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We simulate phonon transport in suspended graphene nanoribbons (GNRs) with real-space edges

and experimentally relevant widths and lengths (from submicron to hundreds of microns). The full-

dispersion phonon Monte Carlo simulation technique, which we describe in detail, involves a

stochastic solution to the phonon Boltzmann transport equation with the relevant scattering mecha-

nisms (edge, three-phonon, isotope, and grain boundary scattering) while accounting for the disper-

sion of all three acoustic phonon branches, calculated from the fourth-nearest-neighbor dynamical

matrix. We accurately reproduce the results of several experimental measurements on pure and iso-

topically modified samples [S. Chen et al., ACS Nano 5, 321 (2011);S. Chen et al., Nature Mater.

11, 203 (2012); X. Xu et al., Nat. Commun. 5, 3689 (2014)]. We capture the ballistic-to-diffusive

crossover in wide GNRs: room-temperature thermal conductivity increases with increasing length

up to roughly 100 lm, where it saturates at a value of 5800 W/m K. This finding indicates that most

experiments are carried out in the quasiballistic rather than the diffusive regime, and we calculate

the diffusive upper-limit thermal conductivities up to 600 K. Furthermore, we demonstrate that cal-

culations with isotropic dispersions overestimate the GNR thermal conductivity. Zigzag GNRs

have higher thermal conductivity than same-size armchair GNRs, in agreement with atomistic cal-

culations. VC 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4899235]

I. INTRODUCTION

Graphene, a single layer of sp2-bonded carbon atoms in a

two-dimensional (2D) honeycomb lattice, exhibits extraordi-

nary electrical,1,2 thermal,3–5 and mechanical6,7 properties.

Experimental measurements3,8,9 of room-temperature thermal

conductivity in suspended single-layer graphene (SLG) have

yielded values from 2000 to 5000 W/mK. Graphene has very

high thermal conductivity compared to metallic heat conduc-

tors or other carbon-based materials, such as graphite10 or

diamond.11 The large thermal conductivity comes from the

unique lattice structure and the resulting high in-plane group

velocities and low lattice anharmonicity. The high thermal

conductivity makes graphene a promising candidate for ther-

mal management in nanoelectronic circuits.4,12

The graphene nanoribbon (GNR) is a form of graphene

commonly envisioned in devices because it can be patterned

using standard lithography.13,14 GNRs can be fabricated with

various widths and lengths, as well as different line-edge rough-

ness.15–22 Phonon transport in GNRs can be drastically altered

by modifying the dimensions, owing to line-edge-roughness

scattering and ballistic transport features.23 Moreover, thermal

flow in GNRs is also tunable through the choice of substrate,

isotope concentration, and ribbon crystal orientation.24,25

Thermal-conductivity engineering in these systems has been

attracting considerable interest in recent years.12,26

Xu et al.27 reported measurements of both temperature

and length dependence of the thermal conductivity in sus-

pended GNR samples. They reported a thermal conductivity

increase with increasing length up to 9 lm in their wide

GNRs samples. Bae et al.28 studied SiO2-supported GNR

samples and found both width and length dependence of

thermal conductivity. They attributed the length dependence

to a ballistic-to-diffusive crossover of the heat flow. Chen

et al.25 synthesized graphene samples with modified 13C

composition and showed that thermal conductivity might

change to half of the original value when the 13C content

increases to �50%. Orientation dependence of thermal con-

ductivity has not been observed in experiment.

Considerable theoretical work has been done on ther-

mal transport in GNRs. Aksamija and Knezevic studied the

width and orientation dependence of thermal conductivity

for both suspended29 and supported30 GNRs by solving the

phonon Boltzmann transport equation (PBTE) under the

relaxation time approximation (RTA), with a specularity

parameter to account for boundary roughness. Earlier, Nika

et al.31 also found a strong width dependence stemming

from edge roughness by solving the PBTE under the RTA.

The nonequilibrium Green’s function (NEGF) tech-

nique32,33 has also been employed to study thermal trans-

port in GNRs.34–43 However, these studies do not account

for phonon-phonon scattering, which is very important in

suspended graphene. Recent work by Luisier44 is a promis-

ing advance towards solving the problem of phonon-

phonon interactions at the level of NEGF. Molecular
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dynamics (MD) simulations can account for edge rough-

ness, isotope composition, and size dependence. The effects

of length,45–48 width,45,46,49,50 isotope concentration,51,52

edge roughness,49,53 and chirality45,50,54 on thermal trans-

port in GNRs have been extensively studied using MD.

However, a major drawback is that the computational bur-

den limits the sample dimensions to a few nanometers.

Therefore, these calculations do not correspond very well

with experimental conditions, where long and wide samples

are employed.

In this paper, we analyze phonon transport in GNRs with

real-space edges and micron-sized, experimentally relevant

widths and lengths (�100 nm–100lm) at temperatures up to

600 K. To that end, we developed a full-dispersion ensemble

Monte Carlo simulation of phonon transport. As there are unique

challenges associated with a full-dispersion phonon Monte

Carlo (PMC) algorithm for a non-cubic system with real-space

edges, we present the technique in detail. Scattering from the

edges, phonon-phonon, isotope, and grain boundary scattering

(for polycrystalline samples) are included in the simulation. We

accurately reproduce a number of experimental measurements

on pristine and isotopically modified graphene by Chen et al.9,25

and Xu et al.27 We capture the ballistic-to-diffusive crossover at

room temperature, and show that GNRs are in the quasiballistic

transport regime up to lengths in excess of 100lm, which is

considerably longer than most experimental samples.

Consequently, the true upper limit to thermal conductivity is

higher than previously reported.55 In agreement with atomistic

calculations, we also show that the thermal conductivity of

zigzag GNRs (ZGNRs) is higher than that of armchair

GNRs (AGNRs), when both are calculated with full

phonon dispersions. We also show that the isotropic-dispersion

simulation overestimates thermal conductivity in GNRs, and the

discrepancy is large in narrow GNRs and at low temperatures.

The paper is organized as follows. In Sec. II, we present

the algorithm for 2D PMC in GNRs with full phonon disper-

sions in the presence of edge roughness and other relevant

scattering mechanisms. In Sec. III, we compare the simulation

data with experiment for wide GNRs (Sec. III B), demonstrate

the ballistic-to-diffusive crossover in the length dependence of

thermal conductivity (Sec. III C), investigate the role of iso-

tope abundance on thermal transport (Sec. III D), analyze the

width-dependence of the thermal conductivity in GNRs with

edges (Sec. III E), and finally demonstrate the importance of

accounting for the full phonon dispersion as opposed to

isotropic relationships when working on thermal transport

(Sec. III F). We conclude with Sec. IV.

II. PHONON MONTE CARLO METHOD WITH FULL
DISPERSIONS

Phonons are the main carriers of heat in graphene.23,56 In

a system where the characteristic length of the domain of inter-

est is much larger than the phonon coherence length and the

time scale is much longer than the phonon relaxation time, we

can treat phonons as semiclassical particles.57,58 Under these

conditions, the phonon transport behavior is governed by the

phonon Boltzmann transport equation. The PBTE describes

how the phonon distribution function nbðr; q; tÞ for a given

phonon branch b depends on time t, location r, and phonon

wave vector q. The PBTE has the ability to capture both equi-

librium and non-equilibrium phenomena and is given by

@nb r; q; tð Þ
@t

þ vb;q � rrnb r; q; tð Þ ¼
@nb r; q; tð Þ

@t
jscat: (1)

Here, vb;q ¼ rqxb;q is the phonon group velocity (xb;q is the

phonon angular frequency in branch b at wave vector q). The

PBTE can be solved using deterministic techniques,29,30,59–70

with the collision operator usually treated in the

RTA29,30,59–65 or evaluated iteratively.67–70 Alternatively, the

PBTE can be solved using a stochastic phonon Monte Carlo

method, where a large ensemble of phonons is tracked in real

space as they undergo periods of free flight interrupted by scat-

tering events. The PMC method has been successfully applied to

study thermal transport in various nanostructures such as mem-

branes71–76 and nanowires,72,77–80 in Si71–79,81 and a number of

other materials.78,80,82–86 PMC has proven to be an effective tool

to study nanoscale thermal transport in systems near equilib-

rium.74,86–89 It is also straightforward to include nontrivial

geometries, such as rough boundaries or edges, in PMC.43,80,90

The starting point of PMC is equilibrium. In equilib-

rium, the phonon distribution function reduces to the Bose-

Einstein (BE) distribution, hnBEi, describing the average

occupation of a phonon state

hnBE x; Tð Þi ¼ 1

e
�hx

kBT � 1
: (2)

In the expression, kB is the Boltzmann constant, �hx is the

energy level associated with the phonon state, and T is the

absolute temperature. Out of equilibrium, the concept of a

local and instantaneous temperature T(r, t) and the phonon

dispersion relation xb;q will be used to connect the phonon

distribution nbðr; q; tÞ to Eq. (2).

Figure 1 shows a flowchart of the PMC simulation. We

first specify the simulation domain, according to the desired

FIG. 1. Flowchart of the PMC simulation. Transport kernel is inside the

dashed box.
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simulation parameters, such as the ribbon size and tempera-

ture boundary conditions. The domain is divided into cells,

whose size is chosen according to the criteria we discuss in

Sec. II B. Initialization of the phonon ensemble, described in

Sec. II C, requires information on the phonon dispersion and

the phonon density of states (PDOS), which are pre-

calculated using the method described in Sec. II A. After ini-

tialization, we enter the transport kernel (enclosed in a

dashed box in Fig. 1) where time is discretized with a small

step Dt. In PMC simulations, the timestep Dt is small enough

that a phonon is unlikely to scatter more than once within it,

so drift (free flight) of phonons and scattering are sepa-

rated:71,77–80,87,90 phonons first drift and potentially scatter

from real-space edges during time Dt, and then we treat all

the scattering events cumulatively, for the entire ensemble,

at the end of the step. Energy of all phonons in a cell is

recorded before and after the scattering process routine, as

the inelastic processes do not conserve the energy of individ-

ual phonons; a mismatch in energy is addressed by creating/

deleting additional phonons, as described in Sec. II F. In

Secs. II A–II G, we describe the components of the full-

dispersion PMC in detail.

A. Phonon dispersion and density of states

The phonon dispersion relation for a given branch b

describes the relationship between the angular frequency x
and the wave vector q in the first Brillouin Zone (1BZ).91 It

reflects the symmetry of the underlying lattice. From disper-

sion, we calculate properties such as the PDOS and group ve-

locity. In previous PMC work,71–74,77–84,86,87,90 isotropic

relationships were often used to approximate the dispersion.

However, the phonon dispersion relations of graphene are

quite anisotropic.29,70,92–94 Furthermore, each GNR has a

specific orientation, and keeping the anisotropy in dispersion

is essential for describing transport in differently oriented

ribbons. As a result, we include full phonon dispersions in

this work.

The phonon dispersion relations are calculated with the

empirical dynamical matrix method including fourth-near-

est-neighbors (4NN) proposed by Saito et al.95 We first write

the general equation of motion for the displacement of the

ith atom as

Miu
::

i ¼
X

j

Kijðuj � uiÞ ði ¼ 1;…;NÞ; (3)

where Mi is the mass of the ith atom and Kij is the interaction

force tensor between the ith and the jth atom. Then, with the

Bloch theorem96 we can change the variable to the normal

mode displacements ui
q because ui ¼ 1ffiffiffiffiffi

NX
p

P
q0 u

i
q0 exp

�iðq0 � Ri � xtÞ½ �. Here, NX is the number of wave vectors q0

in the 1BZ and Ri denotes the original position of the ith
atom. After further simplification and combination of terms,

we obtain an eigenvalue problem

DðqÞuq ¼ 0; (4)

where DðqÞ is the dynamical matrix and the associated

eigenvalues are x2ðqÞ.

In graphene, there are two atoms, A and B, in a unit cell

and the atoms can move in three dimensions,97 thus we get a

6� 6 dynamical matrix. After solving its eigenvalue problem

for each q, we get six phonon branches: transverse acoustic

(TA), longitudinal acoustic (LA), flexural acoustic (ZA),

transverse optical (TO), longitudinal optical (LO), and flex-

ural optical (ZO). The force constants we used are parame-

trized to fit both experimental findings98 and first-principles

calculations.92 The force constant for the radial, transverse

in-plane, and transverse out-of-plane directions for the nth

(n¼ 1, 2, 3, 4) nearest neighbors (/ðnÞr ; /ðnÞti , and /ðnÞto , respec-

tively) are shown in Table I.

The obtained dispersion relations are shown in Fig. 2.

Optical branches have relatively flat dispersions, thus pho-

nons in these branches have very small group velocities.

Further, the energies associated with optical phonons are rel-

atively large, so, based on Eq. (2), the occupation of those

phonon states is low at temperatures of interest here (up to

600 K). Owing to these reasons combined, optical phonons

make a negligible contribution to the thermal conductivity of

graphene.29 TA and LA phonons have almost linear disper-

sions and large group velocities near the C point, thus they

were long believed to be the main carriers of heat.10,99 ZA

phonons have a quadratic dispersion and therefore nearly

zero group velocity near the C point. However, they are

numerous, and recent studies have shown that they make a

large contribution to the lattice thermal conductivity of sus-

pended graphene.68–70,100 Therefore, we include all three

acoustic branches in this work.

PDOS in graphene describes the number of states per

unit angular frequency and area that are supported by the

material. PDOS is essential in generating phonons in the sim-

ulation and also enters some of the scattering rate expres-

sions. The general expression for PDOS of branch b in a 2D

system is101

Db xð Þdx ¼ 1

2pð Þ2
ð

xb;q2 x;xþdx½ �
d2q: (5a)

Let Lb;x denote the length of the isoenergy curve for branch

b and angular frequency x; then, the PDOS for branch b can

be expressed by

Db xð Þ ¼ 1

2pð Þ2
ð

dLb;x

vb;x
: (5b)

Here, vb;x is the group velocity magnitude, vb;q, evaluated at

the q that satisfies x ¼ xb;q. We evaluate Eq. (5b) with a nu-

merical method proposed by Gilat and Raubenheimer,102

TABLE I. Force constants for 2D graphene in units of 10 N/m. The sub-

scripts r, ti, and to refer to the radial, transverse in-plane, and transverse out-

of-plane directions, respectively.

Radial In-plane Out-of-plane

/ð1Þr ¼ 41:800 /ð1Þti ¼ 15:200 /ð1Þto ¼ 10:200

/ð2Þr ¼ 7:600 /ð2Þti ¼ �4:350 /ð2Þto ¼ �1:080

/ð3Þr ¼ �0:150 /ð3Þti ¼ 3:390 /ð3Þto ¼ 0:995

/ð4Þr ¼ 0:690 /ð4Þti ¼ �0:190 /ð4Þto ¼ �0:550

164307-3 Mei et al. J. Appl. Phys. 116, 164307 (2014)
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modified for 2D. The idea is that we can approximate the dis-

persion curve with piecewise linear segments, and the error

would become arbitrarily small as we increase the number of

segments. We partition the first Brillouin zone (1BZ) into

2000� 4000 grid cells. Within each grid cell, this small

(dq < 6� 10�4 m�1), the isoenergy curve segment is a line

whose length we can readily calculate; we also assume that v
is constant everywhere along the segment and calculate it

numerically from finite differences. We can accurately eval-

uate the integral in Eq. (5b) by summing up all contributions

from different linear segments.

The method described above would allow us to calculate

the PDOS at one x value. To obtain the full spectrum, we cal-

culate PDOS at a discrete set of points and interpolate

between them. The interpolation error can always be reduced

by increasing the number of points. Let xmax represent the

maximal frequency in the acoustic branches according to the

dispersion relations. We divide the frequency interval between

0 and xmax into equal parts with Dx ¼ ceiling xmax

Nint

� �
. Here,

Nint is the number of intervals. We choose the central fre-

quency of each interval (xc;i ¼ 2i�1
2

Dx) to evaluate the

PDOS. This discretization is also used in phonon generation,

as we will discuss later. Dx ¼ 1011 rad=s and Nint ¼ 2500

have been shown to provide good accuracy without being too

computational expensive. Figure 3 shows the calculated

PDOS for the three acoustic branches. As we see from the fig-

ure, the ZA branch has a non-zero PDOS at x¼ 0 because of

its quadratic dispersion near the C point. We are interested in

the temperature range up to 600 K, therefore, from Eq. (2), the

relevant frequency range is x � [0, 5� 1013] rad/s. Note that

the ZA PDOS is overwhelmingly larger than that of TA and

LA branches in this range, making the ZA phonons the most

numerous.

B. Simulation domain

The simulation domain is a ribbon of width W and

length L in 2D, as shown in Fig. 4; the ribbon generally has

edges, so the domain is not strictly rectangular. Phonons are

only allowed to transport in-plane. We follow previous

work71,72,74,77–80 and divide the length (x direction) into sev-

eral cells. Two ends of the ribbon are connected to thermal

reservoirs with constant temperatures Th and Tc (hot and

cold, respectively). In the steady state and diffusive regime,

a linear temperature profile should develop inside the ribbon.

If we choose a temperature difference DT¼ Th�Tc and a

number of cells Nc such that the temperature variation across

a cell is small, we can employ the approximation of local

FIG. 2. Dispersion curves for the TA, LA, ZA, TO, LO, and ZO phonon

branches in single-layer graphene, calculated from the empirical dynamical

matrix method including 4th nearest neighbors.

FIG. 3. Phonon density of states (PDOS) for TA, LA, and ZA branches in

graphene, calculated following the Gilat-Raubenheimer method.102

FIG. 4. Schematic of the simulation domain of width W and length L. (Top)

Armchair GNR. (Bottom) Zigzag GNR.
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equilibrium, with a cell-specific temperature Ti, i being the

cell index. We assume the phonons inside a cell to be uni-

formly spatially distributed and follow the equilibrium BE

distribution over energy according to Ti. In a typical simula-

tion, DT is 20–40 K and Nc varies from 50 to 100, depending

on the ribbon length. We make sure that the temperature

drop in each cell is small (DT
Nc
< 0:5 K), to make sure the local

equilibrium approximation is valid.

C. Initialization

1. Initial temperature profile

To achieve a steady state faster, we initialize the pho-

nons in each cell according to the expected linear tempera-

ture profile. The initial temperature in the ith cell is

Ti ¼ Tl � i�1
Nc�1

Tr � TlÞð , where Nc is the total number of

cells in the ribbon, as before. Tl and Tr are the temperatures

at the left and right ends of the ribbon; their values are fixed

at the temperatures of the reservoirs (Th or Tc). The total

energy associated with the ith cell is then

Ei ¼ Ai

X
b

ð
DbðxÞhnBEðx; TiÞi�hx dx; (6)

where Ai is the area of the ith cell in real space and the sum

is over all three phonon branches. We can calculate the

expected number of phonons in the cell as

N i; exp ¼ Ai

X
b

ð
DbðxÞhnBEðx; TiÞi dx: (7)

In simulations where the sample size is large (on the order of

microns) or the temperature is not very low (a few hundred

Kelvin), the expected number of phonons N i; exp can be very

large (107–109) and is computationally expensive to keep

track of. A weighting factor W is often introduced71,78 to

reduce the number of simulation particles to a tolerable

range (typically 105 � 106). As we have mentioned, in 2D

materials like graphene, the number of ZA phonons is over-

whelmingly larger than that of TA and LA phonons (see Fig.

3). As a result, if we use a uniform weighting factor W, the

number of TA and LA phonons would be too small to be

statistically significant and their contribution would be

undersampled. Therefore, in order to better address the con-

tributions from the in-plane modes, we use a different

weighting factor Wb for each phonon branch b. In a typical

simulation, WZA is often one order of magnitude larger than

WTA and WLA. With the weighting factor, we control the

number of phonons in each cell to be around 104–105.

Considering the weighting factor, the total energy of the en-

semble of particles used in the simulation becomes

Ei ¼ Ai

X
b

ð
Db xð Þ hnBE x; Tið Þi

Wb

�hx dx: (8a)

Since there is no analytical expression for the PDOS, we

evaluate Eq. (8a) numerically using the same x discretiza-

tion as mentioned in Sec. II A,

Ei ¼ Ai

X
b

XNint

j¼1

Db xc;jð Þ
hnBE xc;j; Tið Þi

Wb

�hxc;jDx: (8b)

Here, xc;j represents the central frequency in the jth fre-

quency interval. Note that
hnBEðxc;j;TiÞi

Wb
plays the role of the ex-

pectation number of simulated phonons in branch b and with

angular frequency xc;j in a cell with temperature Ti.

We initialize each cell by generating phonons, one by

one, following the desired distribution according to the tem-

perature of the cell and adding them to the cell. Since we

have assumed local equilibrium inside a cell, we can put

each generated phonon in a random position inside the cell.

We keep generating phonons in the cell until the ensemble in

the cell has the effective total energy Ei, Eq. (8b). However,

since our process of generating phonons is independent of

how much energy is already in the cell, we cannot enforce

the exact Ei and respect the phonon distribution simultane-

ously. Compared with a small offset in energy, violating the

distribution is much worse. As a result, we do not enforce

energy in the cell exactly and we stop generating phonons

once the energy in the cell Ei,actual falls within ðEi � �hxmax

2
;

Ei þ �hxmax

2
Þ. As the accumulation of the offset energy over the

course of the simulation may lead to big problems, we record

the offset Ei;offset ¼ Ei � Ei;actual and add it to the desired cell

energy the next time we initialize the cell (see more detail in

Sec. II F).

2. Single phonon generation

To generate a phonon ensemble with a proper distribu-

tion over angular frequency, we should make sure that: (1)

the frequency distribution follows the BE distribution at the

local temperature, (2) for a phonon with certain angular fre-

quency, the wave vector is chosen so that xb;q falls on the

desired branch of the dispersion curve. A schematic of the

phonon generation process is shown in Fig. 5.

Before phonon generation, we first need to specify the

local temperature of the cell this phonon is in. Sometimes

the temperature is assigned (see Sec. II C 1); other times, we

need to find the temperature numerically. The relationship

between the total energy E and temperature T of a cell of

area A is given by [same as in Eq. (6)]

E ¼ A
X

b

ð
DbðxÞhnBEðx; TÞi�hx dx: (9)

We compute the total energy of the cell by summing up all

the phonon energies, making sure each numerical phonon’s

energy is multiplied by the branch-appropriate weight, then

use Newton’s iterative method to get the local temperature

based on Eq. (9).

Once the temperature is known, we can calculate the fre-

quency cumulative distribution function (CDF) according to

T. Here, we use the same frequency discretization as in Sec.

II A. The ith number Fi in the normalized CDF table repre-

sents the probability of finding a phonon with x < xi;max,

where xi;max stands for the maximal frequency in the ith fre-

quency interval.
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Fi Tð Þ ¼

X
b

Xi

j¼1

hnBE xc;j; Tð ÞiDb xc;jð Þ=Wb

X
b

XNint

j¼1

hnBE xc;j; Tð ÞiDb xc;jð Þ=Wb

: (10)

The sum goes from interval 1 to interval i in the numerator,

and from 1 to Nint in the denominator. The table is automati-

cally normalized as FNint
ðTÞ ¼ 1. PDOS in the expression is

calculated from the full dispersion as described in Sec. II A.

To complete the table, we manually set F0(T)¼ 0, meaning

that all phonons have positive energy. The CDF for phonons

at 300 K is shown in Fig. 6.

With the table formed, we draw a random number R1

and look for the interval i satisfying Fi�1 < R1 < Fi with the

bisection algorithm. We decide the frequency of

this phonon falls in the ith interval and the actual

frequency is determined with another random number R2,

x ¼ xc;i þ ð2R2 � 1Þ Dx
2

.

After an x is chosen, we draw a third random number

R3 to choose the phonon branch b. The probability of a pho-

non with x being in branch b is proportional to DbðxÞ, there-

fore, we have

b ¼

TA; R3 < fTAðxÞ

LA; fTAðxÞ < R3 < fTAðxÞ þ fLAðxÞ

ZA; otherwise:

;

8>><
>>:

(11)

where fbðxÞ ¼ DbðxÞ
Wb

=
P

b0
Db0 ðxÞ

Wb0
is the normalized probability

of being in branch b for the chosen frequency x with the

weighting taken into consideration.

The next step is generating the phonon wave vector, q,

for the x and b we already found, which we do by using a

rejection technique. The procedure is technically complex,

so the details have been relegated to Appendix A.

D. Phonon drift and edge scattering

After initialization, we enter the transport kernel. As

mentioned at the beginning of Sec. II, we treat phonon drift

and scattering independently. At each step, we first let the

phonons drift inside the ribbon with their specified group

velocities. The time step Dt is chosen according to the crite-

ria explained later, in Sec. II E. At the end of each step, the

phonon position is updated as rend ¼ rstart þ vgDt unless it

hits a boundary in the meantime.

In this work, we simulate GNRs with real-space edges,

as shown in Fig. 4. Two different rough edges are consid-

ered: the perfect armchair edge and the zigzag edge.

Although the structure is perfectly periodic, the edges

effectively introduce back-scattering of phonons and reduce

the thermal conductivity, similar to rough edges. Phonons

reflect specularly once they hit the edge, and multiple

reflection might happen within a time step. Since boundary

scattering is elastic, it is essential that, after reflection, the

new wave vector and the old wave vector end up on the

same isoenergy curve, i.e., xb;qnew
¼ xb;qold

. Both edges we

used share the same symmetry as the phonon dispersion;

therefore, this requirement is automatically met with specu-

lar reflection.

It has been shown that, when the width of GNRs is large,

thermal conductivity is very weakly dependent on the width

FIG. 5. Flowchart showing the steps for generating a single phonon in the

numerical ensemble of a cell at a given temperature. Dice indicate the use of

random numbers.

FIG. 6. Cumulative distribution function of phonon frequency at 300 K. The

frequency range x � [0, 2.5� 1014] rad/s was divided into Nint¼ 2500 equal

intervals in the numerical calculation.
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and gradually saturates at the value where there is no edge

roughness.27,28 We use flat-edge GNRs (rectangularly

shaped) with specular reflection to recover the bulk proper-

ties in our simulation, as specular reflection from flat edges

does not alter the phonon velocity component along the

GNR and thus introduces no resistance. As there is no width

dependence in the calculated thermal conductivity of the

GNRs with flat edges, the width can be really small to save

simulation time.

E. Phonon scattering

We include multiple scattering mechanisms in the pho-

non Monte Carlo simulation of suspended graphene: three-

phonon (umklapp and normal), isotope, and grain boundary

scattering. The total scattering rate for a given x and b is as

follows:

s�1
b ðxÞ ¼

X
i

s�1
b;i ðxÞ; (12)

where s�1
b is the total scattering rate and s�1

i;b is the contribution

from the ith mechanism. A description of different scattering

mechanisms and their rates is given in detail in Appendix

B. Edge roughness scattering is explicitly taken care of dur-

ing the drift process (see Sec. II D), thus not discussed here.

In order to treat the drift and scattering processes separately

and scatter all phonons cumulatively at the end of the time

step, the time step has to be short enough that multiple non-

edge scattering events are unlikely. For a phonon with

angular frequency x in branch b, whose scattering rate is

s�1
b ðxÞ, the probability of scattering after time Dt is96

pb;scatðxÞ ¼ 1� exp½�Dt � s�1
b ðxÞ�: (13)

Thus, our criterion of a small enough step is that the average

probability of scattering for all phonons, pscat , be small

enough. In practice, we found that pscat < 1% is a good crite-

rion for choosing the time step Dt. As a result, the time step

would vary for simulations at different temperatures, as the

rates are temperature dependent. For suspended graphene at

300 K, we use Dt¼ 0.1 ps.

After each time step (upon completion of the drift rou-

tine), for each phonon we calculate the probability of hav-

ing been scattered during the previous step from Eq. (13).

Note that scattering rates are temperature-dependent, so we

should update the temperature in each cell after the drift

before calculating the probabilities. We then use a random

number r1 to decide whether the phonon would actually

scatter. If r1 > pb;scat, nothing happened and we move on to

the next phonon. If r1 � pb;scat, the phonon scattered. As Dt
is short enough so that we do not expect multiple scattering

events during one step, the probability of encountering the

ith scattering mechanism is approximately proportional to

its rate,

pb;scat;iðxÞ ¼ 1� exp½�Dt � s�1
b;i ðxÞ� � Dt � s�1

b;i ðxÞ: (14)

We use another random number r2 to choose the mechanism

in a similar way to choosing the phonon branch in Sec. II C

2. Once the mechanism is chosen, we scatter the phonon

accordingly. We treat the scattering events differently

according to whether they are inelastic (phonon-phonon scat-

tering) or elastic (all other mechanisms).

For elastic scattering, we keep the phonon branch and

energy, but randomly find a new wave vector and group ve-

locity according to the dispersion relation. The algorithm is

described in Appendix A.

For inelastic (phonon-phonon) scattering, we treat the

collision effectively by replacing the phonon with a random

new phonon from the phonon pool. The energy is not

enforced for a single phonon in the process, but collectively

for the whole cell at the end of the step. We need to make

sure that the phonons generated after inelastic scattering fol-

low the same distribution as the phonons being replaced,

which is different from the equilibrium BE distribution we

used in generating phonons in the initialization process,

because the scattering rate is energy-dependent. As a result,

we need a modified CDF to generate phonons after the

phonon-phonon interaction

Fmod;i Tð Þ ¼

X
b

Xi

j¼1

Nj Tð Þ � pb;U xc;jð Þ

X
b

XNint

j¼1

Nj Tð Þ � pb;U xc;jð Þ
; (15)

where NjðTÞ ¼ hnBEðxc;j; TÞiDbðxc;jÞ=Wb is the average

number of simulation particles (“numerical phonons”) in the

jth energy interval and pb;Uðxc;jÞ is the probability of a pho-

non in branch b suffering from umklapp scattering during

the step. A typical modified CDF is shown in Fig. 7 for

300 K and a timestep of 0.1 ps. We can see that, in the modi-

fied CDF, the percentage of phonons with very small energy

is reduced because these phonons do not undergo scattering

events frequently and thus have a small probability of being

replaced (or being generated after scattering). Other than the

different CDF function, the phonon generation process is the

same as described in Sec. II C 2. With the modified distribu-

tion, we conserve the energy in an average sense. However,

sometimes the number of phonons in a cell is not large

FIG. 7. A typical modified (post-scattering) CDF, Eq. (15), and the original

CDF, Eq. (10), at 300 K.
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enough to provide adequate statistics; therefore, to conserve

the energy explicitly, we add a reinitialization process after

the scattering routine, as described in Sec. II F below.

F. Reinitialization

As mentioned in Sec. II E, our treatment of inelastic

scattering does not conserve energy precisely in a cell. We

enforce the conservation more exactly through ensemble

reinitialization.

During drift, phonons might cross cell boundaries, and

therefore change the total energy in each cell; the energy of

phonons that drifted in/out has to be added/subtracted before

entering the scattering routine. We record the cell energy

just after the phonons finish drift in an array Ei;prescat. As we

mentioned in Sec. II C, we have another array Ei;offset record-

ing the offset energy from our last attempt at enforcing

energy conservation. So now the desired energy after scatter-

ing is Ei;d ¼ Ei;prescat þ Ei;offset. Then, we can scatter the pho-

nons as described in Sec. II E and calculate and record the

actual cell energy Ei;afterscat.

As explained in Sec. II C, to respect the phonon distribu-

tion, we do not insist on getting the exact desired energy Ei;d

after reinitialization. We would only enforce that the cell

energy Ei get into the range ½Ei;d � �hxmax

2
;Ei;d þ �hxmax

2
�. The

initial cell energy in the reinitialization process is

Ei ¼ Ei;afterscat. For each cell i, we compare Ei and Ei;d. If

Ei 2 ½Ei;d � �hxmax

2
;Ei;d þ �hxmax

2
�, we consider this cell good

and move on to the next one. If Ei > Ei;d þ �hxmax

2
, we would

randomly choose one phonon in the cell and delete it. After

the deletion, the new energy in the cell is Enew
i ¼ Eold

i � �hx0,

where �hx0 is the energy carried by the deleted phonon.

Then, we compare Enew
i and Ei;d again and keep this

random deletion until Enew
i falls in the desired range. If

Ei < Ei;d � �hxmax

2
, we generate a phonon from the equilibrium

distribution and add it to a random place in the cell (note that

here the CDF is the original CDF as described in Sec. II C).

The new cell energy after addition is Enew
i ¼ Eold

i þ �hx0,

where �hx0 is the energy carried by the added phonon.

Similarly, we keep adding phonons until the final Ei falls in

the appropriate range. After all cells have energies in the

desired range, we record the new offset energy as Ei;offset ¼
Ei;d � Ei and use it in the next reinitialization process (after

the next time step).

G. Boundary conditions and contacts

As the simulation domain is finite, phonons might end up

outside its boundaries. A phonon is reflected back inside if

attempting to exit in the transverse (width) direction. A pho-

non exiting in the longitudinal direction is simply deleted.

As mentioned in Sec. II C, we keep a constant tempera-

ture at two ends of the ribbon with a “black-body cell” at

each end.78 After the drift and scattering processes, all the

phonons inside these two end cells are deleted and replaced

by a new cell ensemble according to the appropriate reser-

voir temperature, the same way as described in Sec. II C.

This way all phonons coming out of the end cells are ther-

malized to the contact temperatures, and the two end cells

act like black bodies.

III. RESULTS AND DISCUSSION

A. Temperature profile in the ballistic, quasiballistic,
and diffusive limits

A good reliability test for PMC is a comparison between

the simulation results and the diffusive and ballistic limits to

the steady-state temperature profile. Purely diffusive trans-

port should lead to a linear temperature profile, while ballis-

tic transport would result in a constant temperature

Tballistic ¼ ðT
4
h
þT4

c

2
Þ1=4

inside the ribbon, with abrupt changes at

the two ends.103 For situations in between—the quasiballistic

regime—the temperature profile is expected to have both

features: a linear drop inside the ribbon, with abrupt changes

at the two ends. We accurately capture all three regimes in

the PMC simulation: calculations in the diffusive and

FIG. 8. (Main panel) Normalized phonon distribution histogram in the bal-

listic transport regime compared with the Bose-Einstein distribution. The

histogram is obtained by running the simulation with all the scattering mech-

anism turned off and recording the energies of all the phonons inside the

GNR after the steady state is established; Th¼ 315 K and Tc¼ 285 K in this

case. The Bose-Einstein distribution is obtained based on temperature

Tballistic¼ 301.12 K inside the ribbon. (Inset) The calculated temperature pro-

file inside the ribbon in the ballistic limit. The linear profile is also depicted

for comparison.

FIG. 9. A typical temperature profile along the ribbon in the quasiballistic

transport regime. Here, the temperatures at two ends are Th¼ 315 K and

Tc¼ 285 K and the number of cells is Nc ¼ 60.
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ballistic limits are presented in the inset to Fig. 8, while the

quasiballistic regime is depicted in Fig. 9.

Further, in order to validate our assumption of local

equilibrium, especially in the ballistic regime, we made a

phonon distribution histogram inside the ribbon in the steady

state. The normalized histogram (main panel of Fig. 8) falls

right on top of the theoretically calculated BE distribution,

proving that our local equilibrium assumption stands even in

the ballistic limit. Therefore, the PMC algorithm (Sec. II) is

reliable from the ballistic all the way to the diffusive regime.

In the diffusive regime and under small temperature gra-

dients, we can get the thermal conductivity from Fourier’s

law: j ¼ � /q

rT. In the quasiballistic regime, the gradient rT
is the slope of the linear region inside the ribbon (see Fig. 9).

B. Thermal conductivity of wide GNRs: Comparison
with experiment

We look at the thermal conductivity of graphene and

GNRs from 300 K to 600 K, the range where most experi-

ments are carried out.3,8,9,25,27,28,104–106 Thermal conductiv-

ity of suspended GNRs generally depends on both width and

length.9,27,29 The width dependence comes from the relative

importance of edge scattering to internal mechanisms; for

wide enough GNRs, thermal conductivity no longer depends

on the width.27,28 To mimic transport in very wide GNRs,

we use narrow rectangular ribbons whose edges are com-

pletely flat; flat edges ensure the lateral phonon velocity is

conserved upon specular reflection, i.e., no backscattering

occurs, and consequently there is no width dependence in

their thermal conductivity.

Chen et al.9 fabricated large-area graphene using the

chemical vapor deposition (CVD) technique and transferred

it onto a low-stress silicon-nitride-membrane substrate, with

several holes of diameters Dh ranging from 3 to 10 lm.

Thereby, they obtained suspended circular graphene samples

of given diameters and measured their thermal conductivities

using Raman spectroscopy. There is no edge roughness and

the characteristic length associated with the heat-flow direc-

tion is the hole diameter. We do not simulate circular sam-

ples here, but we can set the ribbon length L to match Dh,

and the resulting thermal conductivity should be comparable

to the experimental data.

In Fig. 10, we present the calculated thermal conductiv-

ity for GNRs with lengths comparable to the sample diame-

ters in the experiments of Chen et al.9 As the experiments

were performed on CVD-grown, polycrystalline graphene,

we have included grain-boundary scattering in the calcula-

tion. The simulation results agree well with the measurement

from 300 K to 600 K and for various sizes. Based on our sim-

ulations, phonon transport in all these samples is still in the

quasiballistic regime: the thermal conductivity monotoni-

cally increases with increasing sample length. Chen et al.
observed a size dependence for samples from 3 to 8 lm, but,

owing to a large uncertainty in the measurements, they could

not accurately extract a monotonic dependence over the size

range. For the shortest (3 lm, magenta curves) and longest

(10 lm, black curves) samples, we also compare the results

with (solid lines) and without (dashed lines) grain boundary

scattering. The importance of grain boundary scattering

decreases with increasing temperature, as the average mean

free path (MFP) due to phonon-phonon scattering decreases

and becomes comparable to a typical grain size. We note

that the PMC results with grain boundary scattering included

are in better agreement with experiment than the results

without it. As these GNRs are in the quasiballistic regime,

their thermal conductivity depends on length, the importance

of grain boundary scattering is understandably more pro-

nounced in longer GNRs.

C. Thermal conductivity of wide GNRs: Ballistic-to-
diffusive crossover

Length dependence of thermal conductivity comes from

the relative magnitude of the phonon MFP K and the ribbon

length L; for long enough GNRs, transport would be diffu-

sive and the length dependence would vanish. Ghosh et al.4

estimated the MFP of graphene to be K � 800 nm near room

temperature. However, in our simulations, we find that K for

FIG. 10. Thermal conductivity of graphene for different lateral dimensions,

as obtained by Chen et al.9 in the circular geometry (symbols) and from our

simulation in the rectangular GNR geometry with (solid lines) and without

(dashed lines) grain boundary scattering.

FIG. 11. Normalized cumulative distribution function of phonon mean free

path for suspended graphene at 300 K. About 20% of phonons have a mean

free path greater than 100 lm.
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phonons in different branches and with different energies

ranges from a few nanometers all the way up to hundreds of

microns. Figure 11 shows the cumulative distribution func-

tion of the phonon mean free path K for suspended graphene

at 300 K. Note that about 20% of phonons have K > 100 lm

and more than 10% have K > 200 lm.

Figure 12 shows the calculated thermal conductivity of

wide GNRs over a range of lengths L at room temperature.

The thermal conductivity keeps increasing with increasing

length up to L� 100 lm, which is to be expected considering

that nearly 20% of phonons have a mean free path longer

than that (see Fig. 11). This length is larger than any of the

measured samples, therefore, all the existing experiments on

suspended graphene3,8,9,27,104,105 were carried out in the qua-

siballistic regime, so the maximal thermal conductivity of

suspended bulk graphene could be higher than experimental

reports indicate.

This simulation captures the ballistic-to-diffusive cross-

over of phonon transport in suspended graphene.28 In the

purely ballistic transport regime, the thermal conductance G
tends to a constant, while in the purely diffusive transport re-

gime, the thermal conductivity j is constant. G and j are

related through G ¼ j A
L, where A is the cross-sectional area

perpendicular to the heat-flow direction and L is the length.

We denote the constant thermal conductance in the ballistic

regime as Gball and the constant thermal conductivity in the

diffusive regime as jdiff . As L! 0,

j � Gball �
L

A
: (16a)

As L!1, we have

j! jdiff : (16b)

At the left end of Fig. 12, thermal conductivity varies almost

linearly with length, indicating ballistic transport. Gball of

GNR depends on width,107–109 and from our simulation we

extract the room-temperature ballistic conductance per unit

cross section as Gball=A � 5� 109 W=m2K, which is close

to the theoretical value of 5.28� 109 W/m2K obtained by

Mu~noz, Lu, and Yakobson.108 At the right end, thermal con-

ductivity does saturate at very large lengths (around 100 lm

at room temperature). For the quasiballistic region in

between, it is often assumed that the ballistic and diffusive

transport channels can be connected “in series,” which would

give j�1 ¼ j�1
diff þ G�1

ballA=L.28 We find it impossible to fit

the data using this expression; any such fit that is reasonable

at low L drastically underestimates the diffusive limit. A

dashed curve numerical fit in the main panel of Fig. 12, to

guide the eye, follows lnj ¼ 7:6þ 0:3lnL� 0:013ðlnLÞ2,

i.e., j � 1998L0:3L�0:013ðlnLÞ. It is clear that this fit is poor in

the diffusive limit, as it does not saturate, but may be appro-

priate for a number of experiments with GNRs shorter than

100 lm.

Recently, Xu et al.27 observed a length dependence of

thermal conductivity in their suspended wide GNR samples.

However, their measured thermal conductivity is much

smaller than our simulation results as well as other experi-

mental ones;9,25 the offset is likely related to sample-

preparation specifics. In order to compare with their

length-dependence trend, we scaled their data and ours to 1

at the maximal length they measured. The inset to Fig. 12

shows a comparison between the scaled data from our PMC

simulation and the experiment of Xu et al.27 (experimental

results are presented here via best quadratic fits to the data,

green and blue curves). The blue line and the green line are

the estimated maximal and minimal possible thermal con-

ductivities, and our simulation falls right in between.

Furthermore, we calculated the diffusive-limit thermal

conductivity jdiff at different temperatures (Fig. 13). These

indicate the upper limit thermal conductivity one can mea-

sure in graphene at various temperatures. As we have men-

tioned, almost all samples in experiments3,8,9,27,104,105 are

still in the quasiballistic regime, so jdiff is higher than all ex-

perimental data. In Fig. 13, we show the comparison with

predicted upper limit of thermal conductivity from Dorgan

FIG. 12. Length-dependent thermal conductivity of wide GNRs at room

temperature, obtained from the PMC simulation. Dashed line is a guide for

the eye. (Inset) Comparison of normalized thermal conductivity from our

simulation (red dots) and the experimentally obtained data of Xu et al.27 The

green curve shows the thermal conductivity estimated with maximal contact

resistance, the blue one corresponds to the value with no contact resistance.

FIG. 13. Thermal conductivity for suspended pristine bulk graphene from

the PMC simulation (squares—armchair direction, triangles—zigzag

direction) and the maximal thermal conductivity predicted by Dorgan

et al.55
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et al.55 We see that the difference reduces as the temperature

increases, because the phonon MFP decreases as the temper-

ature increases. As a result, for a given sample length, trans-

port moves from quasiballistic to diffusive at higher

temperatures; therefore, the measured values are closer to

the calculated diffusive upper limit. Another insight we can

take from Fig. 13 is that thermal transport is indeed isotropic

for infinitely large graphene, which was predicted by first-

principles calculations.110

D. Thermal conductivity of isotopically modified
graphene

Thermal conductivity of graphene could be largely influ-

enced by isotopes. Chen et al.25 measured thermal conduc-

tivity of graphene with different 13C compositions. From the

simulation point of view, as the abundance of 13C changes,

phonon dispersion may slightly change because of the aver-

age atomic mass �M. Furthermore, the composition would

change the rate of scattering from isotopes. For each 13C

composition measured in the experiment, we calculate the

dispersion, PDOS, and group velocities in the same way as

described in Sec. II A except with a different �M. The dimen-

sion of the ribbon is chosen as L¼ 2.8 lm, following

experiment.25

Figure 14 shows the temperature dependence for four

different compositions from experiment25 compared with

our PMC simulation results. We are able to capture the

composition-dependence trend: thermal conductivity with

50% 13C is the lowest because the two isotopes are equally

mixed, giving rise to maximal isotope scattering. In general,

our simulation data agree well with experiment in a large

temperature and 13C abundance range.

Figure 15 shows a direct comparison of thermal con-

ductivity versus 13C composition at a fixed temperature

(T¼ 380 K). Our results are within the measured range and

are even closer to the experimental data than the molecular

dynamics simulation results reported by Chen et al.
themselves.25

E. Thermal conductivity of GNRs with edges: Width
dependence

We simulated thermal transport in AGNRs and ZGNRs,

assuming perfect armchair and zigzag edges, with each seg-

ment in the edge structure having the length of the graphene

C-C bond in equilibrium. Perfectly periodic edge structures

have been achieved in practice for both armchair15,19,111,112

and zigzag15,111,112 orientations. Both theoretical113 and ex-

perimental114 works show the perfect armchair edge to be

stable. The zigzag edge is relatively stable, though theory

predicts that the zigzag edge can reconstruct to a pentagon-

heptagon shape and become more stable.113 Experiments

showed that reconstructions in both directions (from all hex-

agon to pentagon-heptagon and from pentagon-heptagon to

all hexagon) are spontaneous under the experimental envi-

ronment conditions.114 It was also shown that the bond

length and angle between bonds at the edges may differ

slightly from those inside the ribbon.113,114

In the PMC simulation with full dispersion, we need the

edge structure sharing the symmetry of the lattice (see

FIG. 14. Thermal conductivity of graphene with different 13C abundance as

a function of temperature. Symbols represent the experimental data from

Chen et al.9 and lines show our PMC simulation results.

FIG. 15. Thermal conductivity of graphene as a function of 13C abundance

at 380 K. Red squares show the experimental data from Chen et al.,25 green

squares are the MD simulation results from the same paper, and blue dia-

monds correspond to the PMC simulation.

FIG. 16. Thermal conductivity of 10 lm-long AGNRs (blue squares) and

ZGNRs (green triangles) at 300 K as a function of GNR width, obtained

from the PMC simulation. The red dashed line is the upper limit of thermal

conductivity for the same length, calculated with a flat-edge GNR.
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Sec. II D) in order to conserve the phonon distribution upon

specular reflections from the edge, so we work with perfect

armchair and zigzag edges. For simplicity, we use the equi-

librium bond length as the length of our edge segments and

neglect the bond-angle changes.

Figure 16 shows the width dependence of thermal con-

ductivity for both AGNRs and ZGNRs at 300 K. We see that

the thermal conductivity for both orientations varies greatly

with width, approaching the smooth-edge value for the same

length in the wide-GNR limit. The difference with respect to

orientation is minute and is within the PMC error.

F. Full-dispersion vs isotropic-dispersion PMC

Finally, we address the question how important it is to

account for full phonon dispersions in the PMC simulation of

transport in GNRs, as this aspect adds to computational com-

plexity. To that end, we considered thermal transport in GNRs

of length L¼ 10 lm but with different widths and orientations.

Figure 17 shows the calculated thermal conductivity as a func-

tion of temperature for 500-nm, 200-nm, and 100-nm wide

GNRs. For each width, we considered an AGNR and a ZGNR

with appropriate edges and full phonon dispersions, and an

AGNR with isotropic dispersions. For each acoustic branch, the

isotropic dispersion approximation was obtained from a

quadratic fit to the full dispersion, xb ¼ vs;bqþ cbq2. Here,

cTA ¼ �1:15� 10�7; cLA ¼ �3:95� 10�7, and cZA ¼ 2:83

�10�7 (in m2/s), while vs;TA¼1:17�104; vs;LA¼2:19�104,

and vs;ZA¼2:28�103 (in m/s).

Based on Fig. 17, we see that the isotropic dispersion

approximation generally overestimates thermal conductivity,

quite dramatically so at low temperatures. The relative error

brought about by the use of isotropic approximation at low

temperatures is quite high in narrow GNRs, where edge

roughness dominates. The difference between full and iso-

tropic dispersions decreases with increasing temperature. The

trend is intuitively plausible, as orientation-dependent edge-

roughness scattering dominates at low temperatures, while the

momentum-randomizing three-phonon scattering takes over

as the temperature increases. We also note that the thermal

conductivity of ZGNRs is higher than that of AGNRs, in

agreement with the results of atomistic studies.34,40,50,115

IV. CONCLUSION

We studied phonon transport in suspended single-layer

graphene and micron-sized GNRs using the full-dispersion

PMC technique. The calculated thermal conductivity is in

good agreement with experimental measurements of Chen

et al.9,25 and Xu et al.27 We captured the ballistic-to-diffu-

sive crossover in thermal conductivity and found that the dif-

fusive limit at room temperature is not reached in most

experiments, as lengths over 100 lm are needed.

Consequently, the diffusive upper limit is likely higher than

predicted,55 and we calculate it for temperatures up to 600 K.

We show that the GNR orientation matters for thermal trans-

port, with ZGNRs having higher thermal conductivity than

AGNRs in micron-sized systems, which is the same trend

observed in atomistic calculations. The error made by

employing the isotropic dispersion approximation for trans-

port in GNRs is not large at room temperature, but the results

with isotropic dispersions generally overestimate thermal

conductivity and quite considerably so at low temperatures

and in narrow GNRs.

The full-dispersion PMC technique, presented here in

detail, combines an efficient transport kernel (including

inelastic and elastic scattering, as well as enabling the incor-

poration of real-space edge features) with an accurate

account of phonon dispersions. This technique is a good

choice—in terms of accuracy, computational efficiency, and

adaptability to different materials or geometries—for analyz-

ing systems with pronounced directional sensitivity (such as

GNRs, or generally semiconductor membranes and nano-

wires), which have rough boundaries and are too large to

address using atomistic techniques.
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APPENDIX A: ALGORITHM FOR FINDING THE WAVE
VECTOR

The second main step in single phonon generation (Sec.

II C 2) is using the rejection technique to find an appropriate

wave vector q for a phonon with energy �hx and in branch b.

Figure 18 shows a set of isoenergy curves (separated by

2� 1013 rad/s) for the TA mode (the other two modes have

FIG. 17. Thermal conductivity versus temperature for GNRs of width

500 nm (black), 200 nm (red), and 100 nm (blue) calculated based on PMC.

For each width, we present data obtained with isotropic dispersion (open

circles), as well as with full dispersion assuming the AGNR (solid squares)

and ZGNR (solid triangles) ribbon orientation.
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similar curves). As we can see, the curves have near-radial

symmetry, thus we use polar coordinates for convenience. If

we know the phonon frequency and branch, we have already

fixed the isoenergy curve and only an angle h is needed to

uniquely find a point on it. Further, the 1BZ has 12-fold sym-

metry following the graphene lattice, so we would only need

to consider the irreducible wedge (shaded area in Fig. 18),

and map it onto any one of its counterparts with equal proba-

bility. Evaluating the probability of a phonon having angle h
on a particular isoenergy curve x is like a discretized version

of PDOS calculation in Sec. II A. The probability is repre-

sented by

p x; hð Þ / arc h� dh; hþ dhð Þ
jvg x; hð Þj ; (A1)

where arc(h� dh,hþ dh) is the arc length on the isoenergy

curve between (h� dh,hþ dh) and jvgðx; hÞj is the magni-

tude of group velocity (we assume the group velocity is con-

stant along the small arc). To make a rejection table, we

need to discretize both the angular frequency and the angle

in irreducible wedge. For the frequency, we still use the

same discretization as in Sec. II A. For the angle, we divide

the central angle of the irreducible wedge (hmax ¼ p
6
) into Na

equal intervals with Dh ¼ hmax

Na
. The central frequency in the

ith interval is hc;i ¼ ð2i� 1Þ Dh
2

. We evaluate (A1) only at

discrete points (xc;i; hc;j) and get a Nint � Na interpolation ta-

ble. For any 0 < x < xmax and 0 < h < hmax, we can get the

probability of having a phonon from interpolation. We find

that Na ¼ 100 serves the purpose of accurate interpolation.

Another effect caused by the full dispersion is that the

group velocity at which phonons travel is no longer parallel

to their wave vectors. So we need to find not only the proper

wave vector but also the associated group velocity. In prac-

tice, we do not use the wave vector in the simulation and it

only serves as a bridge to connect the dispersion and the pho-

non velocity. As we have mentioned, for each chosen (x,h)

pair in branch b, there is only one unique point in the disper-

sion curve. As a result, for each of the Nint � Na discrete

points (xc;i; hc;j) we evaluated the probability, we can find a

unique point on dispersion curve and evaluate the group ve-

locity vgðxc;i; hc;jÞ. Since the group velocity is a vector, we

actually get two tables, vxðxc;i; hc;jÞ and vyðxc;i; hc;jÞ. Figure

19 shows a point and its associated q and Vg. The shaded

area shows the irreducible wedge. We now have all the

tables we need for phonon generation: the probability table

pðxc;i; hc;jÞ and the two components of group velocity table

vxðxc;i; hc;jÞ and vyðxc;i; hc;jÞ. We need a set of these tables

for each branch, and that makes 3� 3¼ 9 tables in total. All

the tables are Nint � Na (in our case 2500� 100) in size and

are pre-calculated and recorded before the actual simulation.

From previous steps, we have already chosen the angu-

lar frequency x and the branch b for our phonon. The first

thing to do now is to interpolate in each of the three 2D

tables for branch b and get three 1D tables associated with

our specified frequency level x. The interpolation for the

three tables is the same and we would take the probability ta-

ble pðxc;i; hc;jÞ as an example. With simple algebra, we can

find the index m satisfying xc;m < x < xc;mþ1. Then, we get

the probability of finding a phonon with angle hc;j at level x
from weighted average of pðxc;m; hc;jÞ and pðxc;mþ1; hc;jÞ.

pðhc;jÞjx ¼ pðxc;m; hc;jÞ � ð1� dÞ þ pðxc;mþ1; hc;jÞ � d;
j ¼ 1…Na; (A2)

where the weighting factor is d ¼ x�xc;m

Dx . Now we can normal-

ize this 1D probability table so that the maximal value in the

table is unity. Note that we can only normalize the probability

table after interpolation between frequency levels. We still

call the normalized table pðhc;jÞjx. For the velocities, we get

vxðhc;jÞjx and vyðhc;jÞjx tables in the same way except that we

do not normalize them. Now we are working only on the fre-

quency level x, so we omit the subscript x and just call the

tables p(hc,j), vx(hc,j) and vy(hc,j) from now on for brevity.

FIG. 18. Isoenergy curves in the 1BZ for TA-branch phonons. The neigh-

boring curves are separated by 2� 1013 rad/s and the shaded region in the

black triangle is the irreducible wedge in the 1BZ.

FIG. 19. A typical isoenergy curve (x¼ 9� 1013 rad/s). The shaded area

shows the irreducible wedge. Angle h fixes a point at the curve and the asso-

ciated wave vector q and group velocity vg are shown.
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Next, we use the rejection technique to choose a point

on the dispersion curve. For a typical x value, the probability

table looks like Fig. 20 (the figure shows the table for fre-

quency level x¼ 3� 1013 rad/s in TA-branch). Draw a pair

of random numbers (x, y). We would use x to get the angle

and compare y with the probability to decide whether we

accept the angle or not. The chosen angle is h¼ x � hmax,

where hmax is the maximal central angle in the irreducible

1BZ as we have mentioned before. We need to compare y to

p(h) and the probability is again obtained from interpolation.

Seek the index n satisfying hn < h < hnþ1 and similarly,

pðhÞ ¼ pðhnÞ � ð1� d0Þ þ pðhnþ1Þ � d0; (A3)

where d0 ¼ h�hn

Dh is the weighting factor. If y< p (h), then the

angle is accepted and a point has been uniquely chosen in the ir-

reducible wedge. We can then use the vxðhc;jÞ and vyðhc;jÞ
tables to get the group velocity vx and vy for the phonon at this

point. Otherwise, the angle should be rejected, and we keep

drawing random number pairs ðx; yÞ until one angle is accepted.

The last step in phonon generation is to map the point

we found in irreducible 1BZ to the whole 1BZ and modify

the group velocity accordingly. The 12 equivalent triangles

in 1BZ are shown in Fig. 21 and we number them clockwise.

A random number R4 is used to choose one of the triangles

and the index of the chosen triangle is ceiling (12�R4).

Then, the final group velocities vfinal
x and vfinal

y can be

obtained from vx and vy by simple combinations of rotation

and flipping according to the symmetry. The mapping rules

are shown in Table II. After the mapping, we finally have a

phonon satisfying all the distribution requirements and we

can add this phonon to a random position in its cell.

Finally, GNRs could have different orientations, with

the armchair (AGNR) and zigzag (ZGNR) nanoribbon orien-

tations being highly symmetric (Fig. 4). The presentation

thus far applies to phonon in AGNRs. The only modification

needed to simulate the transport in other orientations is to

rotate vg with the angle Ho between the armchair orientation

and the simulated orientation in phonon generation process.

In particular, for ZGNRs, the rotation angle is Ho ¼ p
6
.

APPENDIX B: SCATTERING MECHANISMS

1. Phonon-phonon scattering

Phonon-phonon scattering dominates in the temperature

range of our interest (300–600 K) for suspended graphene.

Three-phonon interactions are very important for thermal

conductivity calculation.29,116 Three-phonon processes con-

sist of two types: the normal (N) processes conserve both

energy and momentum explicitly, while the umklapp (U)

processes conserve energy but only conserve momentum up

to a reciprocal lattice vector. Therefore, N processes do not

directly cause thermal resistance but play a role through

redistributing phonons. In principle, we could consider the 3-

phonon interactions explicitly in the drift process when pho-

nons come close, but that would be computationally very ex-

pensive and the accuracy still depends on how often we

check the positions and the resolution of the dispersion.

Therefore, we treat the 3-phonon interactions through a scat-

tering rate like previous work.71,78,90 For graphene, the

three-phonon scattering rate is written as29
FIG. 21. Twelve equivalent triangles in 1BZ numbered clockwise.

FIG. 20. A typical normalized probability versus angle curve for phonon

generation. Here, the frequency level is at x¼ 3� 1013 rad/s in TA-branch.

TABLE II. Mapping rule of calculating the final group velocities vfinal
x and

vfinal
y from the group velocities vx and vy in the irreducible wedge of the 1BZ

according to the triangle index.

Index 1 2 3

vfinal
x vx

1
2
vx þ

ffiffi
3
p

2
vy

1
2
vx �

ffiffi
3
p

2
vy

vfinal
y vy

ffiffi
3
p

2
vx � 1

2
vy

ffiffi
3
p

2
vx þ 1

2
vy

Index 4 5 6

vfinal
x � 1

2
vx þ

ffiffi
3
p

2
vy � 1

2
vx �

ffiffi
3
p

2
vy �vx

vfinal
y

ffiffi
3
p

2
vx þ 1

2
vy

ffiffi
3
p

2
vx � 1

2
vy vy

Index 7 8 9

vfinal
x �vx � 1

2
vx �

ffiffi
3
p

2
vy � 1

2
vx þ

ffiffi
3
p

2
vy

vfinal
y �vy �

ffiffi
3
p

2
vx þ 1

2
vy �

ffiffi
3
p

2
vx � 1

2
vy

Index 10 11 12

vfinal
x

1
2
vx �

ffiffi
3
p

2
vy

1
2
vx þ

ffiffi
3
p

2
vy vx

vfinal
y �

ffiffi
3
p

2
vx � 1

2
vy

ffiffi
3
p

2
vx � 1

2
vy �vy
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s�1
b;U xð Þ ¼ �hc2

b

�MHbv2
s;b

x2Te�Hb=3T : (B1)

Here, as in Sec. III F, vs;b is the mode-dependent sound ve-

locity, which is determined from the average slope of the dis-

persion curve near the C point (vs;TA ¼ 1:17� 104 m=s,

vs;LA ¼ 2:19� 104 m=s, and vs;ZA ¼ 2:28� 103 m=s). �M is

the average atomic mass in graphene and Hb is the mode-

specific Debye temperature obtained from

H2
b ¼

5�h2

3k2
B

Ð
x2Db xð Þ dxÐ

Db xð Þ dx
: (B2)

In our case, (B2) is numerically evaluated and the Debye tem-

perature for three branches is HTA ¼ 1126:18 K,

HLA ¼ 1826:39 K, and HZA ¼ 623:62 K, respectively. The

strength of the scattering process is also controlled by the

Gr€uneissen parameter cb, here we take cLA ¼ 2, cTA ¼ 2
3
, and

cZA ¼ �1:5.29 The first half of the rate is the standard Umklapp

interaction strength,116 and the exponential term adds the effec-

tive contribution from the redistribution via the N processes.

2. Isotope scattering

Though pristine graphene does not have impurities, pho-

nons could still scatter from the mass difference due to the

naturally present isotopes. For carbon, the natural abundance

is 98.9% for 12C and 1.1% for 13C. The mode-dependent iso-

tope scattering rate is70

s�1
b;I xð Þ ¼ p

2
CX0x

2Db xð Þ; (B3)

where

C ¼
X

i

fið1�Mi= �MÞ2 (B4)

is the mass difference constant and fi is the abundance of the

ith isotope and X0 � 2.62� 10�20 m2 is the average area

occupied by one carbon atom. In our simulation, we consider

both natural abundance and the isotopically modified gra-

phene samples. As a matter of fact, from Eq. (3) we know

that atom mass enters the equation of motion, therefore, the

percentage of isotopes would also slightly modify the disper-

sion relation through the average atomic mass �M. Since the

change of �M is not large (varying from 12 to 13), the general

shape of dispersion is the same and only the group velocities

slightly change. But we use the modified dispersion to gener-

ate tables for more accuracy. Isotope scattering is an elastic

process, so when a phonon is scattered by the isotope, we

keep the phonon mode and angular frequency x, then ran-

domly find a new wave vector/group velocity for it with

respect to the phonon dispersion relation.

3. Grain boundary scattering

Single-crystal graphene samples are obtained through

exfoliation, which is not scalable. Chemical vapor deposition

on transition metal substrates such as copper has been used

to synthesize good-quality large-area graphene,117 yet CVD-

fabricated graphene is always polycrystalline so phonons

scatter from the grain boundaries, which yield as extra resist-

ance. The expression for the grain-boundary scattering

rate118 is

s�1
GB ¼

v

lG

N xð Þ; (B5)

inversely proportional to the average grain size lG. NðxÞ ¼
1

tGBðxÞ � 1 describes the influence of transmission coefficient

tGBðxÞ at the boundary. This matters because when a phonon

hits the grain boundary, it could either transmit as if nothing

was there or be reflected, and the probability of transmission

is dependent on the energy, represented by tGBðxÞ. One can

get the transmission coefficient from first principle calcula-

tions, but usually, for simplicity, we ignore the x depend-

ence of the transmission, and N(x) reduces to a coefficient

describing the influence of the average transmission. We

treat the grain boundary scattering as an elastic scattering

process just like isotope scattering. Another reason why we

could ignore the x dependence is that, with the CVD tech-

nique, the average grain size in polycrystalline graphene

could be quite large and the grain boundary scattering rate is

fairly small compared to other intrinsic scattering events.

This is also why CVD graphene shares a lot of extraordinary

properties of exfoliated graphene in experiment.119–121 A

recent account of phonon transport in polycrystalline sus-

pended graphene, considering the grain-size distribution, can

be found in Ref. 65.
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