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Phonon-limited electron mobility in graphene calculated using tight-binding
Bloch waves

N. Sulea) and I. Knezevicb)
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Wisconsin 53706, USA

(Received 18 May 2012; accepted 20 July 2012; published online 5 September 2012)

We present a calculation of the electron-phonon scattering rates in ideal monolayer graphene using

the third-nearest-neighbor (3NN) tight-binding (TB) electronic Bloch wave functions formed by the

analytical carbon 2pz orbitals with an effective nuclear charge of Zeff ¼ 4:14. With these wave

functions, the band structure is also represented very accurately over the entire Brillouin zone. By

fitting the rates calculated using the TB Bloch wave functions to those calculated by density

functional theory (DFT), we extract the “bare” acoustic and optical deformation potential constants,

which do not include the effect of the wave function overlap or substrate, to be Dac ¼ 12 eV

and Dop ¼ 5� 109 eV=cm, respectively. The phonon-limited electron mobility based on these rates

is calculated within the relaxation-time approximation and presented for various doping densities

and temperatures, with representative values being of order 107 cm2=Vs (50 K) and 106 cm2=Vs

(300 K) at the carrier density of 1012 cm�2. The electron mobility values are in good agreement

with those reported by DFT and exceed the experimentally obtained values, where the substrate

plays an important role. We discuss the utility of the 3NN TB approximation for transport

calculations in graphene-based nanostructures. VC 2012 American Institute of Physics.

[http://dx.doi.org/10.1063/1.4747930]

I. INTRODUCTION

Graphene has attracted tremendous attention in recent

years due to its unique band structure and electronic proper-

ties.1–4 Interest has also been fueled by the prospects of tak-

ing advantage of graphene’s high carrier mobility5,6 for

device applications.7,8 In spite of the advances in the under-

standing of electronic transport in graphene,9–11 there are

still unanswered questions about the nature of the dominant

scattering mechanisms that determine the low-field electron

mobility12,13 and the value of the mobility’s intrinsic upper

limit.14

In real graphene samples, mobility is expected to be lim-

ited by impurities in the substrate or on the surface of the

graphene itself,4 surface polar phonons,15,16 or by disorder

due to the substrate, such as strain or ripples.4,13 In the ab-

sence of extrinsic factors, the electron mobility in graphene

is believed to be limited by scattering from the in-plane

acoustic and non-polar optical phonons and the out-of-plane

flexural phonons.17–20 It has been shown that flexural pho-

nons could limit the room temperature mobility at relevant

carrier densities to a value of around 104 cm2=Vs.20 How-

ever, the effect of flexural phonons can be effectively sup-

pressed by the presence of strain or tension in the sample,

which is a likely explanation of the experimental measure-

ments of mobility in excess of 105 cm2=Vs in suspended

samples.21 The effect of in-plane phonon modes, however,

cannot be suppressed; hence, the electron mobility limited

by the in-plane acoustic and optical phonons is the intrinsic

upper limit of mobility in graphene.

Two approaches have been used to calculate the

phonon-limited electron mobility in graphene: (1) Electron-

phonon scattering rates were calculated based on Fermi’s

Golden Rule by assuming electrons to be plane waves17,18

and (2) the rates were calculated from first principles using

density functional theory (DFT).19 The plane-wave model

results in the scattering rates that are simple analytical

expressions and depend on various materials parameters.

Most of these materials parameters have precisely known

values; however, the exact values of the deformation poten-

tial constants are not entirely clear.17 Several reports, in

which the acoustic deformation potential constant is deter-

mined experimentally based on the temperature slope of the

electrical resistivity, put the constant’s value in the range of

8–30 eV.5,21–23 This wide range of values of the acoustic

deformation potential constant is likely due to the effect

of the surface polar phonons from the substrate.15,19 Using

the acoustic deformation potential in the range of

16–20 eV,4,17,18,24 the plane-wave model predicts the room-

temperature phonon-limited electron mobility to be around

105 cm2=Vs for carrier densities close to 1012 cm�2.17

However, recent experiments have already demonstrated

mobilities above those predicted by the plane-wave scatter-

ing model.21,24,25

In contrast, first-principles calculations predict the intrin-

sic room-temperature electron mobility in graphene close to

106 cm2=Vs at the same carrier density (1012 cm�2).19 By fit-

ting the analytical form of the scattering rates, based on the

assumption that electronic wave functions are plane waves, to

the first-principles scattering rates, an effective acoustic defor-

mation potential of 4.5 eV was obtained19 (the value is close

to that obtained from the valence-force model16). The effec-

tive acoustic deformation potential constant extracted this way
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in general absorbs an average value of the overlap integral

between electronic wave functions.

In this paper, we present a calculation of the electron-

phonon scattering rates and the electron mobility in ideal

monolayer graphene based on using the tight-binding (TB)

Bloch wave functions (BWFs) formed by linear combination

of the carbon 2pz wave functions. As the TB approximation

is widely used to yield a fairly accurate description of the

band structure in graphene,2,26 it is reasonable to assume that

the electronic wave functions are fairly localized near the

atomic centers instead of being plane-wave-like. The TB

approximation in general provides a significant reduction in

computational complexity with respect to DFT and is consid-

ered to be a viable atomistic approach27,28 for band structure

calculation in nanostructures with sizes of order tens or hun-

dreds of nanometers, which are generally too large to treat

using DFT but where finiteness plays an important role in

both band structure and transport. Working with tight-

binding Bloch wave functions with well-known analytical

forms can be very useful in transport simulations of such

nanostructures, where confinement affects the band structure,

electronic wave functions, as well as the scattering rates,

while the physical parameters, such as the deformation

potential constants, remain approximately bulklike.

Here, we form the third-nearest neighbor (3NN) TB

BWFs based on the analytical 2pz carbon orbitals with an

effective carbon nuclear charge of Zeff ¼ 4:14, obtained by

ensuring good agreement between the calculated wave func-

tion overlap parameters and those of 3NN TB band structure

calculations benchmarked to DFT.26,29 We then calculate the

electron-phonon scattering rates in a manner that transpar-

ently separates the “bare” deformation potential constants

from the wave function overlap integrals (the latter carry in-

formation about anisotropy of the scattering matrix19). The

acoustic and optical deformation potential constants (Dac

and Dop, respectively) are varied to obtain the best fit

between the calculated tight-binding scattering rates and

those calculated based on DFT;19 the best fit is obtained for

Dac ¼ 12 eV and Dop ¼ 5� 109 eV/cm. The phonon-limited

electron mobility with the computed TB rates and within the

relaxation-time approximation is presented, with representa-

tive values of 1:06� 107 cm2=Vs (50 K) and 1:54

�106 cm2=Vs at (300 K) at the carrier density of 1012 cm�2.

These values are in good agreement with those reported

based on DFT and exceed the experimentally obtained val-

ues, in which the substrate effects play an important role.15

The paper is organized as follows: In Sec. II, we derive

the scattering rates based on the 3NN TB BWFs with the car-

bon 2pz orbitals and present the details of the numerical com-

putation of the overlap integrals in Sec. II A. The scattering

rate calculation and the electron mobility at different carrier

densities and temperatures are presented in Sec. III. We con-

clude with final remarks in Sec. IV.

II. THE TIGHT-BINDING BLOCH WAVE MODEL

The nearest-neighbor 2pz-orbital TB description is com-

monly employed to calculate the band structure of graphene

and is fairly accurate for low energies near the K-point.30,31

However, the 3NN TB band structure is considerably more

accurate over the whole Brillouin zone (BZ).26,29 The Bloch

wave function, Wk, used in the TB method is given by

WkðrÞ ¼
X

R

eik�R½eik�dA bA/ðr� R� dAÞ

þ eik�dB bB/ðr� R� dBÞ�; (1)

where /ðrÞ is the 2pz orbital electronic wave function of car-

bon, bA and bB are complex coefficients, while dA and dB

are the position vectors of carbon atoms A and B in the unit

cell. The Bloch wave function is normalized to unity over

the volume of a unit cell. In this work, we calculate the band

structure by using the 3NN TB approximation and calculate

the overlap parameters based on the 2pz orbital wave func-

tion in carbon. The 3NN TB Hamiltonian32 results in the fol-

lowing secular equations:

½Eð1þ s1g1Þ � c1g1 � E2p�bA

þ ½Eðs0g0 þ s2g2Þ � ðc0g0 þ c2s2Þ�bB ¼ 0; (2a)

½Eðs0g�0 þ s2g�2Þ � ðc0g�0 þ c�2s2Þ�bA

þ ½Eð1þ s1g�1Þ � c1g�1 � E2p�bB ¼ 0: (2b)

Using the normalization condition and the band structure

energies from Eq. (2), we calculate coefficients bA and bB

and form the numerical TB BWF. In Figs. 1(a) and 1(b), we

FIG. 1. (a) Real and (b) imaginary parts (red—high, blue—low) of the tight-

binding electronic Bloch wave function in graphene as defined in Eq. (1) for

k close to the K-point. (c) Probability density, jWkj2, associated with the

same TB Bloch wave function at a distance of 0.5Å from the carbon atoms

plane.
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plot the real and imaginary parts of a sample numerical TB

BWF with k near the K-point and in Fig. 1(c) we show the

periodic probability density, jWkj2, of the same TB BWF.

The TB approximation requires knowledge of the over-

lap parameters, the interaction parameters, and the orbital

energy. These parameters are generally either found from

experiments or by fitting TB data to first-principles data.26,29

In Eq. (2), s0, s1, and s2 are the first, second, and third-near-

est-neighbor wave function overlap parameters [see Eq. (5)

below], c0, c1, and c2 are the corresponding interaction pa-

rameters, and E2p is the 2pz orbital energy. The geometric

parameters g0, g1, and g2 are defined below, with a1 and a2

being the primitive lattice vectors.

g0 ¼ 1þ e�ik�a1 þ e�ik�a2 ; (3a)

g1 ¼ eik�a1 þ eik�a2 þ e�ik�a1

þ e�ik�a2 þ e�ik�ða1þa2Þ;
(3b)

g2 ¼ eik�ða1�a2Þ þ eik�ða2�a1Þ þ e�ik�ða1þa2Þ: (3c)

We calculate the overlap parameters directly from the 2pz

orbital wave-function

/ðrÞ ¼ Zeff

a0

� �5
2 1

4
ffiffiffi
2
p r cos he

�Zeff r

2a0 ; (4)

where a0 is the Bohr radius and Zeff is the effective nuclear

charge of carbon. The optimal value of Zeff is obtained by

varying it to find the best agreement between the overlap

parameters

s0 ¼
ð

dr /ðr� dAÞ/ðr� dBÞ; (5a)

s1 ¼
ð

dr /ðr� dAÞ/ðr� dA � a1Þ; (5b)

s2 ¼
ð

dr /ðr� dAÞ/ðr� dB � a1Þ; (5c)

calculated with the 2pz orbitals and those obtained by fitting

the first-principles band structure with the 3NN model.26,29

Table I shows the values of Zeff and the corresponding

values of the overlap parameters calculated using Eq. (5), for

which agreement with the 3NN TB data from Refs. 26 and

29 is the best (in Refs. 26 and 29, the 3NN TB band structure

was fitted to first-principles calculations). In Ref. 26, the

TB parameters are primarily considered to be mathematical

fitting parameters, while in Ref. 29 they are considered to

be physical entities whose absolute values in the fit must

decrease from the second nearest neighbors to the third.

Consequently, we get the best agreement with the overlap

parameters from Ref. 29, as seen in Table I, for Zeff ¼ 4:14.

Fig. 2 shows the band structure calculated using the

overlap parameters from Table I and the corresponding inter-

action parameters taken from Refs. 26 and 29. Although

the low-energy, linear dispersion region of the band structure

is well-reproduced for all these parameters, the band

structure calculated by using Zeff ¼ 4:14 results in the best

overall agreement with the corresponding band structure

calculated from fitting 3NN TB band structure to first

principles data. Having calculated the energies, we then

form the numerical TB BWFs. The sample TB BWF shown

in Fig. 1 was calculated for Zeff ¼ 4:14 (parameters in row 6

of Table I).

A. Electron-phonon scattering rates

The Bloch function (1) can be re-written as

WqðrÞ ¼ eiðqþKÞ�ruqðrÞ, where uq is the periodic part. Here,

we have defined k ¼ qþK, K being the wave vector corre-

sponding to the K-point, and jqj � jkj. The change from k

to q serves to change the origin from the C-point to the

K-point and having a small q restricts the calculation to the

low-energy, linear dispersion of graphene.

The transition rate between an initial Wq and a final Wq0

is given by Fermi’s Golden rule:

Sðq; q0Þ ¼ 2p
�h
jMðq; q0Þj2d½Eðq0Þ � EðqÞ6DE�; (6)

TABLE I. TB overlap parameters calculated using Eq. (5) for different val-

ues of Zeff to obtain agreement with the overlap parameters from Refs. 26

and 29, which were found by fitting the 3NN TB band structure to first prin-

ciples data. Here, “E < 4 eV” means that the fitting is accurate for energies

below 4 eV and “full BZ” means accuracy over the whole Brillouin zone.

s0 s1 s2 E2p (eV)

Ref. 26 (E < 4 eV) 0.30 0.046 0.039 �2.03

Zeff ¼ 2:95 0.291 0.049 0.024 �1.80

Ref. 26 (full BZ) 0.073 0.018 0.33 �0.28

Zeff ¼ 4:67 0.073 0.0027 0.0007 �0.23

Ref. 29 (full BZ) 0.117 0.004 0.002 �0.45

Zeff ¼ 4:14 0.117 0.007 0.002 �0.45

FIG. 2. Band structure of graphene throughout the Brilloin zone. Dashed

curves represent the data from Refs. 26 and 29, which have been bench-

marked against first-principles calculations. Solid curves correspond to our

3NN tight-binding calculation with the Zeff and the overlap parameters

[Eq. (5)] given in Table I. The best overall agreement throughout the Bril-

louin zone is obtained between the TB calculation with Zeff ¼ 4:14 (black

solid curve) and the data from Ref. 29. The inset shows a close-up of the lin-

ear band structure region near the K-point; this region is within the dotted

rectangle on the main panel.
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where Mðq; q0Þ is the matrix element of the perturbing poten-

tial, in our case corresponding to the electron-phonon inter-

action and given by33

Mðq; q0Þ ¼ A�ðQÞ n�ðQÞ þ
1

2
6

1

2

� �1
2

Iðq; q0Þ; (7a)

A�ðQÞ ¼ D�ðQÞ
�h

2Acx�ðQÞq

� �1=2

; Q ¼ q0 � q; (7b)

Iðq; q0Þ ¼ Nuc

ð
dr u�q0 ðrÞuqðrÞ: (7c)

Here � represents the phonon branch, x�ðQÞ is the phonon

frequency for the phonon wave vector Q ¼ q0 � q, and

n�ðQÞ is the average occupation of the mode according to

the Bose-Einstein distribution. The top sign in Eq. (7a) corre-

sponds to phonon emission, the bottom one to phonon

absorption. A�ðQÞ is a prefactor dependent on the wave vec-

tor of the exchanged phonon, Q, Ac is the unit cell area, q is

the mass density of graphene, and Nuc in Eq. (7c) is the num-

ber of unit cells. In Eq. (7b)

Dac ¼ 6iDacjQj; Dop ¼ Dop; (8)

where Dac and Dop are the “bare” acoustic and optical defor-

mation potential constants, respectively, where by “bare” we

mean that they are the constants that appear in the electron-

phonon interaction Hamiltonians for longitudinal acoustic

and optical phonons Ĥe-ac ¼ Dacrû, Ĥe-op ¼ Dopûjj, with û

(ûjj) being the ion displacement operator (its component par-

allel to the wave propagation direction).33 Note that we have

separated the localized wave function overlap Iðq; q0Þ [Eq.

(7c)] from the deformation potential; the overlap integral

gives rise to the anisotropy of the matrix elements that was

depicted, for instance, in Fig. 1 of Ref. 19. It is also impor-

tant to note that when the deformation potential constants are

extracted experimentally from, for instance, the temperature

slope of the resistivity, these are not the “bare” deformation

potential values, but rather values that already contain an

effective, averaged overlap integral.19

The overlap integral [Eq. (7c)] between TB BWFs is

calculated by numerical integration over a unit cell, as the

TB BWFs are normalized over that volume (more detail in

Sec. II B). The scattering rate is found by integrating the

transition rate, Sðq; q0Þ [Eq. (6)], over the magnitude and the

angle h0 of the outgoing wave vector q0.34 The energy-

conserving delta-function can be simplified by using the lin-

ear electronic dispersion of graphene near the K-point. We

assume acoustic phonon scattering to be elastic and the pho-

nons to have a linear dispersion.34 In the elastic and equipar-

tition approximation, we get the following expression for the

total scattering rate by acoustic phonons:

s�1
ac ðqÞ ¼

D2
ackBTjqj

2pqv2
s �h2vF

ð
dh0 jIðq; q0Þj2; jq0j ¼ jqj: (9)

Here, vs is the sound velocity and vF is the Fermi velocity in

graphene. It should be noted that the equipartition approxi-

mation (�hxQ � kBT, so nðQÞ � kBT=�hxQ) is justified at

temperatures significantly above the Bloch-Gr€uneisen tem-

perature, TBG. For graphene, TBG � 54 K
ffiffiffi
n
p

, with n being

the carrier density in the units of 1012 cm�2 (see, for

instance, Refs. 17 and 23). The equipartition approximation

is therefore accurate near room temperature over a wide

range of carrier densities (see Fig. 4), but at low temperatures

and high carrier densities this approximation should be con-

sidered qualitative.

Assuming dispersionless optical phonons, we get the

following expression for the electron-optical phonon scatter-

ing rate (as before, top sign denotes emission, bottom

absorption):

s�1
op ðqÞ ¼

D2
op

4p�hvFqx0

n0 þ
1

2
6

1

2

� �
jqj7 x0

vF

� �

�
ð

dh0 jIðq; q0Þj2; jq0j ¼ jqj7 x0

vF

: (10)

The derivation of the scattering rate above follows the com-

mon procedure employed for nonpolar semiconductors.

However, optical phonons in graphene are strongly screened

and exhibit the Kohn anomaly and a violation of the Born-

Oppenheimer approximation.35,36 We can account for the

effect of screened electron-phonon interaction to an extent

through the deformation potential constant: we extract the

deformation potential constant by fitting Eq. (10) to the scat-

tering rate computed from DFT,19 as the DFT rate partly

accounts for the screening.

Similarly, for dispersionless, zone-boundary phonons

that are responsible for high-momentum transfer intervalley

scattering, we get the following rate for scattering between

the two equivalent valleys at the K and K0 points:

s�1
iv ðqÞ ¼

D2
iv

4p�hvFqxiv

niv þ
1

2
6

1

2

� �
jqj7 xiv

vF

� �

�
ð

dh0 jIðq; q0Þj2; jq0 þK0j ¼ jqþKj7 xiv

vF

:

(11)

x0 and xiv are the dispersionless optical phonon and inter-

valley phonon frequency, respectively, while n0 and niv are

the corresponding phonon occupation numbers at a given

temperature. For the intervalley scattering rate in Eq. (6), q

is picked from the valley at K-point, whereas q0 is picked

from the valley at K0-point. The intervalley scattering rate at

room temperature is negligible with respect to the scattering

rates with acoustic and optical phonons because the calcu-

lated overlap integral when q and q0 belong to different val-

leys is extremely small,4 so we will ignore intervalley

scattering in the rest of the paper.

B. Numerical implementation

We begin by initializing the graphene lattice in real

space with primitive lattice vectors a1 ¼ 3a
2

x̂ þ
ffiffi
3
p

a
2

ŷ
and a2 ¼ 3a

2
x̂ �

ffiffi
3
p

a
2

ŷ. We use close to 40 000 unit cells in the

real-space lattice and, consequently, the same number of k’s

in the first BZ. Of those, about 1000 k’s are used to calculate
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the energies restricted to below 1 eV (the linear electronic

dispersion region of graphene). Next, we determine the bA

and bB coefficients of the TB BWF from Eq. (2) and the nor-

malizing condition.

The overlap integral, Iðq0; qÞ, in Eq. (7c) for a given q

and q0 consists of four terms. Each of these terms consists of

sums over all pairs of lattice vectors times an integration

involving atomic wave functions corresponding to each of

those pairs. The integration is a function of the difference

between a given pair of lattice vectors only; therefore, to

speed up the calculation, we pre-calculate this integral for a

given q and q0, with one lattice vector fixed at zero and the

other going over only those neighbors for which the overlap

of the 2pz wave functions is greater than 10�13.

The numerical integration is done by using the trapezoi-

dal method in 3D over a volume that is the area of a unit cell

times 2 Å both above and below the lattice. The peak of the

probability density of the 2pz orbital in carbon is about 0.7 Å

away from the graphene sheet on both sides; therefore, the

z-direction thickness of 4 Å essentially includes the complete

2pz orbitals. We calculate the overlap integral only for those

pairs of q and q0 that satisfy the energy conservation for a

given scattering process. The integration over angle h0 in

Eqs. (9), (10), and (6) is carried out numerically by summing

over those values of Iðq; q0Þ that remain after the energy con-

servation is satisfied and all have the same magnitude of q0.
In order to obtain the scattering rate as a function of energy,

we average over all q that have the same magnitude (i.e., lie

on the isoenergy circle).

III. SCATTERING RATES AND THE ELECTRON
MOBILITY

In order to extract the “bare” deformation potential

constants for graphene that do not implicitly contain any

information about the substrate or the overlap of the elec-

tronic wave functions, we fit the TB model scattering

rates to those calculated using DFT in Ref. 19. Fig. 3

shows the plots of the TB Bloch-wave model scattering

rates fitted to the rates calculated using DFT. We extract

the following values for the deformation potential con-

stants: Dac ¼ 12 eV and Dop ¼ 5� 109eV=cm. The fitting

is approximate as the TB rates assume linear electron dis-

persion, as well as linear-dispersion acoustic and disper-

sionless optical phonons, in contrast to the DFT

calculation that employs the full electron and phonon dis-

persions19 [it should also not be forgotten that DFT has

limitations in the excited (conduction band) states calcula-

tions]. Overall, the deformation potential constants we

extract by fitting to DFT are approximate.

Figure 3 also shows a comparison between the total

electron-phonon scattering rates calculated by using the

TB model and the plane-wave model [overlap integral in

Eq. (7c) equal to 1] with the same deformation potential

constants. The plane-wave rates are about two orders of

magnitude greater than the TB rates for both LA and for

LO scattering, meaning that the angle-averaged overlap

integrals
Ð

dh0 jIðq; q0Þj2 in Eqs. (9) and (10) are of order

10�2. Other parameters used for all curves in Fig. 3 are

temperature T ¼ 300 K, mass density q ¼ 7:6� 107 g=cm2,

sound velocity for longitudinal acoustic phonons

vs ¼ 2� 106 cm=s, Fermi velocity vF ¼ 108 cm=s, optical

phonon energy �hx0 ¼ 147 meV [extracted from Fig. 2(a)

of Ref. 19 as the threshold energy for LO phonon

emission].

Finally, we calculate the low-field electron mobility in

graphene as a function of the carrier density based on the

relaxation-time approximation (RTA)34

FIG. 3. Scattering rates of electrons with longitudinal acoustic (LA, solid

curves) and longitudinal optical (LO, dashed curves) phonons in graphene.

For the “bare” deformation potential constants Dac ¼ 12 eV and Dop ¼
5� 109 eV/cm, the rates calculated based on the tight-binding Bloch wave

model (TB, black curves) follow closely those obtained from the density

functional theory in Ref. 19 (DFT, red curves). The TB rates are lower than

the plane-wave scattering rates calculated with the same deformation poten-

tials (PW, blue curves) by two orders of magnitude, which indicates that the

values of the angle-averaged overlap integrals
Ð

dh0 jIðq;q0Þj2 in Eqs. (9)

and (10) are of order 10�2.

FIG. 4. Electron mobility at 300 K (red) and 50 K (black) as a function of

the carrier density, calculated within the relaxation-time approximation with

the scattering rates computed using the TB Bloch wave functions. The defor-

mation potential constants used are Dac ¼ 12 eV and Dop ¼ 5� 109eV=cm

(same as in Fig. 3); their values have been found by fitting the TB rates to

the DFT model (see Fig. 3). The data points correspond to experimental mo-

bility values reported in the following references: 1—Ref. 14 (temperature

50 K), 2—Ref. 21 (temperature 240 K), 3—Ref. 6 (temperature 5 K), 4—

Ref. 25, 5—Ref. 24, 6—Ref. 37 (data points 4, 5, and 6 are all at 300 K).

(inset) Electron mobility versus the Fermi level at 50 K and 300 K, revealing

that the kink in the low-temperature mobility on the main graph stems from

the onset of the optical phonon emission (optical phonon energy taken to be

147 meV).
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l¼ ev2
F

2kBT

ð
dE

sðEÞexp
E�EF
kBT

� �

1þexp
E�EF
kBT

� �h i2

ð
dE E

1þexp
E�EF
kBT

� �h i2

; (12)

where s�1ðEÞ ¼ s�1
ac ðEÞ þ s�1

op ðEÞ is the total scattering rate,

which we calculate using the TB Bloch waves [Eqs. (9) and

(10)]. The results are shown in Fig. 4 for 300 K and 50 K.

The data points on the plot represent several experimentally

obtained values of the electron mobility.6,14,21,24,25,37 Trans-

port measurements on graphene are affected by charge inho-

mogeneties from spurious chemical doping or invasive metal

contacts, and measurement errors are especially pronounced

near the charge-neutrality point.38

The kink in the low-temperature mobility stems from

the onset of the optical phonon emission, as shown in the

inset, which depicts the mobility vs. Fermi level dependence.

As the rates were closely matched to the DFT rates, the

obtained mobilities are also very similar in value to the DTF

ones and higher than experimental values, which include the

effects of the substrate. It is also worth noting that we have

included only LA and LO phonons in this calculation. How-

ever, the DFT data indicate that the TA and TO scattering

rates are actually comparable to their longitudinal counter-

parts, so, with their inclusion, a roughly twofold drop in the

calculated mobility could be expected.

IV. CONCLUSION

In summary, we have presented a simple model for calcu-

lating the electron-phonon scattering rates and electron mobil-

ity in graphene based on using electronic 3NN TB BWFs. By

fitting the TB rates to those calculated from first-principles,19

we were able to extract the values of the “bare” deformation

potential constants, which will be important for the calculation

of electron-phonon scattering rates in nanostructured gra-

phene, where the electronic wave functions are confined while

many physical constants can be assumed bulklike.

It should be remembered that 3NN TB analytical 2pz orbi-

tals are almost certainly an over-simplification of graphene

wave functions, even though the bulk band structure based on

them is accurate. TB calculations do not capture fully the na-

ture of carbon resonant bonds, as evidenced, for example, by

incorrect TB predictions of the band gap’s chirality dependence

in armchair nanoribbons.39,40 With this caveat in mind (or,

ideally, with an improved way to treat the complex physics of

graphene edge states40), the 3NN TB model could still be use-

ful in calculating the band structure and electronic wave func-

tions in systems such as graphene nanoribbons, which are not

suitable for DFT calculations because of their large size (width

can be tens to hundreds of nanometers, length even micron-

size41) and line edge roughness42 that precludes treatment of

the ribbon as periodic. Moreover, as the 3NN TB model with

analytical 2pz orbitals enables easy construction of wave func-

tions, it can provide a less computationally intensive alternative

to first-principles approaches when it comes to calculating the

scattering rates for semiclassical43 or quantum44 transport

simulation in realistic devices, where a very fine sampling of

the Brillouin zone for both initial and final states is needed.
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