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This paper presents a semiclassical model for the anisotropic thermal transport in III-V semicon-

ductor superlattices (SLs). An effective interface rms roughness is the only adjustable parameter.

Thermal transport inside a layer is described by the Boltzmann transport equation in the relaxation

time approximation and is affected by the relevant scattering mechanisms (three-phonon, mass-

difference, and dopant and electron scattering of phonons), as well as by diffuse scattering from the

interfaces captured via an effective interface scattering rate. The in-plane thermal conductivity is

obtained from the layer conductivities connected in parallel. The cross-plane thermal conductivity

is calculated from the layer thermal conductivities in series with one another and with thermal

boundary resistances (TBRs) associated with each interface; the TBRs dominate cross-plane trans-

port. The TBR of each interface is calculated from the transmission coefficient obtained by interpo-

lating between the acoustic mismatch model (AMM) and the diffuse mismatch model (DMM),

where the weight of the AMM transmission coefficient is the same wavelength-dependent

specularity parameter related to the effective interface rms roughness that is commonly used to

describe diffuse interface scattering. The model is applied to multiple III-arsenide superlattices,

and the results are in very good agreement with experimental findings. The method is both simple

and accurate, easy to implement, and applicable to complicated SL systems, such as the active

regions of quantum cascade lasers. It is also valid for other SL material systems with high-quality

interfaces and predominantly incoherent phonon transport. VC 2015 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4935142]

I. INTRODUCTION

Nanoscale thermal transport is of considerable impor-

tance in the operation of modern electronic, optoelectronic,

and thermoelectric devices.1,2 In superlattices (SLs), multiple

interfaces between different materials play a critical role in

the thermal transport.2,3 Advanced experimental techniques

have enabled the measurements of the in-plane4 and cross-

plane5,6 thermal conductivity in SLs. Experiments show that

the thermal conductivity of SLs is anisotropic and consider-

ably lower than that of the constituent bulk materials.7–16

Theoretical studies find that the diffuse interface scattering is

responsible for lowering of the in-plane (and, in part, the

cross-plane) thermal conductivity, while the thermal bound-

ary resistance (TBR) between adjacent layers is a key factor

in the cross-plane thermal-conductivity reduction.2,3,17,18

Superlattices based on III-V compound semiconductors

have widespread use in optoelectronics.19,20 In quantum cas-

cade lasers (QCLs), self-heating is the main issue limiting

the development of room-temperature (RT) continuous-wave

lasing, which is exacerbated by the poor thermal conduction

through hundreds of interfaces in a typical structure.14,21,22

A good understanding of the influence of interfaces on the

thermal conductivity tensor of III-V SLs would enable

advances in the design and modeling and optoelectronic

devices for enhanced reliability.

The interfacial transport behavior is largely dependent

on the material system and interface quality.2 The acoustic

mismatch model (AMM) and the diffuse mismatch model

(DMM) have been traditionally used to calculate the phonon

transmission coefficient and the resulting TBR of an inter-

face.23,24 These two models yield the lower and upper limits

of the TBR, respectively, but do not satisfactorily explain re-

alistic experimental results.3 Molecular dynamics simula-

tions25–30 have provided valuable insights into heat transport

across a number of solid-solid interfaces. The non-

equilibrium Green’s function technique (NEGF) has also

been applied to describe the phonon dynamics,31,32 generally

without phonon-phonon scattering. In general, atomistic sim-

ulations are limited by computation burden, which makes it

hard to study complicated SL structures, such as the active

region of solid-state lasers.19,20

In this paper, we present a semiclassical model describ-

ing the full thermal conductivity tensor of III-V compound

SL structures and apply it to III-arsenide systems. The pho-

non transport inside each layer is captured by solving the

phonon Boltzmann transport equation (PBTE) in the

relaxation-time approximation (RTA), with rates describing

the common internal scattering mechanisms as well as the

partially diffuse scattering from the interfaces.33 The in-

plane thermal conductivity is obtained from the layers

connected in parallel, while the cross-plane conductivity is

calculated from the layers and TBRs in series. The TBR of

each interfaces is calculated by interpolating between the

AMM and the DMM transmission coefficients at the
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interface. Both the partially diffuse interface scattering and

the AMM-DMM interpolation are described with the aid of

the same momentum-dependent specularity parameter, in

which there is a single adjustable parameter—an effective

interface rms roughness. The model can effectively describe

complicated systems with an arbitrary number of interfaces

and random layer thicknesses. Despite the model simplicity,

the calculation results agree well with experimental data

from multiple studies by different groups.7–10,12,15,16 The

model is also quite general: it is applicable to SLs in

other material systems with good-quality interfaces and

semiclassical phonon transport.11,13,34

This paper is organized as follows. Section II describes

the SL thermal transport model in detail: the role of interface

roughness on the baseline layer conductivity that affects both

the cross-plane and in-plane conduction, as well as the addi-

tional effect it has on cross-plane transport through the TBR.

In Sec. III, we illustrate the robustness of the transport model

by comparing our calculation results with a number of

experiments on GaAs/AlAs and InGaAs/InAlAs superlattice

systems, and we also calculate the thermal conductivity ten-

sor in a quantum cascade laser active region. We conclude

with Sec. IV. This paper is accompanied by electronic

supplementary material.35

II. THERMAL CONDUCTIVITY OF III-V
SUPERLATTICES

A semiconductor SL is a periodic structure, with each

period consisting of two or more thin layers of different

materials. III-V semiconductor SLs have been widely used

in electronic and photonic devices.19,20,36,37 Experimental

results on several material systems show that the thermal

conductivity of a SL is substantially lower than that of a

weighted average of the constituent bulk materials.7–13,15,16

The thermal transport in SLs also exhibits pronounced ani-

sotropy: the cross-plane thermal conductivity (the thermal

conductivity in the SL growth direction, normal to each pla-

nar layer) is much lower than the in-plane thermal conductiv-

ity.2 Theoretical studies show that the interfaces between

adjacent layers are responsible for both the overall reduction

and the anisotropy of thermal conductivity.17,18,25 Here, we

offer a model that quantitatively captures both effects of the

interfaces.

Even though a typical layer thickness in III-V SL struc-

tures is on the order of a few nanometers, we argue that

coherent phonon transport can be neglected and that the

semiclassical phonon Boltzmann equation provides an

appropriate framework for analyzing heat flow in these sys-

tems over a range of temperatures. The reasons for this asser-

tion are the following:

1. We are interested in the thermal conductivity of SLs near

room temperature, where the phonon-phonon interaction

is strong and breaks the phonon wave coherence.34 The

phonon coherence length in bulk GaAs at room tempera-

ture has been estimated to be smaller than 2 nm (Refs. 17

and 18), and this value will be even lower in ternary com-

pounds owing to alloy scattering. Several SL structures

we consider here7–10,12,15,16 have layers of thickness

greater than or comparable to the phase-breaking length

in individual layers, which implies that transport in them

is largely incoherent. Indeed, experiments find that

coherent transport features are important in GaAs/AlAs

SLs below T< 100 K.38 In the SLs with ternary III-V

compounds, coherent transport phenomena would be im-

portant at even lower temperatures.

2. Even in best-quality lattice-matched SLs, there exists

atomic scale interface roughness (Fig. 1)38–43 which may

break phonon phase coherence.44 Based on molecular

dynamics, Wang et al.45 showed that the thermal conduc-

tivity of SLs with rough interfaces increases monotoni-

cally with period length, in contrast to perfect SLs that

feature nonmonotonic dependence. This finding confirms

that phonons suffer from phase-breaking scattering in

rough-interface SLs.

3. In QCLs, the SL has multiple periods, often called stages,

with many layers in each stage. The layer thickness in

each stage is highly variable, depending on the desired

optoelectronic properties.22,46 Consequently, the QCL SL

structure behaves as a nearly random multilayer system,

which breaks the phonon phase coherence.45,47

As a result of all the reasoning above, we do not con-

sider phonon coherent transport or phonon confinement to

analyze the thermal transport in SLs. We use bulk disper-

sions and the phonon Boltzmann transport equation in the

SL thermal conductivity calculations.

A. The twofold influence of effective interface
roughness

As mentioned briefly above, there will inevitably exist a

few transition layers between adjacent materials in a SL

structure.38–43 Figure 1 shows a schematic of interfaces

between lattice-matched crystalline layers in SLs. In the

transition region, if we drew a line that separated the atoms

of one crystal from those of the other, we would get a jagged

boundary. Therefore, we model the interface with an effec-

tive interface rms roughness D, which captures the basic

properties of interfacial mixing. The thicker the transition

layer, the higher the D. Most III-V SLs are grown by molecu-

lar beam epitaxy (MBE)48 or metal-organic chemical vapor

deposition (MOCVD),49 both well-controlled growth

FIG. 1. Even between lattice-matched crystalline materials, there exist non-

uniform transition layers that behave as an effective atomic-scale interface

roughness with some rms height D. This effective interface roughness leads

to phonon-momentum randomization and to interface resistance in cross-

plane transport.
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environments. As a result, all the interfaces in the SL should

be nearly identical. Therefore, we use a single roughness D
to model all the interfaces.

The probability of a phonon reflecting specularly from a

rough interface is represented by a wave-number-dependent

specularity parameter50

pspecð~qÞ ¼ expð�4D2j~qj2 cos2hÞ; (1)

where j~qj is the magnitude of the wave vector, and h repre-

sents the angle between ~q and the normal direction to the

interface. This expression is nominally derived in the limit

of uncorrelated roughness;50,51 but, considering that more

correlated surfaces scatter phonons more specularly,52

surface correlation can effectively be captured by using a

lowered D.53

The diffuse interface scattering affects all phonons in

the SL and influences phonon mode occupation inside each

layer.33 The effect on interface roughness on mode popula-

tion can be captured by solving the PBTE with appropriate

boundary conditions. The result is an effective interface scat-

tering rate33 that captures the interplay between internal

mechanisms (normal and umklapp three-phonon, isotope,

alloy, dopant, and electron scattering; see supplementary

material35) and interface roughness in a layer of thickness L

s�1
interface ~qð Þ ¼

vb;? ~qð Þ
L

Fp ~q; Lð Þ

1� sb;internal ~qð Þvb;? ~qð Þ
L

Fp ~q; Lð Þ
; (2a)

where

Fp ~q; Lð Þ ¼
1� pspec ~qð Þ
� �

f1� exp �L=sb;internal ~qð Þvb;?
� �

g
1� pspec ~qð Þexp �L=sb;internal ~qð Þvb;?

� � ;

(2b)

is a mode-dependent scaling factor. Here, b denotes the pho-

non branch and ~q its wave vector, vb,? is the component of

the phonon group velocity normal to the interface, and

sb;internalð~qÞ is the total relaxation time due to internal scatter-

ing mechanisms in the layer (see supplementary material35).

It is noteworthy that the effective rate of interface scattering

(2a) depends on both roughness and the relative size of the

layer thickness (L) to the mean free path for internal

scattering (sb;internalð~qÞvb;?): for very thin layers

(L=sb;internalð~qÞvb;? � 1), the phonon “sees” both interfaces

of a layer (s�1
interfaceð~qÞ ! 2

vb;?ð~qÞ
L

1� pspecð~qÞ
1þ pspecð~qÞ

, a well-known

expression derived by Ziman51), while for very thick layers

(L=sb;internalð~qÞvb;? � 1), the phonon will scatter many times

due to internal mechanisms between successive interactions

with interfaces, as if the interfaces were completely inde-

pendent (s�1
interfaceð~qÞ !

vb;?ð~qÞ
L
½1� pspecð~qÞ�). For details,

see Ref. 33. Through this additional effective scattering rate,

rough interfaces that bound each layer affect phonon popula-

tion and thus influence both the in-plane and cross-plane

thermal transport.33 This is the first aspect of interfacial

influence on the thermal transport in SLs.

The cross-plane thermal conductivity bears an additional

influence of the interfaces.24,54 In order to carry heat along

the cross-plane direction, phonons must cross interfaces. As

there are two different materials on the two sides of the inter-

face, the phonon transmission probability through the inter-

face is not unity, and a thermal boundary resistance emerges.

There have been two widely accepted models—the

AMM23,55 and the DMM—for the calculation of the phonon

transmission coefficient and the TBR.24

From the AMM point of view, the interface between

two isotropic media is treated as a perfect plane, and the pho-

nons are treated as plane waves. The AMM transmission

coefficient is the ratio of transmitted to injected heat flux and

is calculated upon solving the elastic continuum equation

with appropriate boundary conditions (continuity of the nor-

mal component of the wave number, which will yield a

Snell’s law analogue, and continuity of the velocity field and

tangential force). The AMM transmission coefficient for a

phonon going from material 1 to material 2 can be expressed

as

tAMM
b;1!2 ~qð Þ ¼

4Z?b;1 ~qð ÞZ?b;2 ~qð Þ

Z?b;1 ~qð Þ þ Z?b;2 ~qð Þ
h i2

; (3)

where Z?b;1=2 ¼ q1=2v
?
b;1=2ð~qÞ are the perpendicular acoustic

impedances of sides 1 and 2. q is the mass density of a mate-

rial. Here, we work with full phonon dispersions, so it is

hard to achieve detailed balance, i.e., conserve both momen-

tum and energy for a phonon going through an interface.

However, the lattice structures and dispersion curves for III-

As are very similar, so we simply momentum and the result-

ing error in energy conservation is quite small.

On the other hand, in the DMM, the assumption is that

the coherence is completely destroyed at the interface: a pho-

non loses all memory about its velocity and randomly scat-

ters into another phonon with the same energy. The

transmission coefficient can be derived from the principle of

detailed balance as56

tDMM
1!2 ~qð Þ ¼ vb;2 ~qð ÞD2 x1 ~qð Þð Þ

vb;2 ~qð ÞD2 x1 ~qð Þð Þ þ vb;1 ~qð ÞD1 x1 ~qð Þð Þ ; (4)

where D1(x) and D2(x) are the phonon densities of states in

materials 1 and 2, respectively.

In reality, for a high-quality interface like that in a III-V

SL structure, phonon interface scattering is neither purely

specular nor completely diffuse; consequently, the AMM

overestimates while the DMM underestimates the transmis-

sion coefficient.57 In order to accurately model the TBR in a

large temperature range and for various interfaces, we will

interpolate between the two models for the transmission

coefficient.18,58 We posit that the specularity parameter (1)
can also be used to give weight to the probability of phonon
transmission without momentum randomization, i.e., to the
AMM transmission coefficient. In other words, we introduce

an effective phonon transmission coefficient as

tbð~qÞ ¼ pspecð~qÞ � tAMM
b ð~qÞ þ ½1� pspecð~qÞ� � tDMM

b ð~qÞ: (5)
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This coefficient captures both the acoustic mismatch and the

momentum randomization at a rough interface between two

media. The rougher the interface, the lower the specularity

parameter, and therefore the higher the TBR. The TBR will

only be picked up by the phonons trying to cross an inter-

face, thus having an influence on cross-plane transport only.

This is the second effect the roughness has on thermal

transport.

We note that the above discussion holds for acoustic

phonons, which are the dominant carriers of heat in semicon-

ductors. The role of optical phonons in bulk heat transport

has recently been highlighted,59 but they are relatively minor

contributors to bulk heat transport owing to the low occupa-

tion number and group velocity. It is also unclear how opti-

cal phonons behave when crossing boundaries, but it is

likely that their transmission is highly suppressed because

their existence hinges of good crystallinity. A recent paper

by Ong and Zhang supports this assertion.60 Therefore,

optical phonons are neglected in this study.

B. Calculation of in-plane and cross-plane thermal
conductivities

First, each layer’s thermal conductivity is calculated in

the same way as the bulk thermal conductivity of a material

(see Sec. S-I in supplementary material35), but with an addi-

tional scattering rate (2a) due to the presence of interfaces.33

The layer thermal conductivity obtained this way will al-

ready be lower than the bulk thermal conductivity of the

same material.

Second, the TBR is calculated using a transmission

coefficient interpolated from the AMM and the DMM val-

ues. The TBR from material 1 to material 2, denoted R1!2,

is given by

R�1
1!2 ¼

1

2

X
b;~q

vb;1;? ~qð ÞCb;T ~qð Þt1!2 x1 ~qð Þð Þ
1� 1

2
ht1!2 x1 ~qð Þð Þ þ t2!1 x1 ~qð Þð Þi

: (6)

The denominator in the expression is a correction factor

introduced following the modified definition of temperature

of Simons61 and Zeng and Chen,62 as the phonon distribution

at the interface is far from equilibrium. The correction

ensures that the TBR vanishes at a fictitious interface inside

a material. Here, ht1!2ðx1ð~qÞÞ þ t2!1ðx1ð~qÞÞi represents

the average value of transmission coefficients over the

Brillouin zone.

With properly calculated layer thermal conductivity and

the TBR, the in-plane and cross-plane thermal conductivity

of a SL with two layers per period can be written as33,54

jin-plane ¼
L1j1 þ L2j2

L1 þ L2

; (7a)

jcross-plane ¼
L1 þ L2

L1

j1þ þ
L2

j2
þ R1!2 þ R2!1ð Þ

; (7b)

where L1 and L2 are the layer thicknesses of materials 1 and

2, respectively, while j1 and j2 are the corresponding layer

thermal conductivities. R1!2 and R2!1 represent the TBRs

from layer 1 to layer 2 and from layer 2 to layer 1. The

expressions can be extended to the situation of a SL with n
layers of thicknesses Li (i¼ 1,…, n)

jin-plane ¼
Pn

i¼1 LijiPn
i¼1 Li

; (7c)

jcross-plane ¼
Pn

i¼1 LiPn
i¼1 Li=ji þ Ri!iþ1

; (7d)

with the understanding that Rn!nþ1�Rn!1, owing to peri-

odic boundary conditions (i.e., after the last layer n comes

layer 1 again). Considering that the TBRs are generally not

symmetric (Ri!j 6¼Rj!i), the cross-plane thermal conductiv-

ity is not the same in both directions, so SLs can exhibit ther-

mal rectification properties.

III. RESULTS AND COMPARISON WITH EXPERIMENTS

A. GaAs/AlAs superlattices

We have compared the results from our simple model

with several experimental results by different groups on both

the in-plane7,9,15 and cross-plane8,10,12,15,16 thermal conduc-

tivity of III-arsenide SLs and obtained good agreement.

Figure 2 shows the RT in-plane thermal conductivity of

GaAs/AlAs SLs with various layer thicknesses. To compare

with Yao’s data,7 we set the effective interface roughness to

6 Å. The in-plane thermal conductivity should first increase

monotonically with increasing layer thickness, then saturate

at the average bulk value of roughly 66 W/mK. The measure-

ment is non-monotonic and appears to saturate at a lower

value, which Yao7 suggested stems from pronounced interfa-

cial mixing and thus considerable alloy scattering of phonons

between layers. We note that our model does not capture sig-

nificant interfacial mixing and is instead suitable for high

quality interfaces with only atomic-scale roughness.

Figure 3 shows the in-plane thermal conductivity of a

GaAs/AlAs SL with a layer thickness of 70 nm at various

temperatures. The symbols are the experimental results

FIG. 2. In-plane thermal conductivity of GaAs/AlAs superlattices as a func-

tion of layer thickness. Red dots are the experimental data from Ref. 7, and

blue diamonds are our calculated data with D¼ 6 Å.
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reported by Yu et al.,9 and the line is our calculation with

D¼ 3.7 Å. The calculation agrees well with experiment over

a wide temperature range.

Figure 4 shows the cross-plane thermal conductivity of

GaAs/AlAs SLs with various layer thicknesses and from

100 K to 400 K. Symbols show the experimental results

reported by Capinski and Maris10 and Capinski et al.12 The

corresponding curves are obtained from our model. We first

set the layer thicknesses to those reported in experiments and

then vary the effective roughness to get the best fit; panels

(b1)–(b4) in Fig. 4 illustrate how sensitive thermal conduc-

tivity is to rms-roughness variation. The optimal-fit rms

roughness is 1.75 Å, 1.65 Å, 1.3 Å, and 1.8 Å for the 40� 40,

25� 25, 10� 10, and 12� 14 SLs, respectively [� is the

notation in these two experimental papers]. The small values

of the rms roughness are in keeping with high-quality

interfaces, featuring large-area atomically flat terraces. The

cross-plane thermal conductivity varies very little as the tem-

perature changes, indicating that the TBR indeed dominates

thermal transport across layers.

Luckyanova et al.15 recently measured both the in-plane

and the cross-plane thermal conductivity of a GaAs/AlAs

SL. Our calculation for the same structure and the experi-

mental results are shown in Table I. All the calculation

results used an effective interface rms roughness of 1.1 Å for

the 2-nm system and 1.9 Å for the 8-nm one, which results in

good agreement for the cross-plane conductivity; however,

the measured in-plane thermal conductivity is considerably

lower than the calculation. In fact, the experimental data

from Luckyanova et al.15 show a great discrepancy with all

the previous experiments on similar systems.7,9,10,12 For

example, the in-plane thermal conductivity of their 8-nm SL

is considerably smaller than that of the 5-nm SL in Yao’s pa-

per,7 which is counterintuitive and does not agree with well-

established trends of increasing thermal conductivity with

increasing layer thickness. Furthermore, the cross-plane ther-

mal conductivity (8.7 6 0.4 W/mK) is considerably smaller

than that of Capinski et al. (10.52 W/mK) with similar layer

thickness. The earlier experiments7,12 should have worse or

at best equivalent interface quality to the samples in the most

recent work,15 owing to the development in growth techni-

ques that happened over the past few decades; yet, older

FIG. 3. In-plane thermal conductivity of a GaAs/AlAs superlattice (layer

thickness 70 nm) as a function of temperature. Red symbols show the experi-

mental results of Yu et al.,9 and the blue curve shows the calculations from

our model with D¼ 3.7 Å.

FIG. 4. (a) Cross-plane thermal conductivity of GaAs/AlAs superlattices as

a function of temperature. Blue circles, orange diamonds, and brown squares

show the measured cross-plane thermal conductivity data for 40� 40,

25� 25, and 10� 10 SLs from Ref. 12. Grey stars are the cross-plane ther-

mal conductivity data for a 12� 14 SL from Ref. 10. The corresponding

curves are calculated based on our model, with the optimal effective rms

roughness D denoted in the legend. (b1)–(b4) Sensitivity of the cross-plane

thermal conductivity to interface roughness. Each panel represents one set

of data from (a), along with the optimal fit based on our model [also given in

(a)], and a shaded area depicting the range of thermal conductivities that

would be obtained by varying rms roughness D by 0.5 Å.

TABLE I. Comparison of experimental results from Ref. 15 and our calcu-

lated data for GaAs/AlAs SLs with layer thickness of 2 nm and 8 nm. In the

calculation, we assume an interface rms roughness of 1.1 Å for the 2-nm sys-

tem and 1.9 Å for the 8-nm one.

2 nm 8 nm

Layer thickness Expt. Cal. Expt. Cal.

jin-plane 8.05 6 0.48 25.03 11.4 6 0.46 22.78

jcross-plane 6.5 6 0.5 6.38 8.7 6 0.4 8.59
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samples show higher conductivities. Luckyanova et al.15

also performed density functional perturbation theory

(DFPT) simulation, the results of which are about twice what

they measured.

B. InGaAs/InAlAs superlattices

Sood et al.16 studied the RT cross-plane thermal conduc-

tivity of lattice-matched InGaAs/InAlAs SLs

(In0.53Ga0.47As/In0.52Al0.48As) with varying layer thick-

nesses. They used the notation AmGn to represent a SL

structure with the InAlAs and InGaAs layer thicknesses of m

and n nanometers, respectively. Six different SL structures

(A2G2, A2G4, A2G6, A4G2, A4G4, and A6G2) were meas-

ured, and these experimental results are reproduced as blue

diamonds in Figure 5.

We show our calculation results in Figure 5. The green

circles are the results with our calculated bulk rates (see sup-

plementary material35). We assume very small roughness

D¼ 0.5 Å, in keeping with the X-ray diffraction measure-

ments that show nearly perfect interface quality. We note

that the green data points are higher than the measurement,

but that the trend with the period length is the same as in

experiment. Indeed, increasing the interface roughness

would significantly and adversely affect the slope of the ther-

mal conductivity with increasing period length. Therefore,

we assert that the reason for the discrepancy has to do with

internal scattering in InAlAs.

Namely, from their data, Sood et al.16 extract the bulk

thermal conductivities of InGaAs and InAlAs to be 5 W/mK

and 1 W/mK, respectively. While our calculated bulk ther-

mal conductivity of InGaAs (5.17 W/mK) matches experi-

ment, we calculate the bulk conductivity of InAlAs to be

3.1 W/mK, considerably higher than what Sood et al.16

reported. Unfortunately, there is no direct experimental mea-

surement of the thermal conductivity of InAlAs.

In red squares, we artificially increase the internal

scattering rate of InAlAs so that its bulk thermal conduc-

tivity is around 1 W/mK, in keeping with Sood et al.,16

and we keep the interface scattering rate as before, corre-

sponding to very small D¼ 0.5 Å for good-quality interfa-

ces. We see that the red squares agree very well with

experimental data, both quantitatively and in the trend

with increasing period length. Considering that the nor-

mally calculated thermal conductivity for InAs and AlAs

agrees with experiment, and that our calculation for

InGaAs agrees well with other measurements as well with

the value extracted by Sood et al.16 We believe there is a

nontrivial aspect of alloy scattering in InAlAs that leads

to much lower bulk conductivity of InAlAs than antici-

pated. Namely, the standard mass-difference scattering

model based on the work of Abeles63 and Adachi64 (see

supplementary material35 for details) is rooted in the per-

turbation theory. In InAlAs with nearly equal amounts of

InAs and AlAs, the difference between the cation masses

exceeds the average cation mass owing to the large

atomic-mass difference between In and Al, which we

believe makes a perturbative approach invalid. This is not

a problem in either AlGaAs or InGaAs, where the cation

mass disparity is not as dramatic as in InAlAs and the per-

turbative mass-difference calculation agrees well with

measurements (see supplementary material35). The hy-

pothesis that the perturbative mass-difference approach

fails in InAlAs would have to be tested in atomistic simu-

lations, which are beyond the scope of this work, and in

direct experimental measurements of the bulk thermal

conductivity of InAlAs.

C. Application to thermal modeling of a quantum
cascade laser

The quantum cascade laser is a common application of

III-V SLs. The active region of a QCL consists of tens of

repeated stages, where each stage consists of tens of thin

layers.19 Thermal modeling of such devices has always been

challenging because of the great anisotropy in the thermal

transport caused by the SL structure.2,14 It is difficult to accu-

rately describe the in-plane and cross-plane thermal conduc-

tivity of such structures with existing simulation methods

because of the complicated layer structure inside one stage.

It is often assumed that the in-plane thermal conductiv-

ity of a SL structure is 75% of the corresponding bulk aver-

age in all temperature ranges. Under this assumption, a

constant cross-plane thermal conductivity is used as a tuna-

ble parameter to fit the measured temperature profile.22,65,66

We show below that the assumption about the in-plane ther-

mal conductivity being 75% of the weighted bulk value does

not generally hold. This ratio is lower and temperature de-

pendent, varying from 40% to 70% as the temperature rises

from 100 K to 400 K (inset of Fig. 6). Overestimating the in-

plane leads to somewhat underestimating the cross-plane

thermal conductivity based on a fit to a temperature

profile.22,65,66

FIG. 5. Cross-plane thermal conductivity of In0.53Ga0.47As/In0.52Al0.48As

SLs as a function of the period length. The notation AmGn represents a SL

structure with the InAlAs and InGaAs layer thicknesses of m and n nano-

meters, respectively. Blue diamonds show the experimental data from Ref.

16, green dots show our calculation with regular scattering rates, and red

squares show the calculation results with artificially increased bulk rates for

InAlAs. In both calculations, D is chosen to be 0.5 Å, in keeping with the

perfect interface quality revealed in X-ray diffraction experiments.
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Figure 6 shows our calculated in-plane and cross-plane

thermal conductivity for a typical QCL active region.65 A

single stage of the SL structure consists of 16 alternating

layers of In0.53Ga0.47As and In0.52Al0.48As, and the interface

roughness is set to 1 Å. The in-plane thermal conductivity is

65% of the bulk value at RT, and the calculated cross-plane

thermal conductivity is 2.37 W/mK, close to but slightly

higher than the extracted experimental value of 2.2 W/mK. It

is reasonable because their estimated in-plane thermal con-

ductivity is slightly higher. Furthermore, the anisotropy of

thermal conductivity is not overly pronounced: the ratio

between the in- and cross- plane value is only about a factor

of 2 in InGaAs/InAlAs-based QCLs here. The ratio is greater

(	5.5 at 100 K) for GaAs/AlGaAs-based QCLs,22 because

the in-plane thermal conductivity is much higher as GaAs is

a binary material. The cross-plane thermal conductivity is

fairly insensitive to temperature variation, which underscores

the dominance of the temperature-insensitive TBR on cross-

plane heat conduction. (We note that we have used the mass-

difference alloy scattering model, which as discussed above

(Sec. III B) may underestimate alloy scattering in InAlAs.)

Because there is no universal relationship between the

in-plane, cross-plane, and the weighted average of bulk ther-

mal conductivity, it is difficult to get a sense of what the

thermal conductivity would be for a new structure. In such

cases, the model we presented here can provide a fairly quick

calculation to help with thermal modeling of novel QCL

structures.67,68

IV. CONCLUSION

By solving the phonon Boltzmann transport equation

under the RTA, we analyzed thermal transport in III-As SL

structures. The calculation of the thermal conductivity tensor

in superlattices involves each layer’s conductivity, itself

affected by the impact of diffuse interface scattering on

phonon populations, as well as explicit thermal boundary re-

sistance that only affects the cross-plane thermal transport.

We calculate the TBR between interfaces based on interpo-

lating the transmission coefficient between the AMM and the

DMM, where the specularity parameter (traditionally used to

describe diffuse scattering) is also used as the AMM weight

in the interpolation. Therefore, with a single free parame-

ter—the effective interface rms roughness D (often ranging

from 0.5 Å to 6 Å for high-quality III-As interfaces)—we

captured the transport properties of multiple GaAs/AlAs and

InGaAs/InAlAs SL structures over a wide temperature range

(70 K to 400 K). We have also applied the model to a typical

QCL structure, in good agreement with experiment.

The presented model is fairly simple yet quite accurate,

especially when used with full phonon dispersions. It can be

very useful for thermal modeling complicated QCL struc-

tures, with many interfaces. The model is also applicable to

other material systems where SLs have good-quality interfa-

ces and phonon transport can be considered incoherent.
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