� into �27�, we obtain the final expression for
the normalization coefficient f��q�,

f��q� = � �

2A��
�1/2�

i
	 �0

2��

d�i���
d�

Ii�q�
�−1/2

, �30�

where the summation over the layers i should be carried out
in one stage for IF modes, and Ii�q� is defined as

Ii�q� = �
Ri

dz	q2�	i
��q,z��2 + � �	i

��q,z�
�z

�2
 . �31�

For IF modes, Ii�q� is simplified to be

Ii�q� = q�ci,+
2 �e2qdi − 1� − ci,−

2 �e−2qdi − 1�� , �32�

and for CF modes,

Ii�q� = 	q2 + �m�

di
�2
di

2
. �33�

The IF potentials are calculated for all q’s of interest for
the 6.7 �m QCL. Arbitrarily selected normalized IF poten-
tials, f��q�	��q ,z�, at q=0.03 Å−1 are given in Fig. 4. It is
clearly seen that the IF potentials peak at the layer interfaces
and are periodic between stages. The normalized GaAs-like
CF potentials for m=1 and q=0.03 Å−1 are shown in Fig. 5.
The CF potentials in each layer are independent and calcu-
lated separately, and they are plotted together for compari-
son. The layers consisting of the same alloy have the same
confined GaAs-like LO frequencies, so there are four differ-
ent frequencies in Fig. 5. It is noted that for the layers that
have the same GaAs-like LO frequency within one stage, the
normalized CF potentials show different amplitudes, which
is because the normalization coefficients directly depend on

FIG. 4. �Color online� Selected normalized IF potentials at q=0.03 Å−1 for
the 6.7 �m QCL �Ref. 25�, illustrating the continuity of the IF potentials and
their periodicity between stages. The arbitrarily selected IF modes are 4 of
the 18 modes within 43–48 meV from Fig. 3. The vertical dotted lines
indicate the interfaces between layers.

FIG. 5. �Color online� Normalized GaAs-like CF potentials at m=1 and q
=0.03 Å−1 for the 6.7 �m QCL �Ref. 25�. The dash-dotted red curves are
the confined potentials in the GaAs layers, the dashed green ones in the
GaAsP layers, the bold black curves in the AlGaAs layers, and the thin blue
ones in the InGaAs layers. The vertical dotted lines indicate the interfaces
between layers.
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the layer thickness as given in Eq. �33�. The InAs-like, GaP-
like, and AlAs-like CF potentials are similar to those in Fig.
5 but with different amplitudes.

III. ELECTRON TRANSPORT MODELING

A. Electron-LO phonon scattering

The obtained IF dispersions and the potentials of the IF
and CF modes are utilized to evaluate the electron-
longitudinal polar-optical �electron-LO� phonon scattering
rates, which are then incorporated in the MMC simulator.12

The electron-LO phonon interaction Hamiltonian can be
written as

He-LO�r,z� = − e��r,z�

= − e�
q,�

f��q�	��q,z�eiq·r�bq + b−q
+ � , �34�

where bq and b−q
+ are the phonon destruction and creation

operators, respectively, � goes over all IF and CF modes,
while f��q� and 	��q ,z� depend on the particular IF or CF
mode. Following Fermi’s golden rule, the transition rate of
an electron from an initial state �jk� �in-plane wave vector k
and subband j� to a final state �j�k�� is given by

Sjj��k,k�� =
2�

�
�Mjj��k,k���2��E� − E � ����q�� , �35�

with the upper and lower signs corresponding to phonon
emission and absorption, respectively �this convention will
be used throughout the paper�. The delta function guarantees
energy conservation in the process, where E�=Ej�
+�2k�2 /2m

j�
* and E=Ej +�2k2 /2m

j
*, where Ej �Ej�� and m

j
*

�m
j�
* � are the electron subband energy and effective mass

�obtained as detailed in Ref. 12�. The matrix element of the
electron-LO interaction is

Mjj��k,k�� = �nq� � 1, j�k��He-LO�r,z��nq�, jk�

= − e�
q�

�nq� + 1
2 �

1
2�

V

�
j�k�
* �r,z�

� f��q�	��q,z�e�iq·r� jk�r,z� , �36�

where nq� denotes the number of equilibrium phonons in
mode �, the integration is carried out in the whole volume of
computation, and the electronic states take the form

� jk�r,z� =
1

�A
eik·r� j�z� . �37�

Details of solving for � j�z� are given in Ref. 12. By perform-
ing the integration, we obtain

Mjj��k,k�� = − e�
�

�nq� + 1
2 �

1
2gjj�

� �q���k� − k � q� ,

�38�

where the summation over q is killed due to the delta func-
tion that ensures the in-plane momentum conservation.
Given the electron initial �k� and final �k�� wave vectors, the
exchanged phonon wave vector must have the following
magnitude:

q = �k� − k� = �k�2 + k2 − 2k�k cos � , �39�

where � is the angle between vectors k� and k. The electron-
phonon coupling function, gjj�

� �q�, is defined as

gjj�
� �q� = �

0

L

dz�
j�
* �z�f��q�	��q,z�� j�z� , �40�

where L is the total length of the ECD along z. The total
scattering rate, � j j��k�, is obtained by summing over all final
wave vectors k�, i.e.,

� j j��k� = �
k�

Sjj��k,k�� =
2�e2

�

A

�2��2

��
�
� d2k��nq� +

1

2
�

1

2
��gjj�

� �q��2

���k� − k � q���E� − E � ����q�� . �41�

where the “sum-to-integral” rule, �k�=A / �2��2�d2k�, is
used. By performing the k� integration in polar coordinates
and utilizing properties of the delta functions, we reach the
final expression for � j j��k�,

� j j��k� =
Am

j�
* e2

2��3 �
�
�

0

2�

d��nq� +
1

2
�

1

2
�

� �gjj�
� �q��2��Ek + ���

�� , �42�

where Ek=�2k2 /2m
j
*, ���

�=Ej −Ej������q�, and � is the
Heaviside step function. For the IF modes, nq� and ����q�
depend on the wave vector q, but there is no q dependence
for the CF modes. The q value in Eq. �42� is determined
from the in-plane momentum and energy conservation laws,

q =
�2

�
��m

j
* + m

j�
* �Ek + m

j�
* ����

��

− 2 cos ��m
j
*m

j�
* Ek�Ek + ���

���1/2�1/2. �43�

Since the right-hand side of Eq. �43� has a complicated q
dependence for the IF modes due to their dispersions, it is
necessary to numerically solve Eq. �43� for a required q dur-
ing the IF rate calculations. If qqlim, the exact IF fre-
quency, ���q�, is taken; otherwise, the IF frequency at qlim,
���qlim�, is used to compute q. The calculated IF emission
rates from levels 3 to 2 are shown in Fig. 6 for the 6.7 �m
QCL at the field of 55 kV /cm and the lattice temperature of
77 K. The cumulative rate for the 17 GaAs-like IF modes
within the 32.9–33.6 meV window is indistinguishable from
the horizontal axis, implying their negligible contribution.
The four InAs-like IF modes also have a small contribution
due to the low In content �10%� and the smaller phonon
energies. The dominant contributions come from the higher-
energy IF modes, where the GaAs-like modes within
34–36.4 meV contribute the most, as expected for transi-
tions in GaAs-rich wells.

The CF scattering rates can be calculated in the zero-
dispersion limit of the bulklike CF modes since it was
shown35 that these rates are insensitive to the bulk disper-
sions. For each mode ��LO, the CF rates are computed sepa-
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rately with m=1,2 , ¯ ,20 �the contribution of higher-order
modes is negligible� for all the layers that have the same
frequency and are summed up to yield the total rate for the
particular mode. Figure 7 shows the CF emission rates of 3
→2 for the 6.7 �m QCL at F=55 kV /cm and T=77 K. The
GaP-like CF mode shows a negligible contribution to the
total CF rate since each stage has only one GaAsP layer and
the electronic wavefunction magnitudes in that layer are very
small. The four GaAs-like CF modes completely dominate
the total rate, among which the GaAs-like mode originating
from InGaAs contributes to the CF rate about an order of
magnitude more than the other three modes.

In Figs. 8 and 9, the sum of the IF and CF emission rates
for the 3→2 and 2→1 transitions are compared to the rates
obtained using bulk GaAs and AlAs phonons. In both tran-
sitions, it can be seen that the total IF+CF rates fall between
the bulk GaAs and AlAs rates, which is consistent with the
sum rule for scattering rate calculation in quantum-well
systems.14 Moreover, the total IF+CF rates are very close to
the bulk GaAs rates, which justifies the use of bulk GaAs
phonon approximation in our previous work.9,12,24,25,28 This
result also agrees with other works14,16 on phonon confine-
ment in quantum-well systems and is indirectly supported by
experiment,50 where the depopulation of the upper lasing
level in the In0.73Ga0.27As /AlAs QCL is dominated by the

electron-GaAs-like-mode intersubband scattering, and the
contribution due to the AlAs-like modes is negligible.

B. MMC simulation

In order to explore the effects of phonon confinement on
the transport properties of GaAs QCLs, we compute the scat-
tering rates of all the � and X-valley electronic states of
interest by all the 56 IF and 7 CF modes for the 6.7 �m QCL
and fully incorporate them in the MMC simulator.9,12 The
�-valley electronic states are calculated using a three-band
k ·p method within the envelope function approximation,
while the X-valley states are obtained by solving the single-
band effective mass equation.12 For sheet doping densities
Ns�4�1011 cm−2 �in our structure, Ns=3.8�1011 cm−2�
and typical operating conditions in GaAs-based mid-IR
QCLs, it has been shown51,52 that the electronic states ob-
tained by self-consistently solving the coupled 1D
Schrödinger–Poisson equations are virtually the same as
those obtained from the Schrödinger solver alone within the
linear potential drop approximation. Therefore, in order to
reduce the computation burden �exacerbated by the inclusion
of the IF and CF modes�, electronic states from the
Schrödinger solver with a linear potential drop are directly
used to calculate the scattering rates in the Monte Carlo
simulation and remain fixed during the simulation for a given
electric field.

FIG. 6. IF emission rates from the upper to lower lasing levels �3→2� for
the 6.7 �m QCL at F=55 kV /cm and T=77 K. The numbers in the brackets
denote the energy ranges �in meV� of the corresponding IF modes. Each
curve represents the sum of the IF rates for all the modes in the specified
energy range.

FIG. 7. CF emission rates of 3→2 for the 6.7 �m QCL at F=55 kV /cm
and T=77 K. The GaAs-like modes include GaAs LO and three GaAs-like
LO modes that originate from InGaAs, AlGaAs, and GaAsP.

FIG. 8. Emission rates of 3→2 for the 6.7 �m QCL at F=55 kV /cm and
T=77 K using the bulk-phonon approximation and the IF+CF modes.

FIG. 9. Emission rates from the lower lasing level 2 to the active ground
level 1 �2→1� for the 6.7 �m QCL at F=55 kV /cm and T=77 K using the
bulk-phonon approximation and the IF+CF modes.
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Due to the enormous memory requirement of storing the
electron-IF and -CF rates for all phonon modes, only the
total IF+CF rates between any two subbands are precalcu-
lated and stored. During the Monte Carlo simulation, the IF
and CF rates between two specified subbands by all phonon
modes are calculated in real time, and random numbers are
used to choose a particular phonon mode for scattering of an
electron. Besides the electron-IF and -CF scattering in both
�- and X-valleys, the electron-electron and various interval-
ley scattering mechanisms are also included for the same
stage and between adjacent stages �for details, see Ref. 12�.

The output characteristics of the 6.7 �m QCL from the
above-described Monte Carlo simulator are presented in
Figs. 10–12 at 77 and 300 K lattice temperatures, where the
results with the phonon confinement are compared to those
obtained by using the bulk GaAs phonon approximation.
From Fig. 10, it is clear that phonon confinement induces a
minor correction to the current density for a given electric
field at both 77 and 300 K. The population inversion, with
phonon confinement included, remains nearly identical to the
case with bulk phonons at both temperatures �Fig. 11�. On
the other hand, the electron temperature Te �Fig. 12�, which
characterizes the degree of electron heating, is somewhat re-
duced at high currents due to the phonon confinement. This
reduction occurs due to the emission of the higher-energy IF
and CF phonons. Overall, phonon confinement turns out to
have a minor impact on the transport properties of the

6.7 �m QCL even at room temperature, so the GaAs bulk-
phonon approximation remains a very reasonable one.

IV. CONCLUSION

We have investigated in detail the effects of phonon con-
finement on the electronic transport properties in mid-IR
GaAs-based MQW QCLs. The macroscopic DC model is
used to describe the IF and CF optical phonons. The disper-
sions of the IF modes are obtained by using the transfer
matrix method with periodic boundary conditions. Normal-
ization coefficients of the IF and CF potentials are thor-
oughly derived for MQW structures consisting of arbitrary
combinations of binary and ternary alloys. The resulting IF
dispersions and phonon potentials are utilized to compute the
scattering rates for all the relevant �- and X-valley electron
states. Electron-IF, electron-CF, electron-electron, and inter-
valley scattering were included in the MMC simulation of a
deep-active-well 6.7 �m GaAs-based QCL. At both 77 and
300 K lattice temperatures, it has been found that the inclu-
sion of phonon confinement enhances the electron-LO pho-
non scattering rates only to a small extent and induces minor
corrections to the current, population inversion, and electron
temperature with respect to the results obtained in the bulk
GaAs phonon approximation. Therefore, the bulk-phonon
approximation in GaAs-based QCLs remains meritorious
due to its simplicity and high accuracy. The present work is
an essential step toward modeling the fully confined phonon
behavior in low-dimensional structures, such as quantum box
lasers2 or quantum-dot lasers,53 in which the effects of pho-
non confinement could potentially be significant.
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