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Terahertz-frequency electronic transport in graphene
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We calculate the room-temperature complex conductivity σ (ω) of suspended and supported graphene at
terahertz frequencies (100 GHz–10 THz) by employing a self-consistent coupled simulation of carrier transport
and electrodynamics. We consider a wide range of electron (n = 1012–1013 cm−2) and impurity (Ni = 8 ×
1010–2 × 1012 cm−2) densities. For graphene supported on SiO2, there is excellent agreement between the
calculation with clustered impurities and the experimentally measured σ (ω). The choice of substrate (SiO2 or
h-BN) is important at frequencies below 4 THz. We show that carrier scattering with substrate phonons governs
transport in supported graphene for Ni/n < 0.1. Electron-impurity interactions dominate for Ni/n > 0.1, and
transport enters the electron-hole puddle regime for Ni/n > 0.5. The simple Drude model, with an effective
scattering rate � and Drude weight D as parameters, fits the calculated σ (ω) for supported graphene very
well, owing to electron-impurity scattering. � decreases with increasing n faster than n−1/2 and is insensitive to
electron-electron interaction. Both electron-electron and electron-impurity interactions reduce the Drude weight
D, and its dependence on n is sublinear.
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I. INTRODUCTION

High carrier mobility [1,2] and tunable carrier density [3,4]
are two appealing aspects of graphene for traditional electronic
device applications [5–9]. The properties of graphene can
be modified by transfer onto different substrates [10–12].
In recent years, considerable attention has been given to
the optoelectronic [7], plasmonic [13–17], terahertz (THz)
[18,19], and radio-frequency [20] applications of this two-
dimensional material.

An important factor in evaluating the potential of graphene
for applications in the THz range (100 GHz–10 THz) is its
complex conductivity σ (ω), where ω is the angular frequency
of the excitation [21,22]. Several groups have theoreti-
cally [22–28] and experimentally [29–35] investigated the
frequency-dependent transport in graphene, with theoretical
studies mostly focusing on the midinfrared and higher frequen-
cies (>20 THz) [26–28]. In the THz range, intraband transport
processes dominate and σ (ω) has been shown to have a
Drude-model-like dependence, σ (ω) = iD/π (ω + i�), from
which a Drude weight D and an effective scattering rate �

are obtained [31,35]. The Drude weight at 0 K, calculated
based on the random phase approximation (RPA) and with
electron-electron interaction neglected, is D0 = 2πEF/� (in
units of e2/hs) [22]. However, experiments have revealed
values of D lower than D0 [31,35], while the theoretical studies
that include electron-electron interactions have predicted an
enhancement in D over D0 [22]. While this discrepancy is
believed to arise from extrinsic factors, there is no clear
understanding of all the aspects that affect the Drude weight,
as few theoretical studies have explicitly considered the role
of different substrates, or the effects of density [27,28] and
distribution [26] of charged impurities on electronic transport
in graphene.
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In this paper, we calculate σ (ω) of graphene in the THz-
frequency range and at room temperature by employing a
detailed microscopic simulation of electron transport coupled
with full-wave electrodynamics. We investigate the role of the
substrate, charged impurities, and electron-electron interaction
for graphene supported on SiO2, h-BN, and for suspended
graphene. The σ (ω) is numerically calculated for different
values of the carrier density n and the sheet impurity density
Ni. We obtain D and � by fitting a generalized Drude model
to the numerical data [36,37]. We obtain excellent agreement
with the experimentally measured real part of σ (ω) [30,33,38]
by assuming a clustered charged-impurity distribution and
using only impurity density as a variable parameter. We show
that substrate engineering can be effective for improving the
THz conductivity of graphene at the lower frequencies in the
THz range (<4 THz) and relatively low impurity density
(Ni/n < 0.1). � decreases with increasing electron density
when charged impurities govern transport, while it is nearly
constant when electron scattering with the substrate optical
phonons dominates. We show that in the presence of clustered
impurities, � does not follow the ∼Ni/

√
n dependence that

was theoretically predicted for a uniform random impurity
distribution [39,40]. Furthermore, both short-range electron-
electron and electron-impurity interactions lower D, which
can explain the reduction observed in measurements [31].
Without impurities, the Drude weight of graphene on the h-BN
substrate is higher than for either suspended samples or those
supported on SiO2.

This paper is organized as follows. In Sec. II, we describe
the geometry and the parameters used in our simulation
(Sec. II A) and present an overview of the coupled simulation
method used for calculating σ (ω) (Sec. II B). In Sec. III,
we present the results. We discuss the agreement of our
simulation with experiment and the influence of clustered
impurity distributions (Sec. III A), compare a simple-Drude
vs a generalized-Drude fit to the calculated σ (ω) (Sec. III B),
obtain an effective scattering rate and identify the corre-
sponding transport regimes based on the relative impurity
density (Sec. III C), and discuss the effects of electron-electron
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and electron-impurity interactions on the Drude weight
(Sec. III D). We conclude with Sec. IV.

II. THE SIMULATION FRAMEWORK

We simulate the room-temperature electron dynamics in
supported graphene with charged impurities distributed near
the interface between graphene and the substrate, while
focusing on the frequency-dependent conductivity in the THz-
frequency range. We assume the diffusive transport regime,
captured through the Boltzmann transport equation [41–43].
A transverse electromagnetic (TEM) plane wave is used to
excite the electronic system.

A. The simulation domain. Materials parameters

A typical geometry used in experiments consists of exfo-
liated or chemical vapor deposition (CVD)-grown graphene
transferred onto an insulating substrate. The most commonly
used insulating substrate is a 300-nm-thick SiO2 layer on top
of a Si wafer. In the back of the Si wafer is a gate, used to tune
the carrier density in the graphene layer. In our simulation,
we assume that the carrier density is tuned by shifting the
Fermi level in graphene and we do not explicitly include the Si
wafer. The electron density at a given Fermi level is given by
n = niF1(η)/F1(0), where ni = π

6 ( kT
�vF

)2, η = EF/kT , Fj (η)
is the Fermi integral of order j , EF is the tunable Fermi level,
and vF is the Fermi velocity in graphene. We model different
insulating substrates by using their appropriate values of the
dielectric constants, εs. Moreover, we take into account the
modifications to the Fermi velocity, vF, and dielectric constant
of graphene, εg, due to the substrate [12,44]. Suspended
graphene is simulated by replacing the substrate by air.

We use the electronic tight-binding Bloch wave functions
[45] to calculate the electron-phonon scattering rates in
graphene based on Fermi’s golden rule. As the scattering
rates of electrons with out-of-plane phonons are several
orders of magnitude lower than with in-plane modes [46],
we neglect out-of-plane modes and compute the rates due
to acoustic and optical in-plane phonon modes, accurately
reproducing the rates from first-principles calculations [45–
47]. For graphene on a substrate, we also calculate the
electron-surface optical (SO) phonon scattering rates [48,49].
The values of parameters used in our simulations are shown in
Table I. Electron interactions with ionized impurities and other
carriers are not treated as additional scattering mechanisms, but
accounted for dynamically, via the full-wave electromagnetic

TABLE I. Substrate parameters: Fermi velocity (vF), static di-
electric constants of graphene (εg) and substrate (εs), high-frequency
dielectric constant of substrate (ε∞

s ), and SO phonon energy (�ωSO).

SiO2 h-BN Suspended

vF (m/s) 1.1 × 106 [12] 1.5 × 106 [12] 1.5 × 106 [44]
εg 2.45 [50] 3.04 [49] 4.9 [44]
εs 3.9 [50] 5.09 [49] 1.0
ε∞

s 2.5 [48] 4.1 [49]
�ωSO1 (meV) 59.98 [48] 101.42 [49]
�ωSO2 (meV) 146.51 [48] 195.83 [49]

FIG. 1. (Color online) Schematic of the simulation domain
(drawn to scale on the left), showing air, graphene, and a substrate.
The colors near the graphene layer depict an example snapshot of
the electric-field component along the in-plane x direction (blue:
negative; red: positive) in the absence of external excitation. The
field stems from the charge carriers (electrons and holes) and from
clustered impurities located in the substrate within a few nanometers
of the graphene sheet.

finite-difference time-domain and molecular dynamics
(FDTD/MD) solver, which we describe in more detail in
Sec. II B.

The simulation domain is depicted schematically in Fig. 1.
We consider suspended graphene, as well as graphene on
SiO2 and on h-BN. In the simulation, the SiO2 substrate is
300 nm thick, while for the h-BN substrate we consider a
10-nm-thick h-BN layer with a 290-nm-thick SiO2 region
underneath it, in order to mimic the typical structure used
in experiments [11]. The planar dimensions of the simulation
domain are chosen such that for a given carrier density there
are at least 25 000 carriers in the domain; typically, the domain
size is on the order of several hundred nanometers. The
vertical boundary surfaces of the domain, perpendicular to
the plane of graphene, are terminated with periodic boundary
conditions in order to simulate a large graphene flake. The top
and bottom boundary surfaces are terminated with perfectly
matched absorbing boundary conditions [51]. We model
charged substrate impurities down to a depth of 10 nm from the
graphene layer by assuming a distribution of singly charged
positive ions; impurities deeper than 10 nm have been shown
to have a negligible effect on transport [43]. The clustered
impurity distributions are generated to have a given average
cluster size and a generally Gaussian autocorrelation function,
as described in [43]. Throughout this paper, “clustered distri-
bution” implies a distribution where the average cluster size is
45 nm; this cluster size has been shown to produce 20-nm-sized
electron-hole puddles, as observed in experiment [43]. Figure 1
also shows an example of the in-plane electric-field distribution
in the graphene layer without external illumination or biasing.
The field stems from the thermal motion of carriers and
the clustered charged impurities in the substrate.

We also note that scattering of electrons by resonant
impurities, such as neutral organic molecules adsorbed to the
surface of graphene [52], and by midgap states introduced by
vacancy defects [53] has been previously discussed in regards
to the sublinear dc conductivity of graphene. However, it has
been shown that annealing, which decreases the number of
adsorbed resonant impurities, results in higher sublinearity
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[54]. Raman studies have shown that typical graphene samples
have very few defects [55,56] and the formation energy of
vacancies in graphene is fairly high (7.5 eV). We therefore do
not account for resonant impurities or midgap states due to
vacancies in this simulation.

B. The EMC/FDTD/MD method

Our simulation combines diffusive carrier transport using
the ensemble Monte Carlo (EMC) method [57] with an
electrodynamics solver comprising the finite-difference time-
domain (FDTD) method [51] and molecular dynamics (MD)
[58]. The EMC, FDTD, and MD methods are coupled as
follows. In EMC, which is a stochastic numerical technique
that yields the solution to the Boltzmann transport equation,
a large ensemble of carriers is tracked over time as they
undergo scattering events and periods of free flight. The
motion of carriers during free flight is governed by the Lorentz
force arising from the local electromagnetic fields, which are
calculated by using the FDTD solution to Maxwell’s curl
equations. An incident transverse electromagnetic plane wave
of frequency f (ω = 2πf ) and the current density arising from
carrier motion in EMC act as field sources in FDTD; in turn,
fields calculated by FDTD affect carrier motion in EMC. The
current density is calculated from the carrier motion by using
a combination of the cloud-in-cell method [59] of assigning
charges to the grid and the Villasenor-Buneman method of
computing current density in grid-based solvers [60]. Since
grid-based techniques, such as FDTD, do not account for
field variations on a length scale shorter than the grid-cell
size, we use the MD method to calculate the sub-grid-cell
short-range interactions among carriers (electrons and holes)
and between carriers and impurity ions. We include carrier-ion
and carrier-carrier interactions (direct and exchange) in MD.
The complex conductivity is calculated from

σ̂ (ω) = Ê(ω) · Ĵ (ω)∗

|Ê(ω)|2 , (1)

where Ĵ (ω) and Ê(ω) are the spatially averaged current-
density and electric-field phasors, respectively.

For additional computational details on the
EMC/FDTD/MD method, we refer the interested reader
to Refs. [61,62]. The coupled EMC/FDTD/MD method has
been successfully used for the simulation of high-frequency
transport in bulk Si [37,61] and dc transport in graphene on
SiO2 with clustered impurities in the substrate [43,62].

As with any technique, there are limits of applicability of
EMC/FDTD/MD. First, the transport kernel is semiclassical,
so the technique cannot capture coherent transport features,
which are important at very low temperatures or in very
small structures. Second, the combined technique is limited to
intraband transport and cannot describe interband absorption
processes. For graphene, interband absorption becomes im-
portant at frequencies around 2EF/h; for the carrier densities
considered here (1012 − 1013 cm−2), the Fermi energy is on
the order of ∼0.1 eV (see, e.g., Fig. 4 in [45]). Therefore,
for frequencies up to about 100 THz, only intraband transport
in graphene is important, so the EMC/FDTD/MD technique
reliably simulates transport and yields an accurate conductivity
calculation.

III. RESULTS AND DISCUSSION

A. Matching experimental data

In Fig. 2(a), we show that the real part of σ (ω) calculated
by the EMC/FDTD/MD method reproduces experimental data
with very good agreement. The impurity density Ni is the
only variable parameter and a clustered impurity distribution
is assumed. The solid lines are experimental results for
graphene on SiO2 at room temperature [blue: Ref. [33],
UC Irvine (UCI) team; red: Ref. [38], UC Berkeley (UCB)
team; black: Ref. [30], Rice University team]. The symbols
(squares, triangles, and circles) represent our simulation
results and the dashed lines are fits to the simulation data
using the Drude model. We have assumed the same carrier
densities as estimated in the experiments, which are n =
1.8 × 1012 cm−2 ([33], UCI), 7.29 × 1012 cm−2 ([38], UCB),
and 7.74 × 1012 cm−2 ([30], Rice). The impurity densities that

FIG. 2. (Color online) Real part of σ (ω) as a function of fre-
quency. (a) Calculated values based on the EMC/FDTD/MD simu-
lation (squares, triangles, and circles) match, respectively, the exper-
imental data from [33] (blue: UC Irvine), [38] (red: UC Berkeley),
and [30] (black: Rice University). Dashed lines are Drude-model fits
to the simulation data. (b) Calculated values with different types of
impurity distributions, i.e., clustered (squares, Ni = 7 × 1011 cm−2)
and uniform random (x symbols, Ni = 7 × 1011 cm−2 and Ni =
2.2 × 1012 cm−2), compared to the experimental data from the Rice
group [30].
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yield the best match to the experimental data of UCI, UCB, and
Rice are, respectively, Ni = 5 × 1011 cm−2, 8 × 1011 cm−2,
and 7 × 1011 cm−2. These impurity densities, providing an
excellent agreement between the simulation and experimental
data, are reasonable and quite likely in typical samples [63].

In Fig. 2(b), we compare the real part of σ (ω) for
clustered (squares) and uniform random (x symbols) impurity
distributions with the experimental data from Rice University
[30] (solid line). We demonstrate that with a uniform random
distribution of impurities, we cannot obtain a good fit to
experiment even with extremely high values of Ni, which
presents further evidence that typical supported graphene
samples contain clustered impurities [43]. For a given impurity
density (Ni = 7 × 1011 cm−2), a uniform random impurity
distribution results in higher conductivity at low frequencies
(f < 2 THz) and lower conductivity at high frequencies than
the clustered distribution. Our results with clustered charged
impurities are contrary to the results presented in Ref. [26],
in which Gaussian clusters of charged impurities were shown
to enhance the conductivity with respect to a uniform random
impurity distribution and clean graphene. The enhancement
in conductivity was attributed to the emergence of states
near the Dirac point that could lead to excitations between
electron-hole puddles [26]. On the other hand, experiments
have shown that clustered impurities lead to a reduction
in the dc conductivity [64], which we have attributed to
electrons/holes being trapped near the charged clusters [43].
Furthermore, from fitting the calculated frequency-dependent
conductivity to the Drude model for the uniform random
and clustered impurity distributions for the same Ni = 7 ×
1011 cm−2, we find that the effective scattering rate for the
uniform random distribution (� = 2 THz) is much lower than
that for the clustered distribution (� = 5 THz). The higher
effective scattering rate for electrons with a clustered impurity
distribution is expected, since the electrons trapped near the
charged clusters scatter more frequently from the Coulomb
potential.

B. Drude vs generalized Drude model. Conductivity of
suspended graphene

Next, we compare the frequency-dependent conductivity in
supported and suspended graphene. In Fig. 3, we show the
real part of σ (ω) for suspended graphene (circles), graphene
on h-BN (triangles), and graphene on SiO2 (squares), all
with the same electron density of 6.3 × 1012 cm−2. In the
supported-graphene simulations, we account for clustered
impurities with a sheet density of 5 × 1011 cm−2, while the
suspended-graphene simulation is impurity free. The values
of electron density and impurity density used here are typical
in experiments [30,38,63]. It is clear from Fig. 3 that the
substrate influences transport and a significant enhancement
in the low-frequency THz conductivity can be obtained by
suspending graphene.

For impurity-free suspended graphene, the simple Drude
model (orange dashed line) does not yield a good fit in the
frequency range considered here (see inset of Fig. 3). We
obtain a better fit by using a generalized Drude model [36,37]
(green solid line). The generalized Drude model is usually
presented in terms of the static conductivity σ (0) and the

FIG. 3. (Color online) Real part of σ (ω) for impurity-free sus-
pended graphene (circle) and supported graphene with an impurity
density of 5 × 1011 cm−2 on h-BN (triangle) and SiO2 (square). The
electron density is 6.3 × 1012 cm−2. Inset: Comparison of the fits
based on the simple Drude model and the generalized Drude model
[Eq. (2)] to the calculated σ (ω) for suspended graphene.

effective relaxation time τ = �−1 [36]:

σ (ω) = σ (0)

[1 − (iωτ )1−α]β
= D

π�[1 − (iω/�)1−α]β
. (2)

Here, we have introduced a generalized Drude weight via
D = πσ (0)�, the same relationship that holds in the Drude
model. α and β are real-valued parameters (0 � α, β � 1).
For α = 0 and β = 1, the generalized Drude model reduces to
the simple Drude model, which assumes that energy-resolved
carrier relaxation time is independent of energy, so a single
value τ describes the time response of the entire ensemble. This
assumption is not realistic for semiconductors or for graphene,
where electrons scatter with phonons, charged impurities, and
other carriers, and the energy-resolved relaxation time can
have a pronounced energy dependence [65]. With α �= 0 and
β �= 1, the generalized Drude model allows for a continuum
of relevant relaxation times, such that the distribution of
the logarithms of relaxation times is peaked around the
logarithm of the most prominent time, τ = �−1 [66–68]; α

indicates the peak width while β determines the symmetry of
this distribution [36]. A number of well-known conductivity
models for lossy dielectrics are special cases of the generalized
Drude model; for example, the Cole-Cole model is obtained
with β = 1, while the Cole-Davidson model corresponds to
α = 0 [36].

In suspended graphene, the scattering mechanisms that
directly affect conductivity are those between electrons and
the intrinsic acoustic and optical phonons, and their rates
are approximately linear in energy [45–47]. Therefore, the
generalized Drude model is expected to yield a better fit than
the Drude model. Figure 4 shows � and D in suspended
graphene as a function of carrier density, with (circles) and
without (triangles) the short-range electron-electron interac-
tion captured via MD. Both � and D show a slight reduction
due to the short-range electron-electron interactions at high
n. The best-generalized-Drude-fit values for α and β are
given in the inset to Fig. 4(a) as a function of carrier
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FIG. 4. (Color online) (a) The effective relaxation rate � and (b)
Drude weight D for suspended graphene as functions of the electron
density n, obtained from a generalized-Drude-model fit [Eq. (2)] to
the simulation results. Circles (triangles) correspond to the short-
range electron-electron interaction included in (excluded from) the
simulation. Inset: Parameters α (black open circles) and β (green open
circles), corresponding to the best-generalized-Drude-model fits to
the simulation results [Eq. (2)], presented as a function of n. Curves
are α(n) = 0.097 exp(−0.03n) (black solid curve) and β(n) = 1 −
0.32 exp(−0.21n) (green solid curve), where n is in 1012 cm−2.

density. These dependencies approximately follow α(n) =
0.097 exp(−0.03n) and β(n) = 1 − 0.32 exp(−0.21n), where
n is in 1012 cm−2 [we sought forms that reduce to the
simple Drude model for very high n, i.e., α(∞) = 0 and
β(∞) = 1]. While α is uniformly small, indicating that the
distribution of relaxation-time logarithms is sharply peaked
around its value at �−1, there is a notable increase in β

with increasing n, which indicates a transition from a fairly
asymmetric to fairly symmetric distribution of relaxation-time
logarithms, in agreement with moving from electron-phonon
to electron-electron interactions as dominant.

For supported graphene, where the SO phonons and charged
impurities scatter electrons in addition to the intrinsic graphene
phonons, we obtain α and β very close to the Drude-model
values of 0 and 1, respectively. These values hold for both SiO2

and h-BN substrates. They indicate that the mechanism with an
approximately energy-independent scattering rate dominates
transport in supported graphene, which is the electron-charged
impurity scattering [39,41]. Although the simple Drude model
provides a very good fit to the supported graphene σ (ω), we fit
all the data in Fig. 3 (and all subsequent σ vs f plots) with the
generalized Drude model [Eq. (2)], while recognizing that for
supported systems the generalized and simple Drude models
essentially coincide.

C. Effective scattering rate for supported graphene

We examine the dependence of σ (ω) on the impurity density
in Fig. 5(a). We show the real part of σ (ω) in graphene
supported on SiO2 (filled symbols) and h-BN (open symbols),
while accounting for clustered impurities with different sheet
impurity densities [Ni = 1011 cm−2 (circles), 5 × 1011 cm−2

(triangles), 1012 cm−2 (squares)]. The electron density is fixed
at n = 3.75 × 1012 cm−2. We find that the substrate plays

FIG. 5. (Color online) (a) Real part of σ (ω) for graphene sup-
ported on SiO2 (solid symbols) and h-BN (open symbols) for differ-
ent Ni (circles: 7 × 1011 cm−2; triangles: 5 × 1011 cm−2; squares:
1012 cm−2), with an electron density of n = 3.75 × 1012 cm−2.
(b) Generalized-Drude-model best fits to the calculated σ (ω) for
graphene on SiO2 with different impurity densities, from top (red) to
bottom (purple): Ni = 0, 8 × 1010, 1011, 2 × 1011, 4 × 1011, 6 × 1011,
8 × 1011, 1012, and 2 × 1012 cm−2. Inset: � corresponding to the
generalized-Drude-model fits in the main panel as a function of
Ni. Circle colors in the inset correspond to the curve colors in
the main panel. (c),(d) Local conductance maps at a frequency of
2 THz for graphene on SiO2 with a clustered impurity density of (c)
Ni = 2 × 1012 cm−2 and (d) Ni = 8 × 1010 cm−2.

an important role in transport at low frequencies and low
impurity densities. When the impurity density approaches the
electron density (Ni = 1012 cm−2), conductivity is low for
both substrates and over all frequencies. These results shed
light on the factors influencing conductivity. Intuitively, as
long as the frequency is low enough that an electron can
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complete several scattering events during a period of the field,
transport is qualitatively the same as in the static case, with
different substrates and different impurity densities resulting
in different σ (ω). However, once the frequency becomes high
enough that an electron cannot traverse the average distance
between scattering centers (the mean free path, lmfp) within
a time on the order of one electromagnetic field period, i.e.,
when f � υF /lmfp, the diffusive transport picture is disturbed
and the ability of the electron to participate in the current flow
is reduced; the field effectively helps localize the electron. At
low impurity densities, the static conductivity is appreciable,
lmfp is long, and the variation of conductivity with frequency is
pronounced. With increasing impurity density, lmfp decreases
and the frequency at which the conductivity rapidly falls off
increases; however, dc conductivity drops, as well, and the
range over which σ varies shrinks. The difference between
SiO2 and h-BN is pronounced only at low impurity densities
and at low frequencies, as expected. Either a high impurity
density or a high frequency overshadows the benefits of the
h-BN substrate over SiO2. For typical sheet impurity densities,
we can resolve σ by impurity density and substrate type up to
frequencies of about 4 THz.

In Fig. 5(b), we look more closely at the effective scattering
rate �. In the main panel, we show Re(σ ) from the best
generalized-Drude fits [Eq. (2)] to our simulation data for
graphene on SiO2. Different curves correspond to different
Ni: from top (red) to bottom (purple), Ni = 0, 8 × 1010,
1011, 2 × 1011, 4 × 1011, 6 × 1011, 8 × 1011, 1012, and 2 ×
1012 cm−2. The electron density is the same as for Fig. 5(a),
n = 3.75 × 1012 cm−2. From the fits, we have obtained � as
a function of Ni, shown in the inset to Fig. 5(b); the colors
of the filled circles in the inset correspond to those of the lines
in the main panel. At low sheet impurity densities (Ni/n �
0.1), the electron distribution is nearly uniform and electron-
SO phonon scattering governs transport, which can be seen
from the nearly constant effective scattering rate as a function
of Ni. With increasing impurity density, the total effective
scattering rate increases rapidly due to an increase in the
electron-charged impurity scattering. As the impurity density
approaches the electron density (Ni/n � 0.5), the electron
distribution becomes inhomogeneous: electron-hole puddles
form [42,69] as the carriers effectively get trapped in the
vicinity of the impurity clusters [43]. In the transport regime
dominated by electron-hole puddles, any further increase in
the impurity density does not have a significant effect on
transport, as seen from the saturation of �. We indicate these
different transport regimes as SO-phonon dominated, impurity
dominated, and puddle dominated in the inset of Fig. 5(b).
A quick back-of-the-envelope calculation with υF ≈ 106 m/s
and � = 15 THz shows that the mean free path in this regime
is on the order of the cluster size, i.e., lmfp = υF/� ≈ 67 nm.

The puddle-dominated transport regime can be discerned
from the local conductance map of graphene on SiO2 for
Ni = 2 × 1012 cm−2, shown in Fig. 5(c). By comparison,
for Ni = 8 × 1010 cm−2, shown in Fig. 5(d), the local con-
ductance is fairly uniform. Both of these conductance maps
are computed at 2 THz, a frequency low enough to show
diffusive transport details. As before, the local conductance is
calculated using Eq. (1), except that the phasor quantities (Ĵ
and Ê) are now not spatially averaged. Local conductance

FIG. 6. (Color online) The effective scattering rate � as a func-
tion of the electron density n, obtained from a generalized-Drude-
model fit [Eq. (2)] to the simulation results for graphene supported
on (a) SiO2 and (b) h-BN, with and without impurities. The best fit for
supported graphene is achieved with parameters α ≈ 0 and β ≈ 1,
yielding the simple Drude model. Open red symbols correspond
to the results without impurities, while the solid black symbols
denote the inclusion of impurities with Ni = 5 × 1011 cm−2. Circles
(triangles) correspond to the electron-electron interaction included
in (excluded from) the simulation. The dotted line represents the
∼Ni/

√
n dependence.

maps obtained experimentally through a combination of a
micro four-point probe and THz time-domain spectroscopy
[70] are qualitatively similar to our simulation results, shown in
Fig. 5(c), thus providing further evidence for the predominance
of clustered impurity distributions in typical samples.

In Figs. 6(a) and 6(b), we show the effective scattering
rate as a function of carrier density for graphene on SiO2

and h-BN. We examine the effects of electron-electron and
electron-charged impurity interactions by selectively turning
on (circles) and off (triangles) the short-range electron-electron
direct and exchange interactions in MD, and by simulating
transport with (solid black symbols) and without (open red
symbols) impurities. In the simulations with impurities, we
use an impurity sheet density of 5 × 1011 cm−2. The influence
of electron-charged impurity scattering and screening is
evident from the sharp drop in �(n) as the screening of
the impurities becomes more effective with increasing n.
Short-range electron-electron interactions and the substrate
SO phonons, on the other hand, influence �(n) very weakly.
Moreover, we show that a curve of the form ∼Ni/

√
n, which

is shown by the dotted lines in Figs. 6(a) and 6(b) and is
the expected dependence for the electron-impurity scattering
rate when a sheet of uniformly distributed charged impurities
is at a certain distance from graphene [39,40], does not fit
the �(n) data obtained from our simulations. The discrepancy
likely comes from the more realistic, volumetric distributions
of impurities considered here.

Recent experiments, where the effective scattering rate was
extracted from Drude-model fits to σ (ω), have shown �(n) to
be either nearly constant (hole regime) or to increase linearly
with n (electron regime) [31]. The nearly constant �(n) would
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FIG. 7. (Color online) The Drude weight D as a function of the
electron density n, obtained from a generalized-Drude-model fit
[Eq. (2)] to the simulation results for graphene supported on (a)
SiO2 and (b) h-BN, with and without impurities. The best fit for
supported graphene is achieved with parameters α ≈ 0 and β ≈ 1,
yielding the simple Drude model. Open red symbols correspond to the
results without impurities, while the solid black symbols denote the
inclusion of impurities with Ni = 5 × 1011 cm−2. Circles (triangles)
correspond to the electron-electron interaction included in (excluded
from) the simulation.

represent transport in a regime where carrier-phonon scattering
dominates; however, the linear increase in �(n) cannot be
explained from our simulation results presented here, even
when impurities with the same sign of charge as the carriers are
considered. The asymmetry in the hole and electron regimes in
the results from Ref. [31] likely suggests Fermi-level pinning
or extrinsic doping from the metal/graphene interface at the
contacts [71].

D. Drude weight for supported graphene

In Fig. 7, we show the Drude weight as a function of the
electron density, D(n), obtained from a generalized-Drude-
model fit to our simulation results for graphene on SiO2 and
on h-BN. Here, the symbols represent the same conditions as
in Fig. 6, i.e., the results with (without) short-range electron-
electron interactions are shown with circles (triangles), while
the results with (without) impurities are shown with solid black
(open red) symbols. It is clear that both charged impurities
and electron-electron interactions lead to a reduction of D.
The substrate also affects the Drude weight, with the h-BN
substrate resulting in the highest Drude weight for a given
electron density. Turning the short-range electron-electron
interaction on results in a 5–25% decrease in D. However,
when we compare the data with and without impurities,
we see that including the electron-impurity interactions (for
Ni = 5 × 1011 cm−2) leads to a 25–40% reduction in D

with respect to the impurity-free value on each substrate, a
percentage close to that determined from experiment [31].
A significant variation in the reduction of D from sample
to sample observed in Ref. [35] also points towards charged
impurities as the dominant factor affecting D.

Previous theoretical calculations that included electron-
electron interactions via a first-order calculation predicted an
enhancement in D, weakly dependent on n, with respect to the
RPA value D0 [22]. We stress that, in this paper, what we turn
on or off is only the short-range portion of the electron-electron
interaction, captured by MD. The long-range Hartree terms
of the electron-electron interaction are always present in the
calculation; they are captured by the FDTD solver. (We do
not expect correlation effects to play an important role at
room temperature and for the electron densities considered
here [72].)

The reason behind the decrease in D with the inclusion of
short-range electron-electron interactions is somewhat subtle.
Basically, the Drude weight is proportional to the product of the
static conductivity σ (0) and the effective scattering rate �. � is
fairly insensitive to the inclusion of the short-range electron-
electron interactions, which means that the screening of
dominant interactions (with impurities and substrate phonons)
appears to be well-captured by the long-range fields that FDTD
calculates. However, σ (0) displays a marked drop with the
inclusion of short-range electron-electron interactions [43]:
with short-range electron-electron interactions, the single-
electron distribution over energy is broader than without
them, so higher-energy states are populated. As a result,
the ensemble-averaged scattering rate with phonons will
also be higher because the energy-resolved scattering rate is
proportional to the electron density of states, thus nearly linear
in energy for graphene [45,47]. Electron-phonon scattering
is very efficient at randomizing momentum, so while its
contribution to � may not be very high (especially in the
presence of high impurity densities), its relative contribution
to σ (0) is considerable because all other interactions are
Coulomb in origin and result in small-angle scattering and
thus a small relative contribution to σ (0). Therefore, D drops

FIG. 8. (Color online) (a) The effective scattering rate � and (b)
Drude weight D as a function of the electron density n, obtained
from a generalized-Drude-model fit [Eq. (2)] to the simulation results
for graphene supported on SiO2 with different impurity densities.
The color scheme is the same as in Fig. 5, with colors from red
to blue corresponding to Ni = 0, 1011, 2 × 1011, 4 × 1011, 6 × 1011,
8 × 1011, and 1012 cm−2. The color-Ni correspondence is the same
as in Fig. 5.
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when short-range electron-electron interactions are included
for the same reason σ (0) drops [43], which is an indirect
enhancement of the effective momentum relaxation rate with
phonons owing to the electron redistribution over energy.

Finally, in Fig. 8, we show � and D for graphene on SiO2

as a function of carrier density, for different values of the
substrate impurity density. Based on Fig. 8 and the � and D

values obtained from the measured σ (ω), one can estimate the
sheet impurity density in experiment.

IV. CONCLUSION

In summary, we have presented a detailed study of the
frequency-dependent conductivity in the THz range at room
temperature in supported and suspended graphene for a wide
range of electron and impurity densities. We have employed
a self-consistent simulation that couples electron transport via
EMC with a full-wave electrodynamics solver that comprises
the FDTD method and MD. We have examined the effects
of charged impurities, the underlying substrate, and electron-
electron interactions on the effective scattering rate and the
Drude weight, which are obtained by fitting the generalized
Drude model to the numerically calculated σ (ω) for graphene
on SiO2 and h-BN, and for suspended graphene.

We find an excellent agreement between the experimental
data for σ (ω) [30,33,38] and the simulation, with clustered
impurities and the sheet impurity density as the only variable
parameter. Our results indicate that electron-charged impu-
rity scattering dominates the carrier dynamics in supported
graphene, which manifests itself in the good fit of the σ (ω)
curves by the simple Drude model. In contrast, a generalized-
Drude model is required to obtain a good fit for σ (ω) in
suspended graphene. The effects of the substrate, namely the

different electron-SO phonon scattering rates [48,49] and the
modified Fermi velocity [12,44], are important only at low
frequencies (<4 THz) and low impurity densities (Ni/n <

0.1). These are important constraints for the effectiveness
of substrate engineering [11,12] as a means to modify the
electronic properties of graphene. With increasing sheet
impurity density (0.1 < Ni/n < 0.5), the effective scattering
rate increases rapidly with Ni and then saturates at higher
values of the impurity density (Ni/n > 0.5), where transport
is completely dominated by the electron-hole puddles.

Furthermore, by selectively turning off the short-range
interparticle interactions in MD, we show that the effective
scattering rate is nearly unaffected by electron-electron inter-
actions. On the other hand, both electron-electron and electron-
impurity interactions lead to a reduction in the Drude weight.
The reduction in D due to electron-electron interactions varies
between 5–25%, while that due to electron-impurity scatter-
ing varies between 25–40% (for Ni = 5 × 1011 cm−2). The
substrate also affects the Drude weight: without impurities,
graphene on h-BN has a higher Drude weight for a given
electron density than either graphene on SiO2 or suspended
graphene.

In conclusion, a combination of substrate engineering (such
as using thin films of h-BN on SiO2) with impurity density
reduction could lead to a notable enhancement in σ (ω) and
D, which would benefit the applications of graphene at THz
frequencies.
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