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Due to recent advances in quantum information, as well as in mesoscopic and nanoscale physics, the interest
in the theory of open systems and decoherence has significantly increased. In this paper, we present an
interesting approach to solving a time-convolutionless equation of motion for the open system reduced density
matrix beyond the limit of weak coupling with the environment. Our approach is based on identifying an
effective, memory-containing interaction in the equations of motion for the representation submatrices of the
evolution operatolthese submatices are written in a special basis, adapted for the “partial-trace-free” ap-
proach, in the systemenvironment Liouville spage We then identify the “memory dressing,” a quantity
crucial for solving the equation of motion for the reduced density matrix, which separates the effective from
the real physical interaction. The memory dressing obeys a self-contained nonlinear equation of motion, which
we solve exactly. The solution can be represented in a diagrammatic fashion after introducing an “information
exchange propagator,” a quantity that describes the transfer of information to and from the system, so the
cumulative effect of the information exchange results in the memory dressing. In the case of weak system-
environment coupling, we present the expansion of the reduced density matrix in terms of the physical
interaction up to the third order. However, our approach is capable of going beyond the weak-coupling limit,
and we show how short-time behavior of an open system can be analyzed for arbitrary coupling strength. We
illustrate the approach with a simple numerical example of single-particle level broadening for a two-particle
interacting system on short time scales. Furthermore, we point out a way to identify the structure of
decoherence-free subspaces using the present approach.
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I. INTRODUCTION sion in terms of the couplingsee, e.g., Ref{8], p. 445.
Unfortunately, this approximation is often not plausible. So,

Evolution of an open system, coupled to its environmenthe first problem is a need for a treatment that goes beyond
and possibly influenced by external driving fields, is an oldthe weak coupling limit. Secondly, there are a few concep-
problem that is of much interest now, due to recent advanceial and numerical problems with time-convolutionless ap-
in quantum information theory1-3] and mesocopic and proaches in general. We have already addressed the problem
nanoscale physicgt—6]. Whether it is a problem of ma- of reducing the effective dimensions of matrices in calcula-
nipulating entanglement for the purpose of information pro-tion with the partial-trace-free approaf®s|. Here, we want
cessing or cryptography, or trying to analyze decoherence ito address the requirement of invertibility of one of the
a nanostructure, the system-environment interaction is thmemory-containing operators, which is a constraint that may
key. The difficulty, however, lies in trying to analyze the be hard to fulfill with some physical approximations and, in
evolution of the system without necessarily having to gatheaddition, the inversion of a large matrix is certainly an unde-
too much information about the environmegidt8]. sirable numerical task.

A class of approaches to solving for the evolution of the In this paper, we present a modification of a time-
open system’s reduced density matrix is based on the projeconvolutionless equation of motion for the reduced density
tion operator technique, introduced by Nakajif®d, Zwan-  matrix, which relies on our results with the partial-trace-free
zig [10], and Mori[11], and used subsequently, in different approacH25]. We present a way to avoid the operator inver-
versions, in many areas of physi&12-17. In response to  sion typical for time-convolutionless approaches, and we de-
the problems arising from the treatment of the memory kersive an alternative set of equations. An effective, memory-
nels, Tokuyama and Mor[18] first proposed the time- containing interaction is identified, which enables us to point
convolutionless equation of motion for the reduced densityout a quantity of paramount importance, the so-called
matrix in the Heisenberg picture. This work was extended by'memory dressing.” The memory dressing separates the ef-
Shibataet al.[19] in the Schrdinger picture, and later used fective from the real physical interaction, and obeys a self-
by many [20-24. The crucial feature of the time- contained nonlinear equation of motion. The memory dress-
convolutionless approaches is that, instead of a memory keing is also what relieves us of the matrix inversion, and
nel, the memory effects are accounted for by introducingorings robustness to our approach. We solve the equation of
special(invertible) operators. motion for the memory dressing in a fashion similar to dia-

There are two problems that we wish to address heregrams known in the Green’s function formalism. The dia-
Generally, many reduced density matrix approaches rely ograms actually address the first problem noted: namely, one
the approximation of weak coupling between the system andan make physical approximations for the memory dressing,
the environment, and essentially perform perturbation exparand still have all orders of the interaction in the equation of
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motion for the reduced density matrix of the open system. t
This paper is organized as follows. In Sec. II, we over- U(t,t’)=®(t—t’)T°exp( —ift/dTL(T)>
view some elements of the partial-trace-free approach intro-
duced in Ref[25], and become familiar with the concepts of , a (t
“purely system states” and “entangled states.” In Sec. lll, +O'-0T exp(lft dTL(T))' )
we write down the partial-trace-free time-convolutionless

equations of motion, and point out a way to avoid operatoiNow, the evolution of the open syste®is described by the
inversion: we introduce the memory dressing in Sec. Il B. Inreduced density matrips=Tre(p), with Trz(-++) denoting
Sec. llIC we solve the equation of motion for the memorythe partial trace over the environment states. To deduce how
dressing, and analyze in detail, using diagrams to help ousg evolves, we use the projection-operator technique based
intuition, how exactly the memory dresses the physical interon the uniform environment density matfi5]

action. In Sec. IV, we present a few applications of the for-

malism: in Sec. IV A, a perturbation expansion for the limit FEE(dgl)ldEXdE, 3

of weak coupling up to the third order is presented. In Sec.

IVB, we go beyond the limit of weak coupling, and analyze \hich introduces projection superoperafo® and Q on
short-time behavior of the system for arbltrar'y |nteractloan+E:(HE®Hs)z (the Liouville space ofS+E, i.e., the
strength(e.g., we easily obtain level broadening from the
information in the memory dressipgand illustrate with a
simple numerical example. In Sec. IV C, we point out a way
to identify the structure of decoherence-free subspaces using

the present approach. Finally, we conclude with a brief OVer . Lroiector operators. in general. have been introduced b
view in Sec. V, where we also highlight the figures of merit Proj b N9 : y

. Nakajima[9], Zwanzig[10], and Mori[11], for obtaining the
of this approach. : . ) L2
equation of motion folpg. In the conventional projection-
operator approaches, the equation of motion Ry is
solved, whereP is a projector generated by an arbitrarily
chosen density matriyg of the environment, using a rela-
tion of type (4), i.e., throughPx=pe®Trex, xeH3, ¢
A. Eigenproblem of a projection operator. Partial-trace-free Then the partial trace over the solution is taken to obtain the
approach system density matrix, as d{iPp) =Trg(p) = ps. However,

Consider an open systeB interacting with its environ- We have recently showf25] that the above choice d? is
mentE, so that the systemenvironment 8+E) is closed, such that the partial trace with respect to the environment
and possibly influenced by external driving fields that ar€?&comes unnecessaryso-called “partial-trace-free  ap-
assumed known and unaffected by the feedback f@m proach.”) Namely,P is a projector, thus having eigenvalues
+E. The Hilbert spaces of the environment and the system} and 0, with corresponding eigenspaces being of dimensions
He and’Hg, are assumed to be of finite dimensiaisand ~ d3 andd3(dZ—1), respectively. Th&+ E Hilbert space can
ds, respectively, yielding for th&+E Hilbert spaceHs,. g be represented as a direct sum of these two mutually or-
=Heg®Hs. Given theS+E Hamiltonianh(t), which con-  thogonal eigenspaces Bf i.e.,
sists of the system palty = 1:®hg, the environment part
henv=hg®1s and the !nteraction patt, So thathzh'syS HE, e=(H5 £)p-1® (HE £)p—o0- (5)
+henyt hine, the evolution of the toteb+ E density matrixp
is given by the quantum Liouville equatidwe use unitsi  while the above statements about dimensionality of eigen-

space of all operators oHs, g) by the relations

Px=pe®Trex, Q=1-P, xeH2,¢. (4)

Il. PARTIAL-TRACE-FREE APPROACH. “PURELY
SYSTEM STATES” AND “ENTANGLED STATES”

=1) spaces and the existence of decomposi(h‘s)nhold for any
dp(t) projection operatoP, the choice ofP has special features.
TZ—i[h(t),p(t)]E—iL(t)p(t), (1)  Namely, for any given basi§aB)|a,8=1,...ds} in H3 (the

Liouville space of the system, i.e., the space of operators
acting on the system’s Hilbert spaées), there is a simply
constructed basi§|aB)|a,B=1,...dg} in (HZ,£)p-1 (see

where L(t) is the Liouville superoperatofsuperoperators Appendix A such that, for any<eH§+E,

will be denoted by capital lettersorresponding td(t), and

is of the formL=Lgygt Leny+Lin. With T¢ (T?) denoting _

the chronologicalantichronologicgltime ordering,® being (Trex) P = \Jde(Px)*~. (6)

the Heaviside step function, arg being the initial time at

which we assume we knop(ty), the formal solution of Eg.

(1) is given by IHenceforth, if there is no danger of confusion, we will refer to
projection superoperators simply as projection operators, as it is
more common in the literaturée.g., the projection-operator tech-

p(t)=U(t,to)p(to), nique.
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This basis in the unit eigenspace is complemented by an dPl _
orthonormal basis in the zero eigenspace. According to the gt = ka0, =il aa(t)pa(t),
decomposition5), a vectorXEHé +g can be represented in
the complete eigenbasis &f by a column dp, _ _
T —iL21(t)p1(t) =il 25(t) po(1) (119
X
x=| 1, (7a)
X2 and

and the projectors are represented by p1(D=U1,(t,t)ps(t)+Up(t,t) pa(t)),

— |1 0 — |0 O
P= , Q= : (7b) p2(t)=Uz(t,t")pa(t") +Uo(t,t" ) po(t").  (11b
00 0 1
On the other hand, taking the partial trace with resped to B. “Purely system states” and “entangled states”

OLany S;|E (I)tbservable: gi;/eis wthat tht?] stysftem sees of this  \we have established that there are two classes of states in
observable. It is important to stress that, from now on, w . 2 \— ;
will make no dlstlr?ctmn between a system variable He s those f2rom Hs:e)p=1, and Fhose from Its prthoc—
=Tregx and its representation column in the ba§igs)} of omplement s, g)p-o. Due to the isomorphism given by

E P Eq. (6), which reveals that the states fror‘r*(i+ e)p=1 faith-

2 . .
HS: Therg fore, for>.<s being the2 represeptann column of fully represent(within the total Liouville spacewhat goes
xs=Trex in the basis|a)} of Hg, according to Eq(6) we 7 i o system, we will call the states frofd, £)p_1
obtain “purely system states.” Also, we s¢&qs.(9a), (9b)] that the
_ upper-left block matrix of anys+E superoperator can be

Xs Xl\/d_E' ® dubbed the “purely system part” of that superoperator. For
instance, the upper-left block matiix, of the Liouvillian is
of the commutator-generated form, i.e., it corresponds to an
effective system Hamiltoniahg ¢ given by

(93 hs ef=hst Tre(hin)/de, (12

which accounts for the well-known first-order correction to
If the operatorAg s is a system operator, i.e., an operator of e system energy spectryit8,20, due to the coupling with
the formAg=1g®As, whereAs acts OrHg, thenAgscom-  the envwonmen(see Appendix C of Ref26]).
mutes withP, and is therefore represented by block-diagonal ~States from t2,g)p-o, the orthocomplement to

form in the eigenbasis @. Furthermore, the block- -diagonal (HS+ e)p=1, we call “entangled states.” The decomposition
form is such that the upper-left block matrix is exactly the of H2, ¢ and the isomorphisrt6) are depicted in Fig. 1. It is
one representinds in the basis{|aB)} (see Appendix B of crucial here to clarify what we mean by purely system states
Ref.[26]), namely, and by entangled states. Namely, in quantum information
theory, entanglement has a precise definifisee, e.g., Ref.
As 0 [3]): a composite systemSt+E) is said to be in a nonen-
0 Al tangled(separablgstate, if its density matrix can be written
as a linear combination of tensor products of subsystems’
Returning to the evolution of the systenenvironment, de- density matriceghere, density matrices of the system and
scribed by the Liouvuille equatiofl) and its solution2), in  the environment Otherwise, the composite system is said to
the eigenbasis oP defined above, the systemenviron-  be in an entangled state.
ment total density matrix is given by In the present approach, the purely system states are the
S+ E vectors of the fornx=pg® Trex, i.e., those which are
of a particular separable form. This form is special because
, ps=p1Vde. (109 all density matrices that are among the purely system states
are of such a form that the information entropy of the envi-
The Liouville operator and the evolution operator are givenronment in such states is maximal: in other words, since its
by the block forms density matrix is uniform, the environment has no informa-
tion to transmit to the system. Therefore
Lia(t)  LioAt) [Ull(tvt,) Uaa(t,t")

Log(t) Lyt Un(t,t’) Up(tit))’ s(p)=<s(ps) +s(pe)=<s(ps) +s(pe), (13)

(100 where s denotes the informatiorivon-Neumanin entropy.
wherelL ;= (L) " (L is Hermitian, andU is unitary. When Equation(13) means that, among all tie+ E statesp that
Egs. (1) and (2) are written out in their matrix representa- yield a given reduced density matrpg, the purely system
tions, we obtain state corresponding to thalg is the one with the largest

In the eigenbasis dP, a superoperatoh that acts o3, ¢
is, in general, represented by a block-matrix form

_ All A12
A21 A22.

Ay @ As= { (9b)

:Pl
P P2

L(t)={ } utt')=
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(T’D x)"_”z(TrEx)"" / «/Z density matrix, as described_ in the previous secf&ﬂ&—
26]. The term “time-convolutionless” means that the differ-
/_\ ential equation foPp(t) at a timet formally depends only
on Pp(t) and onQp(ty) at the initial timet,. Instead of the
(7{ ;E)f,:, Hs notorious integral with the memory kernel, which requires
basis Ha73>> basis || ) knowing Qp(7) at all timesr in the past {;=< r<t), special
purely system system Liouville (invertible) operators are introduced, which account for the
states space system’s memory of the environment’s evolutfon.

For the chosen projectd?, the equations of motion for
py andp, can be written as

(ﬂ;+E)F=O d t)
pdl: = —i[Lyg(t) =~ Lig() K55 (tt0) Koyt to) Ipa(t)

entangled states

—iL 15(t) K55 (1 to) H ool t,t0) pa(to),

FIG. 1. Decomposition of the total Liouville space into the pz(t)=—Kz_zl(t;tO)K21(t;to)pl(t)
eigenspaces of the projection superoper&and identification of 1.,
the purely system states and the entangled states. The purely system + Koz (tto)Haal 1, to) pa(to), (15
states and the states from the system Liouville space are related via
the isomorphism given in Ed6). where operatorsl,,, K,;, andK, satisfy
. t
entropy[27]. So, we can think of the purely system states as Hoo(t,t) =TS ex;{ —i f d 7L, 7)),
“the states depleted of environmental information.” In a to

similar fashion, what we call the entangled states should al-

ternatively be thought of as the “states rich in environmental dKyy(t:to)
information.” In that sense, since the information exchange ~ ——2 "% — _j| _(t)Ky(t;te) +iK 1(t:to)L15(t)
between the system and the environment is another way of dt
(loosely stating that the system and environmental states +iKoo(t;tg)Loy(1),
become entangled, we believe that choosing the name “en-

tangled states” for the vectors irh(% +£)p=1 Is fairly appro-

priate, and certainly rolls off the tongue better than, for in- dKaf(t;t0) B

stance, “states rich in environmental information.” We are, dt = LK tlo) +iK 22t to) La(t)
however, aware that some might consider the name “en- .
tangled states” a misnomer in the present context. +iKoy(tto)LaaAt),
The terms in Eq.(13) that effectively account for the
system-environment coupling are the off-diagonal terms of Koy(toit)) =0, Kox(tg:te)=1. (16)

the Liouvillian, L, andL ,;=(L1,) *. In order for the system
to evolve as decoupled from the environment, we must hav?_ . . . .
he second time variable in the argument of submatrices

L 12p2)| <|IL 1204l (14) K1x(t;tg) andKoo(t;tp) is not exactly a variable. Namelig
denotes the fixed initial time, which defines the initial con-

This requirement is obviously fulfilled when the interaction ditions forK’s, and is separated from the first time variable
vanishes K;;=0 impliesL,=0), but we have argue®6] by a semicolon instead of a comma to indicate that it is not a
that, even in the case of appreciable coupling, when a balariable, but a fixed parameter.
ance between the driving and the relaxation forces is According to Eq.(15), the equations of motion for the
achieved, this criterion is fulfilled(This actually defines evolution submatrices, with the second time argument fixed
reaching a far-from-equilibrium steady state in nonequilib-to t,, are given by
rium transport.

Ill. MEMORY DRESSING AND THE REDUCED DENSITY 2We have recently showf5] that the very existence of time-

MATRIX convolutionless approaches, in general, relies on the invertibility of
one of these operators, which is synonymous with the assumption
of reversibility in S+ E evolution; in principle, this is not a prob-

A class of approaches based on projection operators yielgm, as evolution given by Eq¢l) and (2) is indeed reversible.
the so-called “time-convolutionless equatioifCE) of mo-  However, in practical evaluations &%, if an approximation yield-
tion for the projectiorPp of the totalS+ E density matrixo,  ing irreversibility is employed, time-convolutionless approaches
whereP is a projector generated by an arbitrary environmentail.

A. Time-convolutionless equation of motion—an overview
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T L) LKt o = AR IR DR RO Lys()
X Koa(tto) 1U14(t, 1), +ila(t), R(tg)=0,
dS(tito) .
dulé(tt,to) L0 - L OKaA(tt) G = il FIRMOLLDIS( ), Siteite)=1.

(19

X Kai(tt0) JU1t,to) Therefore, if one is to solve for the evolution of the reduced
_ ile(t)Kz’zl(t;to)sz(t,to), den;ity matrixpg, starting fron a given initiab+ E density
matrix p(tg) =[p1(tg) p2(tg)]', one only needs to solve the

_ following equationgwith corresponding initial conditions
Uoa(t,to) = — K55 (titg) Kou(titg) U y(t,to),

dR(t)
Ut tg) = Koz (4 to) [Hoal t,tg) — K21(tito)U12(tvto)](- ) dt
1

=—iL()R(1) —iR(t) L1 t)R(t) +iR(t)L14(1)

+iloy(t), R(to)=0,

The above are generic time-convolutionless equations of 4gt;t,)
motion? generally well knowr(maybe not necessarily in this a i[Loo(t) +R(t)L1o(t) IS(t;tg), S(tg;tg)=1,
particular form, which is valid for any choice of the projec-

tion operatolP as long as we are writing the equationd?a dUy(t,to)

eigenbasis If we are to solve equatior{d7), we first have to el [Lyy(t) = Lis(D)R(1) U1yt to),
solve the very unpleasant equatiaid®), among which the dt

equations forK,; andK,, are coupled. Even if we were to

solve Eq.(16), in order to obtain a solution to E417) we Uii(to,to) =1,

need to perform an additional unappealing task of inverting

K,,. With the increasing dimension of th&+E Hilbert dUy(t,t) LD~ Lo DR U tute)
spacesK ,, becomes largfthe largest matrices we deal with dt i 1z 125
are Hy,Kp,,Up,, of dimensiondi(d2—1)xd3(dZ2—1);
needless to say, one would not want to unnecessarily invert

_|L12(t)S(t,t0), U12(t0,t0)=0 (20)

one of then. (Again, these equations hold for any projection operator, pro-
vided that we are writing equations in that projection opera-
B. A way out: memory-containing effective interaction and tor's eigenbasis. Also, the remaining two submatrices
memory dressing evolve according to
Luckily, there is a way out of this un_pleas_ant situation. If Uit to)=—R(t)Uq(t,to),
we examine Eq(17) more closely, we will notice that we do
not actually nee@ all three matriceky,, Kyq, KZ? from Eq. . Uoo(t,te) = S(t:te) — R(H)U (1, t0),
(16). The quantities we do need for the equations of motion
(17) are actually but we have no interest in them presently. Their evolution is
. of interest when calculating, for instance, two-time correla-
R(t) =Ky (t;to)Kai(t;to), tion functions in electronic transpdi26,28, which requires
U(t,t"),t' #ty. We are interested here only in deducing how
S(t:tg) = KEzl(t'to)sz(t to). (18) the evolution of the reduced density matrix proceeds after

for which we need the initiab+ E density matrixp(ty), and
. . . . ) submatriced) 14(t,tg) andU5(t,tg).
Notice that we have omitted the time quasivariabjéin At this point, it is useful to note several features of Eq.
defining R 1t does not mean that this information is not (20). First, R has a self-contained nonlinear equation of mo-
present or important; on the contrary, choosipglefines the  tjon which should obviously be the starting point of a cal-
initial condition for R. But, it will become apparent below ¢yjation. This equation is a matrix Riccati equation, whose
why keepingR with one time variable only is in the service general properties and solutions are the subject of active re-

of transparency and intuitive plausibility. _ search, especially in control systems the¢2@]. In Sec.
It is easily shown, by using Eq16), FhaF these quantities ;¢ we will solve this equation exactly, for the particular
satisfy the following equations of motion: initial conditionR(ty) =0. Secondly, evolution df;; obeys

a Liouville-like equation, with a generally non-Hermitian
“quasi-Liouvillian” Lqq(t) —Lo(t)R(t), with L,R obvi-
3Note thatU,; andU,, can be written in terms ofl;; andU 5, ously playing the role of an effective, memory-containing
which is a typical feature of the time-convolutionless approaches.interaction. Since we have already identifieg, as the term
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accounting for the real physical interaction, it is then clear dr®

that R(t) plays the role of a “memory dressing” of the in- Tl —iL R +IRML +iL 5. (249
teraction, and this is what we will call it henceforth. In the

evolution ofU;,, we see an effective driving termilL ;S  This is an inhomogeneous linear equation, with the general
in addition to the quasi-Liouvilliar 14(t) — Lx(t)R(t). solution

t
C. Evaluation of the memory dressingR(t) RY(t)=T¢ ex;{ _if drl,o T))
to

Since the memory dressirig apparently plays an impor-
tant role in calculation of the evolution operators’ time de-

t T
pendence, we will now solve its equation of motion X R(l)(to)Jfft drT? eXP<i t d7'Laoo T'))
0 0
dR : . . .
0= ILzRIRLR+IRLyHiL . (21) K[l 7T exp( _if dT,Lll(T,))
to
(We will omit the time arguments for brevijyRegardless of [t
the interaction strengtffi.e., the magnitude of,,), this XTanP(lf dTLu(T))- (24D
equation is complemented by the initial conditidt(ty) o
=0. We will thus solve it by forming a power expansion in wjith the initial conditionR(*)(t,) =0, we obtain
terms ofL, (or L,4, which is the adjoint ol ,5,), i.e., by
i t t
assuming the form R(l)(t)zf drTCex;{—if dr’Lzz(r’))
% to T
R(t)= 2> R"(), t
n=0 X[iLzl(T)]TanF{if dT,Lll(’T,) . (24(:)

(n) — n H
R™=(Lyp)"X[function of (L13,L2)]. (229 At this point it is useful to recall that, in the absence of

(The right-hand side of the last equation is a symbolic excoupling(i.e., L1,=0), the oﬁ(—)diagonal evolution submatri-

pression, because;, is not a square matrix, so its powers C€S Pecome ze_rowz‘i)zo, U(lZ),:O)' whereas fort,t' >t

are not defined. RatheR™ is a product of generally non- W& Obtain the diagonal evolution submatrices

square matrices, so thiat, and its adjoint appear a total of t

times in the product, whereas the other matrices in the prod-  U{(t,t")=0(t—t)T° exp( i J,dTLu( T))

uct depend only oh ;4 and/orL,,.) In addition, for alln, the !

following initial condition holds: ¢
+®(t'—t)Taexp(if dTLn(T)>,

RM(ty)=0, n=0. (22b) t

For the zeroth order term, the equation of motion is obtained UR(t,t)=0(t—t")T® exy{ —i Jt drloof T))
from Eq.(21) as t/

dR(O) . . + r_ a -ft,
it =_|L22R(O)+|R(O)L11. (23@ @(t t)T exp 1 . dTLzz(T) . (25)

. . . (As before,® denotes the Heaviside step functiopRach of
A general solution of Eq(23a), for timest=t, (which are submatrices)(), UY) is unitary, and these evolution

the only times meaningful to investigate, as we do not have :
. : o Submatrices, for purely system states and entangled states
sufficient knowledge about the system priortg), is given

separately, form groupgote that operatoH,(t,tg) from

by Eq. (16) is actually justU{2(t,t,)]. We can now rewrite Eq.
t (240 as
R(O)(t):TCeX%_|J dTLzz(T)) ¢
t
’ t RY(t)= ft Odru<2%>(t,r)[iL21<r>]u<l‘i><r,t>, (26)
(0) a H
*RET eXF{ ! ftodTLn( T))' (23D which is the form we will later use frequently. It was impor-
tant to evaluate the first-order correction explicitly, as the
SinceR(®)(ty) =0 for all timest we have only free term(i.e., term not containing) in Eq. (21) is of
the first order inL, [theil ,; term on the right-hand side of
RO(t)=0. (230  Eq.(2D)].
For all higher ordersn, n>1, it is straightforward to
The equation of motion for the first-order tefRi?) reads prove, using Eq(21), that
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dR(n) n—-1
g = LR =i 2 ROLRMITOHIRML,,
k=0
27
Lemma 1All even-order terms irR are zero, i.e.,
R9(t)=0, k=0. (28)

The detailed proof is given in Appendix B.
Lemma 2 Odd-order term®R(®k*1) k=1 can be calcu-
lated according to

t

t
R U(t)= | dry
to to

X[ =il ) P(71,72)
X[=iLyA72) IP(712,73)
X P11, T =1L 1) JP( 7y, 1),
(29

t
dry -+ | dnP(t,7q)
to

where
U (7,7 )R(7')
R(NHUY(7,7")

™7,
!
, 7,7 =1,

(303

P(T,T')=[

<7,

R<t>=R<1><t)=J:dfua%><t,r)[iL21<r>]u‘;’1<r,t>, t=to,
° (30D)

The quantityP is called “the information-exchange propa-
gator.” The detailed proof is given in Appendix C.

Theorem The solution of Eq(21), with the initial condi-
tion R(tg) =0, is given by

R(t)= >, RZFD(t)=R(t)+ >, ftdrlmftdrkp(t,rl)
k=0 k=1 Jtg to

X[=iL o 7) P P71, M) [ =L 1o 1) JP( 7 1)
(31

The proof follows a straightforward implementation of lem-

mas 1 and 2.

Now that we have formally solved the equation of motion

for the memory dressing, and introduced the information-
exchange propagatdP, let us try to develop an intuitive
feeling of what these results actually mean. In FigR2%) is

PHYSICAL REVIEW A69, 012104 (2004

(0)
entangled UZZ(” )
states * ! >
; iL, () DR()
purely
system & .
states ¢, T U(O)(‘t 1 t
IR

FIG. 2. Diagrammatic representation &(t), the first-order
contribution to the memory dressing.

R(t) is always present at the later of the times. In Fig. 4, the
third-order correction to the memory dressiRds depicted.
Note how, if one uses the result f@i(t,t’) depicted in Fig.

3, we see that this third-order correction contains a cumula-
tive effect that the purely system states have on the entangled
states, provided that at any given time the information ex-
change is due to the third order in coupling
[iLy(7)L1s(7)Lyg(7) at time 7in the figurd. In Fig. 5, we

see two topologically nonequivalent contributions to the
fifth-order correction.

IV. APPLICATIONS
A. Perturbation expansion in the limit of weak coupling

In the limit of weak coupling with the environment, a
perturbation expansion in terms af;, can be performed.
The following statement is easily proven, in a fashion similar
to the proof of lemma 1 in Appendix B.

Lemma 3 When expanding the submatrices of Eg0)
into a power series in terms bf;, (or L,,), the following are
found to be true:

Uil=g, s?*b=p, UZ¥=0, k=0. (32

In other words,U;; and S have even-order terms only,
whereas th&J ;, andR have only odd-order terms. Here are
the results for the first few orders of the perturbation theory.

depicted. We see th&(t) calculates a cumulative effect that
the purely system states have on the entangled states, pro-
vided that at any given time the information exchange is due
to the first order in coupling. Note how, to obtaf(t), we

go backwards in time among the purely system statésch
evolve as if there were no coupling, according), then

the interaction occurs, and afterwards the entangled states
evolve forward in time, again as if there were no coupling.

a
0, .,
entangled UZZ(“ )
states
purely
system
states 1y t’ t
b
entangled a
states
purely
system .
states [/ I3 o), t’
0 Ui ey

Figure 3 presents a diagrammatic representation of FIG. 3. The information-exchange propagagit,t’) for differ-

P(t,t") for two different orderings ot andt’. Note how

012104-7
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entangled _ dU<2)(t,t )
setes Pt — g = iLu(HUE (L) HL DR
. 3
i) A0 xUQ(t,te), UP(tg,te)=0,
Lot A ) P dS2(t;to)
states 4, T t —a - —iL (1) S@(t;t0) —IRM (1)L (1)

FIG. 4. Diagrammatic representation &f®)(t), the third-order Do ve Dre s s
contribution to the memory dressing. X SO(t;tg); S?(tg;te)=0. (359
. The solutions are given b
Zeroth order For U{?, we already have the result in Eq. g y
(25). Also, it is easily provens@=U%Y). So, the zeroth- 2 to o _ o
order equation of motion for the reduced density matrix U11(t,to)=ft drU37 (t, 1[Il 1 7) JR(7T)U37 (7, 10),
reads 0

t
ps(1)=U7(t,to) ps(to). (33 S (t;tg)= ft drU% (t, DRI —iL 1A DIVUS (7,t0),
0
First order. We already have the solution f&%), and the (35D
equation for the first-order correction W2 is given by so the second-order contribution to the reduced density ma-

) trix is actually
dUg3 (t,to)

dt = —iL(HU (1) —iL () SV (t;to), p2(1)=U2(t,to) ps(to)
t
U2 (t,t0) =0, (349 = ft drUid(t, 7)
0
with the solution X[IiL 1 1) JR(NUD (7,t0)ps(te). (350

t : Third order.
U3 (t,to) = ft drUL (6, D[ =il 1 1)UL (7.t0)
0
duP(t,ty) .
=R (HUD (L L), @) g = ILuHUZ () HLHRDOUE (L)

so the first order correction to the reduced density matrix is —iL(1)S?(t;tg), U (tg,t0)=0. (363
obtained in the form
The solution is

p& (1) =(Vdp) UL (t,to) pa(to)

t
(3) - (0) i (1)
= (V)R (HUR (Lto)pa(te). (349 U (tto) Jt AR (LA DRI (ko)
Second order —iL1(1)S?(7,)]
tangled t (0) . +
e , - [ au@ it | ROR' ()
E (T|~t2) to
Pty .
- . RY T
! il (1) ~iL{T) A a(t) + f dr' U(Z%)(T' T’)R( T,)
purtely 3 Pt 1) o
system & L ® :
{
e ohn k XL 1o(7)]UQ (1) 1 UQ (. ty). (36D
entangled 12 22 ! 221107
states
: “ihi®) Dol s We need to stress here that the inclusion of the interaction
) | Al Hamiltonianh;, will not only changel ,, but alsoL ;; and
purely | Pr,.1) P L,, [we have seen what happens with; : it is commutator
2{;‘;’: : b T . f generated, corresponding to an effective system Hamiltonian
0 1 2

hs er=hst+Tre(hin)/dg]. However, we can treat the changes
FIG. 5. Diagrammatic representation of the two topologically in L, as negligible, as far as the system is concerned, at least
nonequivalent contributions t8®)(t), the fifth-order term in the in the first few orders of perturbation, becausé jf is ne-
memory dressing. glected, the purely system states have no notion of what is
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going on with the entangled states, so the exact magnitude @ne can now solve these equations of motion with a time-
L,, is not important. For example, in electronic transport,dependent non-HermitiafR. But, there are more physics-
when electron-phonon coupling is considered, it is wellbased simplifications that can be done.

known that the effects of nonequilibrium phonons are higher- Let us take a closer look at the form &. If we assume
order corrections, and in the first few lowest orders thethatlL,;, L,, are time independent, or at least only weakly
phonons can be treated as therfi2d], which, in the present depend on time for the time range of inter€37), and we
approach, corresponds to neglecting changels,in As to  write U{9 and UY in their eigenbase$|j,)|j;=1,...d3}
when exactly one should consider taking into account th%md{||2>||2_1 ds(dz 1)}, we obtain

effects of interaction on the environment, from E(&5) we

see thatl,; (from purely system states to entangled states d dddz-1)
first appears in the second order corrections to the reduced R(t)= 2 E d7-||2)<|2|e iEj,(t—7)
density matrix, so we may safely say that in the first-order i1=1 =1
approximation we may neglect any changes in the environ- KLILpg(P)][ 1) 1| €Eit
ment dynamics(one can also check that the lowest-order 201201 € 70
correction inU,, is of second order Of course, one should d3 di(d2-1)
be advised to check how the eigenvalues gfreally change = E lio)(j €' EimEit
with the interaction. j1=1 =1
B. Beyond the weak coupling limit: short-time evolution for dTel(E'z EiDTiL 5o iy,
arbitrary coupling strength to

However, in real physical situations the coupling between df di(dZ-1)
the system and the environment cannot always be assumed to ~> [iL2i(to)]i, 5, li2)(i4l
be weak(an example is the electron-electron interaction be- j1=1 =1
tween the electrons in a quantum dot and those in the reser- 1— e i(E,~Ej)(t-tg)
voirs). In such cases, it is important to be able to go beyond X :
the perturbation expansion. I(Eiz_ Ejl)

This is where the strength of the present approach lies. )

) A d2 didi-1)

Namely, one can make a physical approximationRpand S S E ) o
cut off the summatiori31) at some finite order, and still have _1121 IZE [iL2s(to)]i, j,li2)(i4l

all orders of the interaction in the equations of motion for the
reduced density matrix. This feature is well known in the

i
Green’s function theory, where a set of diagrams is chosen to X1 (t—=tg)— E(t_tO)Z(EiZ_ Ej)+
form a self-energy term, and these diagrams give contribu-
tions of all orders to the final Green’s function. =iL p(to)(t—tg) +0[ (t—tg)?]. (39

Here, we will present a simple approximation that de-
scribes the evolution of systems on very short time scaled;l€nce, we see that, to the first ordertint,, the resulting
and which does not involve assuming a weak interaction. Legguations are
us first define the short time as dS(t:to)

1 dt ———~[ il yytg) + Lot L1a(to) (t— o) IS(t;tp)
(37)

t o= faximal eigenvalue of(L 1L )"
S(to;to) =1,
(note thatl;,L ,,=Lq,L ;, is a positive operatorIn this case, dUp(tto)
" . H i 11\ 500 i
we can keep only the first term in the expressionRote.,  ZZ1L07 ;g |t Lo(te) (t—to) [U(t o)

approximateR(t)~R(t), so Eq.(20) becomes dt
ds(t; to) Uia(to,to)=1,
T —i[Lat) +R()L1a(t) IS(t;tg), S(tostg)=1,
dUqa(t,to) .
— 7 ~[—iL1a(tg) —Lya(to) Los(to) (t—to) JU1(t, o)
dU4(t,to) dt
—dt —i[L1g(t) = L) R(1) JU14(t,t0), _
—iL1o(te)S(t;tg), Uix(to,tg)=0. (40)
U(tg,tg)=1, (38 SandU evolve under non-Hermitian Liouvillians. While the
non-Hermitian part in the quasi-Liuovillian fog, for in-
dUq(t,t) stance, increases with time, we see that the opposite is true
—at —i[Lag(t) = L) R() JU 121, t0) for the U’s.
Now, let us consider the situation in which the initial state
—iL (1) S(t;tp), Uiste,tg)=0. of S+ E was separable, with the environment regarded as a
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thermal bath at a temperature high enough, so that it was 10%
larger than the energy level spacing between any two envi-
ronmental levels that are of interdste., that may become )
involved with the system through the couplitgge discus- “‘(1'-)’109
sion in Sec. Il B of Ref[26])]. In that case, we can approxi- =
mate 3
pe(to) =Trd p(to) 1~ pe= pa(to) ~0, (41 E10°
which means that the reduced density matrix will evolve jg
according to 2103
ps()=U1a(t, ko) ps(to), (42) 0 10 20 30 40 30 60
Time (fs)
where ) ) . o
FIG. 6. Short-time evolution of the minimum relaxation time of
dUq4(t,to) single-particle levels for a simple two-particle system, for various

—a i[L12(t) —Lix(DR(t) JU4(t,tg). (43 coupling strengths. In the absence of coupling, each of the particles
has two energy levels-10 and+10 meV.
;_R/anl';rmltlan part of the quasi-Liouvilliai;;=LaR, i) states have recently been attracting much attention
within the quantum information communif$,31—-33: those
1 are separable initial states, of the forp(ty)=pe(to)
(Lqg— LlZR)HermZEI.(Lll_ LR+ (L~ LR ™ ®ps(to). As shown by Lindblad34], such initial states are
the only ones allowing for Markovian evolution, i.e., produc-
1 ing an equation of motion for the reduced density matrix of
=Lu=5[LR+ R L] (44)  the formpg(t) =E&(t,to) ps(to) (no free term, where&(t,to)
is not necessarily unitary. Special subspaces of the system
defines the system spectrum. On the other hand, the skewiouville space, which are invariant subspaces&éf,to),
Hermitan part ofL;;— L ;,R (up to a minus sign and such that the projection éft,ty) onto them is unitary,
are exceptionally interesting, as they are known as the
i decoherence-free subspad@¥S’'s) [31-33. Namely, the
(L~ LiR)skew= 5 [L1R— RL] (45 evolution within DFS’s is unitary, and considerable effort has
recently been directed towards identifying them to optimize
gives level broadening, and, consequently, lifetinfes  €rror correction procedures for quantum information process-
pointed out, e.g., in the works of the Brussels scHa@l). ~ ind (see, e.g., Re{33)).

For short time scales, according to E¢39) and (40), the In Sec. 1B, we have seen that the purely system states are
level broadening increases linearly tn-t,, and, conse- & faithful representation of the system Liouville space.
quently, lifetimes of energy levels decay as Therefore, the identification of the DFS's can be carried out
among the purely system states. In an earlier ppp&ly we
(1) = (t—to) X {max eigenvalue of(L,L,1)}. have pointed out how one can obtaig(t) = &(t,to) ps(to)

(46)  within the partial-trace-free approach, for the initial state
_ _ _ _ given byp(tg) = pe(to) ® ps(to) (see Sec. IV B of Ref.25]).
A numerical calculation for a simple system is presentedNamely, the initial density matrix induces its own projection
Namely, we start with a two-particle system, each of theoperator, with eigenspaces of the same dimensions as the
particles having two energy leveis10 and+10 meV(these  gjgenspaces df, so that a unitary transformatiovt can be

are reasonable numbers in the domains of low-temperaturg,nstructed that maps from the new projector’s eigenbasis to

mesoscopic physics; for instance, this is the order of magni-

tude for the charging energy of a Coulomb-blockaded quant-he eigenbasis oP (the eigenbases must, of course, be or-

tum dod. Now a toy model interaction is turned on, such thatthonormallzeai Then, the equation of motion for the reduced

it does not distinguish between particles, and is characterize((jjenSIty matrix becomes

by one tuning pgrameter, Wh!Ch corresponds to a coupl_e of ps(O)=LU 1 (t,10) = U 1o(t,t0) M 3 M5, |ps(to),
the largest off-diagonal matrix elements of the interaction
Liouvillian. How the minimal lifetime for this system &lr.1o)

changes with time is depicted in Fig. 6.
g P ¢ whereM,,, M, are submatrices dfl. Obviously,&(t,t,) is,

in general, not unitary. The structure of its invariant sub-

spaces, and consequently, identification of decoherence-free
In Sec. lll, we have not specified anything about the ini-subspaces, are dependent on the exact initial $tlateugh

tial state of the systemenvironment, in order to keep the Ma,, M5, and the dynamicgthroughU,,, U,,). Here, we

discussion as general as possible. However, a special classlofefly point out how the present approach can be used to

C. Decoherence
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identify DFS’s; however, a more detailed study will be the
subject of a subsequent paper. a,8> \/_2 li i B) (A1)

V. CONCLUSION constitute an orthonormal basis within the unit eigenspace of

We have presented an approach to solving the tlmeP namely,

convolutionless equation of motion for the reduced density —=——% [ —7% , %5\ _

matrix of an open system, which is capable of going beyond Plap)=|aB), (aploy)=d.,0py, (Va"B’U’y)'(AZ)
the limit of weak system-environment coupling. This ap-

proach is based on identifying a memory dressing of th§s .44 therefore be written as

physical interaction(Sec. Il B), which is a quantity that

obeys a self-contained nonlinear equation of motion that we 4

have solved heré¢Sec. Il Q. Introduction of the memory P= > laB) apBl, (A3)
dressing supplants the need to invert one of the memory- =1

containing operators present in time-convolutionless ap-
proaches, and yields robustness to the approach. We ha\%1d it follows that, for any(EHS+E'

also introduced a diagrammatic representation of the dg
memory dressing, which makes the approach more intu- Px= >, (Ex)“_ﬂ@), (A4)
itively plausible. aB=1

In the case of weak coupling, we have presented the ex-
pansion of the equations of motion for the reduced densityvhere
matrix up to the third order in the physical interactisee 1 1
Sec. IVA). However, the major strength of our approach is 5. ag_ / alw\_ _— oo _ - P
its capability of going beyond the weak-coupling approxima- (PX)*=(aplx)= \/d—EZ (i Blx)= \/d_EZ’l xlf
tion: one can perform physical approximations in the (A5)
memory dressing expansion, cutting it off at some finite or-
der, and still have all orders of the interaction in the equaUsing the fact that |x, being a vector M2, is written in
tions of motion for the reduced density matrix. For instanceferms of the basi§ag)} as
this approach is well suited for describing short-time behav-
ior of systems, regardless of the interaction strerigéle Sec. N
IVB): we identify how system level broadening, which oc- TrEx=a;:1 (Trex) 7| “'B>_a2
curs due to the interaction with the environment, can be ’ (A6)
tracked approximately on short time scales by calculating the
memory dressing to the first order, and then computing thérom Eg. (A5), we obtain Eq(6)
skew-Hermitian part of an effective system quasi-

ds dS(E

> '“‘B>|aﬁ>,

Liouvillian. This feature of the present approach is illustrated (Trex)“A= \Jdg(Px) - (A7)
by a simple numerical example of single-particle level
broadening for a two-particle interacting system on short APPENDIX B

time scales. Finally, in Sec. IVC, we point out a way to
identify the structure of decoherence-free subspaces using Lemma 1All even order contributions t& are zero, i.e.,
(2k)

the present approach, a further discussion of which will beR*“(t)=0.

presented in a subsequent paper. Proof. We will use mathematical induction to prove this
statement. It holdR(®(t)=0 [Eq. (230)]. Let us now as-
sume that there existg=0, so that the statement holds for

ACKNOWLEDGMENTS all ordersn=2k=<2k,. Then, according to Eq27), for n

The authors are grateful to J. R. Bark@lasgow for ~ =2(kot1), it holds
many insightful conversations. This work was supported by

' (2kg+2) Zkot1
the Office of Naval Research. dR dto _ _iLZZR(2k0+2)_i Z R<i>|_12R<2ko+1—J)
i=o
APPENDIX A +iRZ0 "2, (B1)

In this Appendix, we give how a basi§laB)} in  Inthe second term on the right-hand side, if one ofRtseis
(HE,g)p-1 is constructed, and prove E() (details can be of odd order, the other one is of even order less thig, 2
found in Ref. [23]). Let us choose a basi§aB) a,8  and therefore zero. Therefore, the entire second term on the
=1,.dg in H2 and a basis(|ij)|i,j=1,...de} in HZ, right-hand side is zero, reducing the equation to
which give rise to the tensor-product badifa,jpB)i,j
=1,..de;|@,B=1,..dg} in HZ, . Then, one finds that the
vectors defined as dt

dR2ko+2)
————— =—iL xR 2D+ R, (B2)
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whose solution is of the same for as E23b), but due to the initial conditioR(?*0*2)(t,) =0, we haveR(Z*e*2)(t)=0 for all
times, which concludes the proof.

APPENDIX C

Lemma 2 Odd-order contribution®?<*1), k=1, can be calculated according to

t t t
R(Zkﬂ)(t;to):ft dry| drp - tdiP(taTl)[_ile(Tl)]P(leTz)[_ile(Tz)]P(Tzﬂ's)‘"
0 0

to
X Plry—1, mdl =il 1 i) IP( 7, 1), (Cy
where
, ™17, U(Z%)(T,T’)R(T’)
PO r<r, RAUQ(7 )"

R(t)= ft tdrua‘?(t,r)[iL21<r>]U&%><r,t>. (C2
0

Proof. From Eq.(C1),

dR(2k+D) ¢ t t t ) .
T=§(J dry de"'J drP(t, 7)[ =L 71) IP(71, T2)[ —iL 1A 72) [ P(72,73)" -
to to to

X'"P(Tk—lka)[_iLlZ(Tk)]P(Tk-t)}

t t t JIP(t,71) . .
:J't dry/ . de"'J't di[ at }[_lLlZ(Tl)]"'P(Tklka)[_|L12(Tk)]P(Tkat)+P(tyt)

t t
><[_i|—1z(t)]JI de"'ft drP(t, 7o) [ — il m2) ][ =L 1o 7)) IP( 7, 1)

k-1
+2
=2

t t t
f dry de"'f de173('[,71)[—”-12(7'1)]'"P(Tj1,t)][_”—12(t)]
to to to

t t t
j dTlf dTZ"'f dr_1P(t, 1)

t t t
X[_”—lZ(Tl)]'"P(Tk—lat)][_iL12(t)],P(tvt)+J't dTlft dry - . dnP(t, 7)[ =il )] P( 71, 7k)
0 0 0

t t
X[ft de+1"‘ft diP(taTj+1)[_iL12(7j+1)]'"P(Tkrt)] +
0 0

d
X[_iLlZ(Tk)](EP(Tkyt)]- (C3

From Eq.(C2) we see thaP(7,7)=R(7), and also

J J (0) i (0)
S Pt T<) =~ UR(EDR(7) =~ Lo DU (6 DR(7),

d Jd
St P r<t,t)= ER( UG (7)) =+iIR(HU(r,)L1q(1) (C4)

so we obtain
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JRZ¥HD) ; ;
T=_iL22(t)f, dTl"'fr drP(t, m)[ —iLp(71) ] P(Th— 1, T)[ = L 1o( 7)) IP( 7y 1)
+R(t)[_iL12(t)]fr de"'fr drP(t, 7o) [ —iL1p(7) ] [ —iL () JP( 7y )
R
R(2k—l)
k-1 . .
+2 f dTl"'f de—lp(taTl)[_iLlZ(Tl)]'"P(Tj—lat)][_iLlZ(t)]
j=2 to fo
R@-D
X[ fr de+1"'fr diP(taTj+l)[_iLlZ(Tj+l)]'"P(Tkat)]
R@Gk=D+D
+ fr dTl"'fr di—lP(taTl)[_ile(Tl)]'"P(Tk—lat)][_ile(t)]R(t)
Py
R(Zk—l)
+frrdTl"'frrdiP(taTl)[_iLlZ(Tl)]'"P(Tk—laTk)[_ile(Tk)]P(Tkat)[iLll(t)]
(CH
dR(2k+1) k-1

—g =" iL po( )R D+ R —jL ,]Rk-D 4 ,Zz R D[ —jL,]RZk 21+ D4 RKD[ —jL )RV iR DL (1)

k
=— iL22(t)R(2"+1)+JZl REIZD[ —jL ,]RPK2IHFD L jREKFDL (1), (C6)

The above is exactly the equation of moti¥), which concludes the proof.
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