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Abstract

A convolutionless equation of motion for the reduced density matrix of a system coupled to its environment,
where the systent environment is closed, may be obtained using a projection-operator technique. We show
that, when both the system and the environment Hilbert spaces are finite-dimensional, it is possible to eliminate
the need for the partial trace over the environment states by constructing a simple and transparent basis-inducec
isomorphism between the system Liouville space and the unit-eigenspace of a special projection operator.
Consequently, an equation of motion for the reduced density matrix is derived by a mere basis transformation
within the systemt environment Hilbert space and the explicit dependence of the reduced density matrix on the
matrix elements of the Hamiltonian is uncovered, in a form well suited for numerical calculatibr2002
Elsevier Science BV. All rights reserved.
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1. Introduction

One approach to far-from-equilibrium systems relies upon the reduced density matrix formalism,
which involves an equation of motion with a memory kernel [1]. In response to difficulties with the
memory kernel, a memoryless (or time-convolutionless) equation of motion, based on the projection
operator technique [1-3], has been proposed [4-6], and used successfully for a wide range of physical
systems [7—10]. This approach relies upon the equations of motion for two mutually orthogonal
projections of the systerm environment density matrix. A partial trace over the environment states
uncovers the evolution of the system reduced density matrix, in a form that bears a seemingly artificial
dependence on the projection operators. In this paper, for finite-dimensional Hilbert spaces of both the
system and its environment, we present a generalized projection-operator approach, which enables u:
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to obtain a partial-trace-free differential equation of motion for the reduced density matrix [11]. We
discuss the integrability of the equation of motion, conditions for the steady-state solutions,
decoherence, a possible failure of the approach, and how our approach behaves when describing the
evolution of initially uncoupled system and environment.

2. Equation of motion for the reduced density matrix

Consider a system S (with Hilbert spag& of dimensiond), which interacts with its environment
E (space_, dimensiond.), so that the system and the environment together E¥ constitute an
isolated physical systemd= 7. & ¥, d=dd. The total Hamiltonianh is written ash(t) =
hg(t) + he(t) + h, (t), wherehg h.andh,, are the system, environment, and interaction Hamilto-
nians, respectively. Driving fields, provided by applied potentials, are included as part of the system.
Since StE is isolated, the total density matrixevolves according to the quantum Liouville equation

d
%: —i[h(t), pt)]= —iLt)p() "

with L being the Liouville superoperator corresponding to the Hamiltohiafhe reduced system
density matrixpg is defined byps= Tr {p). If we choose an arbitrary environment density maggix
which acts onj; and is constant in time, we can introduce time-independent projection opepgtors
and Q,, associated withp,, and acting ond¢? (the space of all operators off), such that
Pox=pp @ Trex, Qu = 1— Py, for x € 9¢°. In particular, sincelr .(p,) = 1 (p,, is a density matrix),

it follows that Tr.(P,p) = ps. The equation of motion foP,p can be written as [5-11]

dP,, p(t . 1 ; -1
FoLO _ _ip LOK® *Pop®) ~ IPoLOKE HEOX,(0) @)

where

H(t,t’)=T°exp<—i JdTQDL(T)QD>, G(t’,t)zTaexp<i Jer(ﬂ)

Kt)=1+i J’ dr H(t,7)Q,L(n)P,G(7, t)

and T and T denote the time-ordering and the anti-time-ordering operators, respectively. Eq. (2)
exists if K(t) is invertible. Usually, by taking a partial trace over the environment states in (2), an
equation of motion fopg is obtained. It, however, bears a dependencgnmwhich is an artifact and
makes the equation nontransparent. Here, we will use the density rpgtebd;* - 14 g, Which is
inherent to any finite-dimensional space. In a particularly chosen orthonormal eigenbBsi$1df],

with the bold characters denoting the representation matrices in this eigenbasis, we obtain

oo 7lh 3 wel3 8} mevs

The last equality is a consequence of an especially transparent isomorphism between the unit-



I. Knezevic, D.K. Ferry / Microelectronic Engineering 63 (2002) 105108 107

eigenspace olf;D and %é (the space of all operators dify); pgis the column that represents;in a
basis of 92 that induces that isomorphism [11]. The block forms of other operators from (2) are
readily written as

La® Lo®] o o [Gulth ) Gu) 10
=[ 1%y Lol feo=[Sey aren) Me0=[o )

KO=[ k0 k0]

so a differential equation of motion for the representation column of the reduced density matrix is
obtained as

dpq(t _ » . o
pdt( ) = = |[L11(t) - le(t)Kzz (t)Kzz(t)Kzl(t)] ps(t) + |\/d—EL12(t)K22 (t)sz(t,O)pz(O) (4)

This equation is well-suited for numerical implementation, as one usually starts with a set of the
Hamiltonian matrix elements in a tensor-product basis. Additionally, this equation shows that, by
merely performing a basis transformation, one can track the evolutign af a ‘window’ of 97,

rather than ing¢%. An important consequence of this equation is the steady-state condition, which
occurs when the following are fulfilled:

L) — le(t)ngl(t)K21(t) =0, le(t)ngl(t)sz(t’ 0)p,(0)=0 (5)

The first equation clearly shows a balance between diivg) (and system-to-environment loss
[L,,(HK (DK, (1)]. This condition is independent of the initial conditions, as expected in far-from-
equilibrium situations. The second condition is less understood, it has been suggested to correspond tc
a ‘random-force’ [12]. If this is the case, then the time-average must vanish, which raises questions
aboutp,(0).

Eqg. (4) is integrable, as already mentionedKiis invertible, which implies deK,,(t) # 0. If the
last condition is fulfilled, it can be shown that the integral equation of motion is given by

ps(t) = U(t,O){pS(O) + f dr[U(r, 0)]_1Y(T,0)} (6)

where we have defined
Z(t) =L, - L12(t)K;21(t)K21(t)’ Y(t,0)= i@le(t)ngl(t)H22(t’O)P2(0),

U(t,O)=T°exp[—i fd»rZ(T)]

Since Z is not necessarily Hermitianl) is consequently not unitary, meaning that the system
experiences decoherence, even though its evolution may be reversible [13]. If there are points in time
when detK,,(t) =0, solving (4) after those times requires resetting the initial condition. This is
virtually impossible in far-from-equilibrium situations: the old and the new initial condition have
practically no connection with one another, and deducing the new one requires solving (1) in full,
which is often beyond our capabilities for various reasons. On the other hand, such an interpretation is
consistent with the second term of (5) being a random-force.
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If at t = 0 the system and the environment are uncoupled, a standard practice is to choose the initial
environment density matrix as the generating matrix for the projection operators. In this way, there is
no free term in the differential equation of motion, and the equation ends up being of the form
ps(t) = &(t, 0)pg(0). The same form can actually be obtained from (6), as in the case of initial
decoupling the second term in the curly brackets can be written in terms of the first one [11].

3. Conclusions

Using a generalized projection-operator approach, a time-convolutionless, partial-trace free
differential equation of motion for the reduced density matrix is derived. The equation holds promise
for numerical implementation, as it explicitly involves the Hamiltonian matrix elements. Resulting
conditions for a steady-state solution are independent of the initial state and reflect a gain—loss
balance, which agrees with intuition for far-from-equilibrium systems. We assert there must be
isolated points in time at which the approach fails; these times depend on the projection operator used.
In far-from-equilibrium conditions, it is virtually impossible to reset the initial condition and track the
evolution further.

Acknowledgements

The authors are grateful to K.M. Indlekofer, J.R. Barker, D. Ahn and D. Vasileska for valuable
discussions. The financial support from the Office of Naval Research is gratefully acknowledged.

References

[1] R. Zwanzig, J. Chem. Phys. 33 (1960) 1338.
[2] S. Nakajima, Prog. Theor. Phys. 20 (1958) 948.
[3] H. Mori, Prog. Theor. Phys. 33 (1965) 423.
[4] M. Tokuyama, H. Mori, Prog. Theor. Phys. 55 (1975) 411.
[5] N. Hashitsume, F. Shibata, M. Shingu, J. Stat. Phys. 17 (1977) 155.
[6] F. Shibata, Y. Takahashi, N. Hashitsume, J. Stat. Phys. 17 (1977) 171.
[7] M. Saeki, Prog. Theor. Phys. 79 (1988) 396;
M. Saeki, Prog. Theor. Phys. 89 (1993) 607.
[8] D. Ahn, Phys. Rev. B 50 (1994) 8310.
[9] D. Ahn, J.H. Oh, K. Kimm, SW. Hwang, Phys. Rev. A 61 (2000) 052310.
[10] D. Ahn, J. Lee, SW. Hwang, LANL e-print, quant-ph/0105065.
[11] I. Knezevic, D.K. Ferry, submitted for publication.
[12] N. Pottier, Physica A 117 (1983) 243.
[13] GW. Ford, R.F. O'Connell, Phys. Lett. A 286 (2001) 87.



	Evolution of the reduced density matrix: a generalized projection-operator approach
	Introduction
	Equation of motion for the reduced density matrix
	Conclusions
	Acknowledgements
	References


