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Abstract We present a simulation of ballistic magnetotrans-

port in a curved resonant quantum cavity, a non-planar two-

dimensional (2D) electron system formed by partial release

of the planar cavity under strain. A transfer-matrix technique

originally due to Usuki and coworkers [Phys. Rev. B 52, 8244

(1995)] has been adapted to ensure the technique’s continued

dependability at high magnetic fields, and accommodate the

nonzero local curvature of the simulated system. Conduc-

tance in non-planar structures is found to be highly sensitive

to the changes in the curvature, indicating their potential in

NEMS and sensing applications.
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1 Introduction

Non-planar two-dimensional (NP2D) electron systems have

started to attract enhanced theoretical attention [1, 2], as

they are now being fabricated in a variety of configura-

tions, on both III-V thin film heterostructures [3–5] and

strained Si/SeGe nanomembranes [6–8]. Curvature becomes

another degree of freedom available for manipulating elec-

tronic properties of these systems, which leads to novel basic

physics and suggests NP2D application in NEMS as ultra-

sensitive scales and sensors.
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In this paper, we report calculations of high-field mag-

netotransport in a ballistic curved resonant quantum cavity

(RQC). This NP2D electron system is formed at the junction

of a GaAs/InGaAs heterostructure by creating two symmet-

ric constrictions (of 50 nm width) in a 300 nm wide quan-

tum wire (Fig. 1). Upon selective underetching of the sacri-

ficial layer, strain relaxation causes the wings of the cavity

to roll into a partial cylinder, while the central spine remains

tethered to the substrate [7]. (This design loosely follows

that of Ref. [9], however those experiments dealt with pro-

nouncedly scattering-limited transport at non-cryogenic tem-

peratures.) Planar RQCs of similar construction have been

studied extensively and their transport properties are well-

known [13]. Cylindrical structures, however, display inter-

esting physics on a number of levels. Their curvature in-

duces an attractive geometric potential [10], inversely pro-

portional to the radius of curvature squared. Moreover, their

surfaces do not remain normal to the direction of the mag-

netic field, creating non-uniformities in the flux. However,

computationally efficient modeling of quantum-scale trans-

port under strong magnetic fields (>1 T) has been a chal-

lenge. Therefore, we have adapted a variant of the transfer-

matrix method [11–13] to incorporate non-planar (specifi-

cally cylindrical) geometries and high magnetic fields. The

transfer-matrix method is an efficient, flexible, and widely-

used tool for modeling ballistic quantum transport in planar

2D electron systems at low bias. Magnetotransport calcu-

lations can be performed efficiently within the approach of

Refs. [11, 12] at low magnetic fields through the use of the

Peierls substitution [14]. We have made two modifications

to this method in order to address its two current limita-

tions: we re-derived the Peierls phase in order to address

non-planar geometries, and have altered the mode selection

procedure in order to stabilize the method for high magnetic

fields.
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Fig. 1 The cylindrical quantum cavity in a uniform magnetic field

2 Transfer-matrix method in high magnetic fields

The transfer-matrix method is an iterative routine derived

from the discretized Schrödinger equation. The Peierls sub-

stitution [14] provides a gauge-invariant way to incorporate

the magnetic field into this equation. Namely, upon discretiz-

ing the zero-field Schrödinger equation in a general form

tmnψn = Eψm, (1)

the magnetic field can be introduced by replacing

tmn → tmn exp

(
ie

h̄

∫ m

n

�A · d�l
)

, (2)

where the above integral of the magnetic vector potential

must be taken along the straight line connecting the n-th and

m-th meshpoint on the grid. This substitution has the effect

of producing the ( �̂p + e �A)2 term in the magnetic field, as it

performs the extra magnetic field translation due to �A. More

information on the Peierls substitution in periodic lattices

(real or numerical) can be found in Refs. [15–17].

The discretized Schrödinger equation can be arranged into

an iterative procedure to solve for the electron wavefunction

slice by slice along the direction of current flow (t is the

nearest-neighbor hopping energy):

[
ψl

ψl+1

]
=

[
0̂ Î

−Ĥ−1
l,l+1 Ĥl,l−1 Ĥ−1

l,l+1(EÎ − Ĥl)

]
︸ ︷︷ ︸

T̂l

[
ψl−1

ψl

]
,

(3a)

Ĥl,l+1 = diag

[
−t exp

(
ieBa2

2h̄

)
. . . − t exp

(
ieBa2 M

2h̄

)]
,

(3b)

Ĥl,l−1 = Ĥ †
l,l+1 (3c)

Here, M is the dimension of the grid in the direction per-

pendicular to the current flow.

In order to calculate conductance across a 2D structure, the

transmission coefficient must be obtained for each current-

carrying mode. Modes are injected as plane waves in the left

contact, through ψ1 = ψ0 exp(ika), and solution to Eq. (3a)

with l = 0 gives 2M modes. Since modes propagating in

the assumed direction of current flow are the only ones that

contribute to the conductance, they must be selected from

the large number of exp(ika) eigenvalues of the matrix T̂0.

In the absence of a magnetic field this is a straightforward

process: propagating modes will have real k values, and

| exp(ika)| = 1, and forward modes will have positive k val-

ues, and sin(ka) > 0. Note that the grid spacing a must be

sufficiently small to ensure that all ka < π .

In zero magnetic field, exactly M of the 2M modes are

forward modes and M are backward modes, where each

direction contains both propagating and evanescent modes.

This symmetry stems from the real matrix elements of the

2M × 2M matrix T̂0 defined in Eq. (3a). However, with the

application of the magnetic field, the matrix ceases being

real, and there is no more guarantee that forward and back-

ward propagating modes will occur in pairs. Unfortunately,

this requirement is necessary to maintain the Usuki iteration

procedure stability.

As the magnetic field strength is increased, the eigenval-

ues are commingled with the Peierls phase, and it becomes

difficult to distinguish forward from backward modes. The

problem can be reduced greatly with a simple shift of co-

ordinates within the simulated �-th slice: moving the origin

to the slice center, thereby counting the meshpoints within

the slice as going from −M/2 to M/2. Placing the ori-

gin in the center of the domain yields a symmetric shift

that does not artificially advance the eigenvalue’s phase.

The selection rules will correctly identify forward propa-

gating modes over a much wider range of field strengths

(see Fig. 2) and thus yield stable and accurate conductance

results.

3 Peierls phase in non-planar geometries

For non-planar geometries,
∫ �A · d �� that corrects the zero-

field matrix elements tmn must be taken over a geodesic be-

tween n and m. As an example, we model a quantum cavity

whose wings have been allowed to curl, but whose center is

held flat by thin metallic contacts (see Fig. 1).∫ �A · d �� taken along a geodesic on the surface of a cylin-

der, in parameterized coordinates x and s, yields

∫
�A · d� = x2 − x1

s2 − s1

BR2

[
cos

s2

R
− cos

s1

R

]
(4)
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Fig. 2 Absolute values and imaginary components of all modes for a
300 nm wire at N = 1011 cm−2 and B = 0 (top graph) and B = 0.6 Tesla
(lower graphs). Applying Peierls phase skews the imaginary values of
all eigenvalues and erroneously reports an extra forward propagating
mode under this moderate magnetic field (middle graph). This skewing
effect is minimized by taking

∫ �A · d �� from the center of each slice
rather than the edge (bottom graph)
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Curvature-induced conductance variation

Fig. 3 At a magnetic field of 3 Tesla and a Fermi energy of 3.7 meV,
conductance through the cavity varies on account of the cyclotron orbits
alternately being closed (the electron hops over the contact), and open
(the electron exits into the drain). The curvature, measured by the pa-
rameter α equal to the ratio of the wire width and the radius of curvature
(in the units of π ), is the source of this edge state variation

where R is the constant radius of curvature of the cylindrical

portion of the cavity. For the flat portion of our structure, R

goes to infinity, and Eq. (4) reverts to its planar form.

4 Results

The modified transfer-matrix method produces results that

confirm what is known about the physics of high-field

Fig. 4 Curvature broadens and shifts edge state. The near wing of the
cavity has been removed in the lower two images to provide a better view
of the edge state evolution; probability in the near wing is effectively 0.
Magnetic field is 8 Tesla, Fermi energy is again 3.7 meV

magnetotransport in planar structures, such as edge states

and depopulation of Landau levels. In curved structures,

it illuminates some novel features, such as dependence

of the conductance on the curvature at a given magnetic

field.

For example, at select magnetic fields, the conductance

is very sensitive to increasing curvature: as shown in Fig. 3

for 2.5 T, conductance in the flat cavity is small, owing to

the closed orbits and the carrier hopping over instead of into

the drain. Even a relatively small increase in curvature dis-

turbs the closed orbits and shuttles the electron into the drain.

Also, curvature disturbs (broadens and shifts) initially well-

defined edge states, as seen in Fig. 4. These phenomena pro-

vide a mechanism to manipulate the conductance of the cav-

ity through curvature, making it a good candidate for certain

types of sensors.

5 Conclusion

The transfer matrix method has long been an effective way

to calculate quantum transport in low-field, planar 2D elec-

tron systems. With the modifications put forth in this pa-

per, it is now equally effective in high field and non-planar

conditions. We presented a comprehensive magnetotrans-

port calculation on a cylindrical resonant quantum cavity, a

non-planar 2D electron system, and showed the dependence

of its conductance on the curvature. The interplay of elec-

tronics and geometry that characterized these novel nanos-

tructures reveals their large potential in NEMS and sensing

applications.
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