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Abstract
We present a generalization of the nonequilibrium Green’s function
formalism to the treatment of dynamically open systems, such as the active
region of a modern small semiconductor structure. This approach relies on
the partial-trace-free, time-convolutionless approach to the open-system
reduced density matrix. We illustrate how one can analyse the short-time
evolution of an open system within the present approach, and obtain
corrections to the single-particle spectrum and level broadening.

The fields of mesoscopic and nanoscale physics have been
very active in the past few decades [1, 2]. Today,
conventional silicon-based semiconductor devices have typical
dimensions of a few nanometres [3], and low-dimensional
semiconductor structures offer a variety of exciting and useful
features [4]. On the other hand, ultrashort laser pulse
excitations provide us with experimental insight into the
femtosecond relaxation properties of materials [5]. In a very
fruitful theoretical approach to quantum transport in small
semiconductor systems, pioneered by Datta [1], the influence
of contacts is taken into account through a correction to the
active region’s self-energy term. However, as contacts become
smaller, the approximation of negligible feedback from
the system to the contacts is no longer valid. The active region
of a modern semiconductor device must be treated fully as an
open subsystem of a larger, interacting closed system [6].

In order to refine our understanding of electronic transport
in small devices, as well as try to better our insight
into short-time relaxation properties of these structures, we
have introduced a generalization of a powerful theoretical
formalism—nonequilibrium Green’s functions (NEGF)—to
the treatment of open systems [7]. This generalization is
based on the partial-trace-free (PTF) [8] time-convolutionless
[9] approach to the reduced density matrix. The PTF approach
is one of the well-known projection-operator approaches [10],
but the projection operator is induced by the uniform density
matrix of the environment. The Liouville space1 of the
1 Liouville space is the space of operators acting on the (many-body) Hilbert
space.

system+environment2 (S + E) can be written as the direct
sum of the projection operator’s unit eigenspace and zero
eigenspace, and a vector x from the S + E Liouville space is
then represented by a column x = [x1 x2]T , where x1 belongs
to the unit eigenspace and x2 belongs to the zero eigenspace.
For the choice of the projection operator in the PTF approach,
there is a special basis in the projector’s unit eigenspace, such
that the representation subcolumn x1 faithfully represents the
result that would be obtained from x by taking the partial trace
with respect to the environment states, i.e.,

x1 = (TrEx)/
√

dE, (1a)

with dE being the dimension of the environment Hilbert space.
If, for x, we choose the total S + E density matrix ρ, we get

ρ1 = ρS/
√

dE, (1b)

where ρS is the system’s reduced density matrix. According to
the decomposition of the S + E Liouville space, a superoperator
Â is to be represented by a block form

Â =
[
A11 A12

A21 A22

]
. (2)

If Â is a system superoperator, i.e., a superoperator of the
form Â = Âsys = ÎE ⊗ ÂS , it will have a block-diagonal
form Â = Âsys = diag(AS,A2). Typical examples are the

2 For instance, the electrons in the active region of the device would be the
system, whereas the electrons from the contacts, or phonons, would constitute
the environment.
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creation and annihilation superoperators for a system particle
within S + E, given by block forms �̂+

sys = diag
(
�+

S ,�+
2

)
and

�̂sys = diag(�S,�2), respectively.
The total system+environment density matrix ρ evolves

according to the Liouville equation
dρ

dt
= −i[H, ρ] = −iL̂ρ, (3)

where H is the total Hamiltonian, consisting of the system part
Hsys = 1E ⊗ HS , the environment part Henv = HE ⊗ 1S and
the interaction part Hint, and L̂ is the corresponding Liouville
superoperator. When the partial-trace-free representation is
applied to (3), we obtain the differential equations of motion
for ρ1 and ρ2 (the parts of ρ belonging to the projector’s unit-
and zero eigenspaces, respectively), which are coupled by L12

and L21 = L+
12 (the off-diagonal terms of the Liouvillian L̂).

By using the mapping from equation (1b), these equations are
easily transformed into equations for ρS and ρ2. A formal
solution of equation (3) yields the evolution superoperator Û ,
with block form as in equation (2).

However, for a many-body system, the reduced density
matrix approach is not appropriate. Evaluating a full many-
body system + environment matrix is not only computationally
difficult, but actually unnecessary for transport calculations,
since we know from experience with closed-system NEGF
that the first few lowest-order Green’s functions should suffice.
However, even though the PTF approach for the reduced
density matrix may not be directly applicable for a many-
body system, it enables us to define the two time correlation
functions G>

S and G<
S , whose forms in the transient regime are

given by

iG>
S (r, t; r′, t ′) = TrS

[
�S(r)U11(t, t

′)
×�+

S (r′)U11(t
′, t0)ρS(t0)

]
+ TrS

[
�S(r)U12(t, t

′)�+
2 (r′)U21(t

′, t0)ρS(t0)
]

+
√

dE TrS
[
�S(r)U11(t, t

′)�+
S (r′)U12(t

′, t0)ρ2(t0)
]

+
√

dE TrS
[
�S(r)U12(t, t

′)�+
2 (r′)U22(t

′, t0)ρ2(t0)
]
, (4a)

±iG<
S (r, t; r′, t ′) = TrS

[
�+

S (r′)U11(t
′, t)

×�S(r)U11(t, t0)ρS(t0)
]

+ TrS
[
�+

S (r′)U12(t
′, t)�2(r)U21(t, t0)ρS(t0)

]
+

√
dE TrS

[
�+

S (r′)U11(t
′, t)�S(r)U12(t, t0)ρ2(t0)

]
+

√
dE TrS

[
�+

S (r′)U12(t
′, t)�2(r)U22(t, t0)ρ2(t0)

]
, (4b)

with ρ(t0) = [ρ1(t0)ρ2(t0)]T = [ρS(t0)/
√

dEρ2(t0)]T being
the S + E density matrix at the initial time t0. The first term
in each of equations (4a) and (4b) is the closed-system-like
term, the only one present for closed systems. The other three
terms in each of equations (4a) and (4b) describe the influence
of the environment on the system evolution, and vanish if
the system–environment coupling is turned off [7].

Here, however, we wish to illustrate how this approach
yields information on the very short time build-up of
correlations. For instance, if we wish to calculate the
(ensemble-averaged) particle density at a point in space and
time, we need the equal-times G<

S , i.e.,

〈nS(r, t)〉 = ±iG<
S (r, t; r, t)

= TrS
[
�+

S (r)�S(r)U11(t, t0)ρS(t0)
]

+
√

dE TrS
[
�+

S (r)�S(r)U12(t, t0)ρ2(t0)
]
. (5)
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Figure 1. Short-time evolution of the minimum relaxation time of
single-particle levels for a simple two-particle system, for various
coupling strengths. In the absence of coupling, each of the particles
has two energy levels, −10 meV and +10 meV.

If the temperature is fairly high, one may approximate ρ2(t0) ≈
0 [7], which eliminates the second term in (5), and we are left
with the dominant first term. The evolution of 〈nS(r, t)〉 is then
governed by U11(t, t0), which obeys the equation of motion

dU11(t, t0)

dt
= −i[L11(t) − L12(t)R(t)]U11(t, t0). (6)

The quantity R(t) is called the memory dressing [11], and it
obeys a self-contained nonlinear equation of motion

dR(t)

dt
= −iL22(t)R(t) − iR(t)L12(t)R(t)

+ iR(t)L11(t) + iL21(t), R(t0) = 0. (7)

It is possible to solve (7) exactly (see [11]), but here we will
focus on the solution valid for short times after the initial time
t0. In this case, R can be approximated by its first order in terms
of L12. This yields a correction �L11 ≈ −L12(t0)R

(1)(t0 + δt)

to the effective system Liouvillan, such that its Hermitian part
gives the correction to the system spectrum, and its skew-
Hermitian part (up to a minus sign) gives level-broadening,
and, consequently, lifetimes (as pointed out, e.g., in the works
of the Brussels school [12]). For the Hermitian part we obtain

H�L11 = 1
2

(
�L11 + �L+

11

) = (δt)2
{

1
2L12(t0)L22(t0)L21(t0)

− 1
4 [L12(t0)L21(t0)L11(t0) + L11(t0)L12(t0)L21(t0)]

}
,

(8)

and it apparently changes as (δt)2. The skew-Hermitian part
(up to a minus sign),

−S�L11 = i

2

(
�L11 − �L+

11

) = (δt)L12(t0)L21(t0)

− (δt)2
( i

4

)
[L12(t0)L21(t0)L11(t0)

−L11(t0)L12(t0)L21(t0)], (9)

behaves as δt , resulting in a lifetime of states decreasing as
1/δt . It is noteworthy that level broadening, given by the
skew-Hermitian part, occurs much more rapidly than changes
in the spectrum.

A numerical calculation for a simple system is presented.
Namely, we start with a two-particle system, with each
of the particles having two energy levels, −10 meV and
+10 meV (these are reasonable numbers in the domains of
low-temperature mesoscopic physics; for instance, this is the
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order of magnitude for the charging energy of a Coulomb-
blockaded. quantum dot). Now a toy model interaction
is turned on, such that it does not distinguish between
particles, and is characterized by one tuning parameter,
which corresponds to a few of the largest off-diagonal matrix
elements of the interaction Liouvillian. The minimal lifetime
is calculated according to equation (9), which can be rewritten
as

τmin(t) ≈ (t − t0)
−1 × {max eigenvalue of (L12L21)}−1.

(10)

How the minimal lifetime for this system changes with time
is depicted in figure 1, for various coupling strengths. As
expected, the stronger the coupling, the shorter the lifetime.

In conclusion, we have presented elements of the
nonequilibrium Green’s function formalism for open systems,
and illustrated its use in analysing the short-time system
relaxation.
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