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abstract

Graphene is a single atomic layer of hexagonally arranged carbon atoms. Since
the experimental discovery of graphene in 2004, a wealth of research has been
conducted on studying its electronic and optical properties, as well as on developing
novel applications. To explaining the typically observed electronic properties of
graphene and to evaluate its potential in novel applications it is vital to quantitatively
examine the intrinsic limits and the influence of the dominant extrinsic factors on the
electromagnetic response of this material. The two-dimensional nature of graphene
makes it vulnerable to the influence of a host of extrinsic factors, such as the interface
phonons from the supporting substrate and trapped charged impurities near the
interface between graphene and the substrate.

In this dissertation, the electronic transport properties of graphene are examined
in detail using multiphysics numerical simulations. Specifically, the following three
aspects are studied: electron-phonon scattering rates and the intrinsic mobility, effect
of clustered impurities on carrier transport, and substrate-dependent THz-frequency
carrier transport. To calculate the electron-phonon scattering rates and predict the
intrinsic mobility of graphene, the overlap between the electronic tight-binding Bloch
wave functions (TB BWF), up to the third nearest neighbors, are used. Room-
temperature carrier dynamics in suspended and supported graphene in the presence of
different impurity distributions and densities is simulated using a numerical method
that combines semiclassical carrier transport, using ensemble Monte-Carlo (EMC),
with electrodynamics, using the finite-difference time-domain (FDTD) technique and
molecular dynamics (MD).

The electron-phonon scattering rates calculated using TB BWFs provide a bet-
ter estimate of the “bare” acoustic and optical deformation potential constants
(Dac = 12 eV, Dop = 5× 109 eV cm−1), while the intrinsic mobility calculated ex-
ceeds experimentally observed values and agrees with theoretical predictions based
on density functional theory. Clustered impurities (average cluster size between
40 nm− 50 nm) are shown to have a significant effect on carrier transport in graphene
and explain the experimentally observed average electron-hole puddle size of 20 nm.
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In addition, the residual conductivity and the linear-region slope of the conductvity
versus carrier density dependence are found to be determined by the impurity dis-
tribution and density, while the high-carrier-density sublinearity in the conductivity
is shown to stem from carrier-carrier interactions. There is excellent agreement
between the THz-conductivity calculated with clustered impurities and the experi-
mentally measured frequency-dependent conductivity. Moreover, the choice of the
substrate (SiO2 or h-BN) is shown to be important below 4 THz provided the ratio
of impurity to carrier density (Ni/n) is less than 0.1, where carrier scattering with
substrate phonons dominates transport. Electron-impurity interactions govern trans-
port for 0.1 < Ni/n < 0.5, while transport enters the electron-hole puddle regime for
Ni/n > 0.5. The Drude weight is shown to be reduced by both electron-electron and
electron-impurity interactions, while the effective scattering rate depends only on
electron-impurity interactions.

These detailed numerical calculations provide a better understanding of the
intrinsic limits of ideal suspended graphene and explain many of the observed electronic
properties of realistic supported graphene samples.
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Chapter 1

Introduction

1.1 Background

New nanomaterials are being discovered, synthesized, and theoretically studied with
an ever-increasing frequency (Rao and Cheetham, 2001). The materials are envisioned
to have an impact on electronics, energy, space, chemical, and biological applications.
In 2004, a new nanomaterial was discovered that, arguably, has the potential to
influence all of the above-mentioned areas. This novel material is graphene (Geim,
2009; Novoselov et al., 2012). Since the experimental discovery by Novoselov et al.
(2004), which led to the 2010 Nobel prize in physics (Nobelprize.org, 2010), graphene
has been studied extensively and reviewed in widely different areas (Castro et al.,
2009; Bonaccorso et al., 2010; Huang et al., 2011; Zhang et al., 2012).

Graphene is a purely two-dimensional material formed by a hexagonal arrangement
of carbon atoms. It can be thought of as a single atomic layer of graphite, an unzipped
carbon nanotube, or an unraveled fullerene (Geim and Novoselov, 2007). The unique
band structure of graphene had been studied (Wallace, 1947; Slonczewski and Weiss,
1958) long before its experimental discovery. However, the single atomic-layer of
graphite was believed to be thermodynamically unstable and therefore considered
only as a toy model (Fradkin, 1986). Since its discovery, graphene has shown promise
as a “wonder material” due to a wealth of interesting and unique properties: the
highest known mechanical strength (Lee et al., 2008), superior thermal conductivity
(Balandin et al., 2008), extremely high carrier mobility (Bolotin et al., 2008b), and
high optical transparency in the visible range (Nair et al., 2008). Moreover, the
unique properties in graphene have led to the observation of some novel physical
phenomena, such as the half-integer quantum Hall effect (Novoselov et al., 2005b;
Bolotin et al., 2009) and Klein tunneling (Katsnelson et al., 2006; Young and Kim,
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2009). Part of the success of graphene in research is also due to the fairly inexpensive
process of producing relatively good quality single or few-layer graphene samples
by mechanical exfoliation (Novoselov et al., 2004) or by chemical vapor deposition
(CVD) (Kim et al., 2009).

The possibilities of using graphene in applications are also numerous: as a
transparent conductor in touch screens, solar cells, and light panels (Bonaccorso et al.,
2010), flexible electronics (Kim et al., 2009, 2010), high-speed (Lin et al., 2010) and
high-frequency devices (Sensale-Rodriguez et al., 2012), and various types of electronic,
chemical, and biological sensors (Schedin et al., 2007; Shao et al., 2010; Martin, 2011).
Most of these practical applications require graphene to be supported on an insulating
substrate, which drastically affects carrier mobility (Bolotin et al., 2008b). Moreover,
the current processes of fabricating supported graphene make it vulnerable to extrinsic
residues and charged impurities (Lin et al., 2011, 2012). Consequently, studying the
electronic properties not only of intrinsic (or ideal) graphene, but also of supported
graphene in the presence of extrinsic disorder, is important. The goal of this work,
therefore, is to examine the electronic transport properties of suspended and supported
graphene, with and without charged impurities of various distributions and densities,
excited by dc and ac electromagnetic fields, by means of computer simulation.

1.2 Electronic properties of graphene

This section serves as a condensed overview of the basic electronic properties of
graphene. For an in-depth view, the reader is referred to the various articles cited in
this Chapter, such as Castro et al. (2009), Geim and Novoselov (2007), and Novoselov
et al. (2012).

1.2.1 Band structure

The hexagonal arrangement of carbon atoms in graphene and the corresponding
hexagonal Brillouin zone are shown in Figure 1.1. The lattice vectors, denoted in
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Figure 1.1: (a) Schematic of the hexagonal arrangement of carbon atoms in a graphene
lattice. The primitive unit cell is marked by a dashed line and the two atoms in the
unit cell are numbered A (white circle) and B (shaded circle). (b) The Brillouin zone
of graphene, with the Γ, M , K and K ′ points marked.

Figure 1.1a by ~a1 and ~a2, are given by

~a1 = 3a
2 x̂+

√
3a
2 ŷ, ~a2 = 3a

2 x̂−
√

3a
2 ŷ (1.1)

where a = 1.42 Å is the carbon-carbon bond length, also called the lattice constant.
The reciprocal lattice vectors, indicated in Figure 1.1b by ~b1 and ~b2, are given by

~b1 = 2π
3a k̂x + 2

√
3π

3a k̂y, ~b2 = 2π
3a k̂x −

2
√

3π
3a k̂y (1.2)

The linear combination of atomic orbitals of the nearest-neighbor carbon atoms,
commonly known as the nearest-neighbor tight-binding (NN TB) approximation, is
frequently used to calculate a fairly accurate band structure of graphene and results
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in the following analytical expression:

E±(kx, ky) = ±t0
[
1 + 4 cos

(√
3

2 aky

)
cos

(3
2akx

)
+ 4 cos2

(√
3

2 aky

)] 1
2

, (1.3)

where the ± signs correspond to the conduction and valence bands, respectively, and
t0 is the nearest-neighbor hopping energy (≈ 2.8 eV). A plot of Eq. (1.3) yields the
beautiful conduction and valence bands (see Figure 1.2) that touch at the six K-points
in the Brillouin zone (technically, there are only two distinct K-points, indicated by
K and K ′ in Figure 1.1). The conduction and valence bands are symmetric as seen
from Eq. (1.3). The full dispersion can be expanded near any K-point (also known
as the Dirac point) and can be written in terms of a small displacement ~q from the
Dirac point by the following expression

E±(~q) = ±}vF |~q|, (1.4)

where vF is the Fermi velocity (≈ 106 ms−1) and ~q is wave vector near the K-point
such that the total wave vector ~k = ~K + ~q and |~q| � | ~K| ( ~K being the vector
corresponding to the K-point).

Although the nearest-neighbor tight-binding description of graphene is commonly
used, taking into consideration the three nearest neighbors (Reich et al., 2002) yields
a much more accurate band structure. The 3rd nearest-neighbor tight-binding (3NN
TB) approximation breaks the symmetry of the conduction and valence bands as
shown in Figure 1.3.

An interesting aspect of the band structure of graphene is the linear energy-
momentum relationship, with the conduction and valence bands intersecting near the
Dirac points (see inset to Figure 1.3). This unique band structure gives the carriers
a constant Fermi velocity. The gapless band structure allows graphene to be easily
tuned from electron-like to hole-like (or vice-versa) via an external gate. The ability
to tune the carrier density combined with its high carrier mobility has arguably led
to the exponential growth in graphene research (Das Sarma et al., 2011).
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Figure 1.2: Graphene band structure calculated using the nearest-neighbor tight-
binding approximation.

15

10

5

0

-5

-10

E
n
e
rg
y
[e
V
]

KM MΓ

0

-1

1

[e
V
]

K

Figure 1.3: Graphene band structure calculated using the third-nearest-neighbor
tight-binding approximation. The inset is a zoomed-in view of the small dotted square
in the main figure, showing the linear bands close to the Dirac point.
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1.2.2 Electron-phonon scattering

Lattice vibrations or phonons are an important source of scattering for carriers
around room temperature. In case of graphene, the electron-phonon scattering
mechanisms can be separated broadly into scattering due to internal and external
phonons. Internal phonons represent the in-plane acoustic and optical phonon modes.
The out-of-plane phonon modes in graphene can be suppressed by strain, tension, and
are also believed not to couple to the carriers in graphene (Manes, 2007). The external
phonons represent interfacial remote polar optical phonons in the substrate, usually
SiO2 (Chen et al., 2008b; Li et al., 2010). The deformation potential approximation
(Hwang and Das Sarma, 2008; Shishir and Ferry, 2009) is often used to calculate these
electron-phonon relaxation rates and the mobility limited by scattering with internal
phonons is known as the intrinsic mobility. It represents the highest possible mobility
achievable at any given temperature (Hwang and Das Sarma, 2008). Therefore,
understanding electron-phonon scattering is important for correctly predicting the
mobility of extremely clean, suspended graphene samples. Electron-phonon scattering
and intrinsic mobility will be discussed in more detail in Chapter 2.

1.2.3 Impurity scattering

Charged impurities are introduced in typical graphene samples during the fabrication
and processing steps. Mechanically exfoliated graphene flakes are typically released in
an acetone solution and placed on a Si wafer with a relatively thick (300 nm) layer of
SiO2 (Novoselov et al., 2004). CVD growth of graphene is done on metal substrates,
such as Cu (Li et al., 2009) or Ni (Kim et al., 2009; Yu et al., 2008), which are
etched away using chemicals, such as Fe(NO3)3, FeCl3, or HCl. Transfer to a desired
insulating substrate is then done using a polymer such as poly-dimethyl siloxane
(PDMS) or poly-methyl methacrylate (PMMA), which is dissolved using solvents
such as acetone. These processing techniques pose a risk of surface contamination of
graphene with organic molecules (Meyer et al., 2007), residues of the transfer polymer
and metal ions (Lin et al., 2012), or charged impurities (Casiraghi et al., 2007) already
trapped in the supporting substrate. As a result, impurities, especially those that
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are charged, are important for understanding the electronic transport properties of
graphene.

Although phonons are considered to be the dominant scatterers near room tem-
perature for suspended graphene, it has been argued that in typical graphene samples
transport is usually limited by carrier scattering with charged impurities (Adam et al.,
2007). The experimentally observed linear dependence of conductivity, σ, on the
carrier density, n, [σ(n)] is believed to be a signature of the dominant electron-charged
impurity scattering (Ando, 2006; Hwang et al., 2007). The electron-charged impurity
relaxation rates have been calculated (Ando, 2006; Hwang et al., 2007; Katsnelson
et al., 2009) based on assuming a particular screening model and distance between
the plane of graphene and the impurities. The interactions between carriers and
charged impurities as well as the effect of the substrate will be discussed in more
detail in Chapter 4.

1.2.4 Mobility and conductivity

Carrier mobility in clean, suspended graphene is exceptionally high, as has been
demonstrated by several measurements, ranging in values from 105 cm2 V−1 s−1 near
room temperature (Bolotin et al., 2008a; Mayorov et al., 2011) to 107 cm2 V−1 s−1 at
liquid helium temperatures (Neugebauer et al., 2009). Such high carrier mobilities
in graphene stem from the relatively high and constant Fermi velocity (≈ 106 ms−1)
that is just 300 times smaller than the speed of light in vacuum. The mobilities in
graphene are, however, very sensitive to the supporting substrate (Fratini and Guinea,
2008) and disorder in close proximity (Mucciolo and Lewenkopf, 2010). The upper
limit of carrier mobility in graphene, called the intrinsic mobility, will be discussed in
Chapter 2.

Graphene also possesses relatively high electrical conductivity. However, unlike in
metals, the conductivity can be easily tuned via a gate voltage by tuning the carrier
density in graphene. The tunability of graphene conductivity allows for interesting
applications, such as optical modulators (Liu et al., 2011). Moreover, tuning the
Fermi level in graphene to be near the Dirac point offers some interesting physics.
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Measurements of conductivity near the Dirac point always show a non-zero minimum
conductivity (Novoselov et al., 2005b; Tan et al., 2007). This “residual conductivity”
originates from inhomogeneities in the charge density distribution of graphene near
the Dirac point (Adam et al., 2007), often called the electron-hole puddles. Residual
conductivity, formation of electron-hole puddles, and the carrier density dependence
of dc conductivity will be discussed in more detail in Chapter 4.

Another defining property of graphene is its optical conductivity. Graphene
displays a universal optical conductivity of e2/4~, which corressponds to a constant
absorption of πα = 2.29 % for optical energies between 0.5 eV−3 eV (Mak et al., 2008;
Nair et al., 2008) and a tunable interband optical response for optical energies below
2EF (Li et al., 2008; Wang et al., 2008a). These optical properties make graphene
suitable for various photonic applications. The dependence of the intraband optical
conductivity on substrate, frequency, and impurity density is discussed in more detail
in Chapter 5.

1.3 Applications of graphene

In addition to the unique electronic, optical, and mechanical properties of graphene,
the rapid rise in research on this material is also due to the relative ease of fabricating
reasonably good quality graphene samples (Novoselov et al., 2012). The superior
characteristics combined with the cheap and easy fabrication methods have led to
a tremendous amount of research on applications of graphene. Better fabrication
alternatives are still being sought (Avouris and Dimitrakopoulos, 2012) for commercial
success. Here, some of the electronic and optoelectronic applications of graphene are
briefly discussed.

Graphene could be a very likely candidate for replacing the traditionally used
indium tin oxide (ITO) as the transparent conductive coating on touch-screen displays
and organic light-emitting diodes (Novoselov et al., 2012). Moreover, graphene has
considerably higher mechanical strength in comparison to ITO, which makes it
suitable for flexible electronics (Bae et al., 2010). There are still some challenges
in the fabrication and transfer of large-area graphene sheets to be overcome before
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graphene transparent electrodes can replace ITO (Bae et al., 2010). Graphene-based
high-frequency transistors have been developed with a cut-off frequency fT as high as
300 GHz (Liao et al., 2010b) and projected to exceed 1 THz for gate lengths smaller
than 60 nm (Liao et al., 2010a). Although graphene transistors cannot compete
with Si-based technologies for logic applications due to the absence of a bandgap,
radio-frequency (RF) applications of graphene transistors could be promising (Wang
et al., 2012). For logic applications of graphene, in order to improve the on-off ratio,
there has been a considerable effort to open a bandgap in graphene; for example by
cutting it into nanoribbons (Han et al., 2007), patterning (Dvorak et al., 2013), bilayer
control (Oostinga et al., 2008), and chemical modification (Elias et al., 2009). However,
the opening of a bandgap also invariably leads to a degradation of carrier mobility
and therefore lower performance (Schwierz, 2010). The high electrical and thermal
conductivity of graphene, however, is promising for the application of graphene in
the interconnects of logic devices (Murali et al., 2009).

The transparency and optical properties of graphene are promising for photonic,
optoelectronic and THz applications (Bonaccorso et al., 2010). Among photonic
applications, graphene-based photodetectors and optical modulators have been ac-
tively studied. Graphene-based photodetectors allow a high bandwidth of up to
1.5 THz (Meric et al., 2008) and fast photoresponses of up to 40 GHz (Xia et al.,
2009). Optical-modulator performance is also expected to be very good, with a fairly
high bandwidth of 1 GHz at near-infrared frequencies (Liu et al., 2011). Moreover,
due to smaller optical losses compared to metals, graphene THz-frequency modulators
(Sensale-Rodriguez et al., 2012) are promising for THz-communication applications.
THz generators based on graphene (Rana, 2008; Ramakrishnan et al., 2009) might
have applications in the fields of spectroscopy, bio-sensing, security. THz waves are
generated using graphene either as a gain medium for emission via optical pumping
(Rana, 2008) or by using pulsed-laser excitation to accelerate carriers in graphene
and generate THz radiation (Ramakrishnan et al., 2009). The transparent conductive
nature of graphene has also been exploited for use in solar cells (Wang et al., 2008b).
Furthermore, graphene has been used in other applications such as ultracapacitors
(Stoller et al., 2008) and chemical/biological sensors (Shao et al., 2010).
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While graphene has tremendous potential in novel applications, many challenges
must be overcome to ensure commercial and technological success; from cost-effective
large-scale fabrication to controling and understanding the dependence of its electronic
properties on extrinsic factors.

1.4 Summary of contributions

The following three aspects of the electronic properties of graphene are examined in
detail in this dissertation.

1. Electron-phonon scattering rates and intrinsic mobility

2. Effect of clustered impurities on carrier transport

3. Substrate-dependent THz-frequency carrier transport

Below, the existing work and open questions are first summarized and then the
research accomplishments of this dissertation are outlined.

1.4.1 Existing work

Topic 1: Electron-phonon scattering rates and intrinsic mobility

To predict the intrinsic upper limit of the carrier mobility in graphene, it is essential
to correctly estimate the electron-phonon scattering rates. Two approaches have been
used to calculate the phonon-limited electron mobility in graphene:

1. Electron-phonon scattering rates were calculated based on Fermi’s Golden Rule
and the deformation potential approximation (DPA) by assuming electrons to
be plane waves (Hwang and Das Sarma, 2008; Shishir and Ferry, 2009)

2. The rates were calculated from first principles using density functional theory
(DFT) (Borysenko et al., 2010; Fischetti et al., 2013).
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The plane-wave model results in the scattering rates that are simple analytical
expressions and depend on various materials parameters. Most of these materials
parameters have precisely known values; however, the exact values of the deformation
potential constants are not entirely clear (Hwang and Das Sarma, 2008). This makes
calculating the electron-phonon scattering rates with DPA assuming plane waves
subject to significant errors, since these rates scale as the square of the deformation
potential constant.

On the other hand, the rates calculated using DFT preclude the use of deformation
potential constants and also include more accurate wave functions and therefore are
expected to be accurate. However, the DFT rates suffer from significantly higher
computational load as compared to the simple analytical expressions resulting from
the DPA and plane wave approximation, which is an issue when using them in
transport calculations. Several reports, in which the acoustic deformation potential
constant is determined experimentally based on the temperature slope of the electrical
resistivity, put the constant’s value in the range of 8 eV–30 eV (Hong et al., 2009;
Bolotin et al., 2008a; Chen et al., 2008b; Efetov and Kim, 2010). However, by fitting
the analytical form of the scattering rates, based on the plane wave approximation, to
the first-principles DFT scattering rates, an effective acoustic deformation potential
of 4.5 eV was obtained (Borysenko et al., 2010). Although this value is close to that
obtained from the valence-force model (Perebeinos and Avouris, 2010), the effective
acoustic deformation potential constant extracted this way in general absorbs an
average value of the overlap integral between electronic wave functions.

Therefore, the electron-phonon scattering rates in graphene need to be calculated
using more accurate wave functions as compared to plane waves, yet the calculation
should be less computationally expensive than DFT, thus making it suitable for large
(several hundred nanometers to micron-sized) graphene flakes. Moreover, using a
method that decouples the wave function overlap from the matrix elements while
calculating the scattering rates could be used to extract the “bare” deformation
potential constants by fitting to the DFT results (Sule and Knezevic, 2012).
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Topic 2: Effect of clustered impurities on carrier transport

Carrier transport in graphene supported on an insulating substrate is limited by a
host of extrinsic factors such as resonant scatterers (Ni et al., 2010; Wehling et al.,
2010), surface roughness (Katsnelson and Geim, 2008), surface interfacial polar optical
phonons (Chen et al., 2008b; Li et al., 2010) and charged impurities (Hwang et al.,
2007). Although the dominant mechanism limiting transport is still under debate
(Mucciolo and Lewenkopf, 2010), charged impurities are considered to be the most
important factor (Hwang et al., 2007). Impurities near graphene are thought to be
responsible for generating electron-hole puddles observed near the Dirac point (Martin
et al., 2008; Zhang et al., 2009; Rossi and Das Sarma, 2008). High-resolution scanning
tunneling microscopy (STM) studies (Deshpande et al., 2011) have shown that these
electron-hole puddles are typically 20 nm in size, while theoretical calculations using
a random charged impurity distribution near graphene result in electron-hole puddle
sizes of only about 9 nm (Rossi and Das Sarma, 2008). Furthermore, it has also been
shown that PMMA and metal ion residues can persist on graphene samples even
post-annealing (Lin et al., 2012). Transmission electron microscopy (TEM) images
(Lin et al., 2012) show that the residues are not uniformly distributed, but rather
form clusters.

It is very likely that charged impurities near the interface of graphene and the
substrate are clustered rather than randomly distributed. Therefore, it is important to
consider the effects charged impurity distributions in order to examine the formation
of electron-hole puddles in graphene. Moreover, a simulation that self-consistently
couples electronic transport with short-range and long-range electromagnetic fields
could be used to quantitatively evaluate the electron-hole puddle formation.

The conductivity of graphene can be easily modulated by using a gate voltage
to vary the carrier density (Novoselov et al., 2004), thus making it possible to
measurement the carrier-density (n) dependence of the conductivity, σ(n). Charged
impurity scattering is believed to be responsible for a linear dependence of σ(n) (Ando,
2006; Hwang et al., 2007). However, experimental measurements of conductivity
distinctly display a sublinear σ(n) dependence (Chen et al., 2008b; Dean et al., 2010;
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Tan et al., 2007). The origin of this sublinear σ(n) behavior is still under debate. It
has been attributed to different physical mechanisms, such as electron scattering with
resonant impurities such as organic molecules (Wehling et al., 2010), and to the effect
of spatial correlations in the distribution of the charged impurities near graphene
(Li et al., 2011; Radchenko et al., 2012). Furthermore, the non-universal minimum
conductivity (or residual conductivity) near the Dirac point is also believed to originate
from the presence of charged impurities and is a function of charged-impurity density
(Adam et al., 2007).

Simulating electronic transport in supported graphene with charged impurities
and taking into account the short-range carrier-carrier and carrier-ion interactions
prove useful for understanding the sublinear dependence of conductivity on carrier
density, as well as the dependence of residual conductivity on impurity density (Sule
et al., 2014a).

Topic 3: Substrate-dependent THz-frequency carrier transport

An important factor in evaluating the potential of graphene for ac electronic and
photonic applications, especially in the THz range (0.1 THz− 10 THz), is its complex
conductivity σ(ω), where ω is the angular frequency of the excitation (Tassin et al.,
2012; Abedinpour et al., 2011).

Several groups have theoretically (Mishchenko, 2007; Abedinpour et al., 2011;
Stauber et al., 2008; Liu et al., 2010; Yuan et al., 2011; Peres et al., 2008; Vasko
et al., 2012) and experimentally (Li et al., 2008; Ren et al., 2012; Horng et al.,
2011; Dawlaty et al., 2008; Rouhi et al., 2012; Choi et al., 2009; Yan et al., 2011)
investigated the frequency-dependent transport in graphene, with theoretical studies
mostly focusing on the midinfrared and higher frequencies (> 20 THz) (Yuan et al.,
2011; Peres et al., 2008; Vasko et al., 2012). In the THz range, intraband transport
processes dominate and σ(ω) has been shown to have a Drude-model-like dependence,
σ(ω) = iD/π(ω + iΓ), from which a Drude weight D and an effective scattering
rate Γ are obtained (Horng et al., 2011; Yan et al., 2011). The Drude weight at
0 K, calculated based on the random phase approximation (RPA) and with electron-
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electron interaction neglected, is D0 = 2πEF/~ (in units of e2/hs) (Abedinpour et al.,
2011). However, experiments have revealed values of D lower than D0 (Horng et al.,
2011; Yan et al., 2011), while the theoretical studies that include electron-electron
interactions have predicted an enhancement in D over D0 (Abedinpour et al., 2011).
Although this discrepancy is believed to arise from extrinsic factors, there is no clear
understanding of all the aspects that affect the Drude weight, as few theoretical
studies have explicitly considered the role of different substrates, or the effects of
density (Peres et al., 2008; Vasko et al., 2012) and distribution (Yuan et al., 2011) of
charged impurities on electronic transport in graphene.

A detailed study of the frequency-dependent conductivity in the THz range at
room temperature in supported and suspended graphene for a wide range of electron
and impurity densities provide useful insight for THz-applications of graphene (Sule
et al., 2014c).

1.4.2 Research accomplishments

To date, the work done on topics 1–3 above has resulted in four peer-reviewed journal
papers (Sule and Knezevic, 2012; Sule et al., 2013b, 2014a,c), and eight conference
presentations (Sule and Knezevic, 2011a,b; Sule et al., 2012a,b,c,d, 2013a, 2014b),
including an honorable mention award for Sule et al. (2012c) and an outstanding
student paper award for Sule et al. (2013a). The following provides a summary of
the research accomplishments and the corresponding papers in which the work was
published.

Topic 1: Electron-phonon scattering rates and intrinsic mobility

The electron-phonon scattering rates and the intrinsic electron mobility in ideal
monolayer graphene is calculated based on using the tight-binding (TB) Bloch wave
functions (BWFs) formed by linear combination of the carbon 2pz wave functions.
The TB approximation in general provides a significant reduction in computational
complexity with respect to DFT and is considered to be a viable atomistic approach
(Boykin et al., 2004, 2011) for band structure calculation in nanostructures with
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sizes of order tens or hundreds of nanometers, which are generally too large to treat
using DFT but where finiteness plays an important role in both band structure and
transport. The third-nearest neighbor (3NN) TB BWFs are based on the analytical
2pz carbon orbitals with an effective carbon nuclear charge of Zeff = 4.14, obtained
by ensuring good agreement between the calculated wave function overlap parameters
and those of 3NN TB band structure calculations benchmarked to DFT (Reich et al.,
2002; Kundu, 2011).

The acoustic and optical deformation potential constants (Dac and Dop, respec-
tively) are varied to obtain the best fit between the calculated tight-binding scattering
rates and those calculated based on DFT (Borysenko et al., 2010); the best fit is
obtained for Dac = 12 eV and Dop = 5× 109 eV cm−1. The phonon-limited intrinsic
electron mobility with the computed TB rates and within the relaxation-time approx-
imation is presented, with representative values of 1.06× 107 cm2 V−1 s−1 at 50 K and
1.54× 106 cm2 V−1 s−1 at 300 K at the carrier density of 1012 cm−2. These values are
in good agreement with those reported based on DFT and exceed the experimentally
obtained values, in which the substrate effects play an important role (Li et al., 2010).
This work has been published in Sule and Knezevic (2012).

Topic 2: Effect of clustered impurities on carrier transport

Understanding the observed carrier transport properties of graphene, in particular
electron-hole puddle distribution, carrier-density-dependent dc conductivity, and
the THz-frequency ac conductivity requires a detailed microscopic simulation that
combines carrier transport with electrodynamics. The EMC/FDTD/MD method
(Willis et al., 2013, 2011, 2010) is one such numerical technique that solves the
Boltzmann transport equation for electrons and holes via the ensemble Monte Carlo
(EMC) method coupled with the time-dependent Maxwell’s equations solved via the
finite-difference time-domain (FDTD) technique and molecular dynamics (MD) for
long-range and short-range field solutions, respectively. A detailed description of this
EMC/FDTD/MD simulation technique applied towards supported graphene has been
published in Sule et al. (2013b).
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The effects of clusters of charged impurities as well as a random impurity distribu-
tion on carrier dynamics are examined by simulating the formation of electron-hole
puddles and by calculating σ(n). Further, charged impurity distributions with an
average cluster size of 45 nm are shown to result in the formation of electron-hole
puddles of sizes quantitatively similar to those observed in experiments (Zhang et al.,
2009; Deshpande et al., 2011; Xue et al., 2011). The sublinear σ(n) behavior be-
comes more pronounced with a decrease in the impurity density, in agreement with
conductivity measurements (Chen et al., 2008a; Dean et al., 2010). The sublinear
σ(n) revealed to stem from short-range carrier-carrier interactions. The slope of the
linear-region σ(n) curve is related to the short-range carrier-ion interactions, and
consequently, on the impurity density and distribution. The dependence of conduc-
tivity on the impurity density for random and clustered distributions is characterized.
This characterization could be used to estimate the impurity density in real graphene
samples using conductivity-versus-gate voltage measurements. This work has been
published in Sule et al. (2014a).

Topic 3: Substrate-dependent THz-frequency carrier transport

Frequency-dependent conductivity, σ(ω), of graphene in the THz-frequency range
and at room temperature is calculated by employing the EMC/FDTD/MD method.
The role of the substrate, charged impurities, and electron-electron interactions are
examined for graphene supported on SiO2, h-BN, and for suspended graphene. The
σ(ω) is numerically calculated for different values of the carrier density n and the
sheet impurity density Ni. The Drude weight D and the effective scattering rate Γ
is obtained by fitting a generalized Drude model to the numerical data. Excellent
agreement with the experimentally measured real part of σ(ω) (Ren et al., 2012;
Rouhi et al., 2012; Ju et al., 2011) is obtained from the simulations by assuming a
clustered charged-impurity distribution and using only impurity density as a variable
parameter. This work also shows that substrate engineering can be effective for
improving the THz conductivity of graphene at the lower frequencies in the THz
range (< 4 THz) and relatively low impurity density (Ni/n < 0.1). Furthermore, it
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is shown that Γ decreases with increasing electron density when charged impurities
govern transport, while it is nearly constant when electron scattering with the
substrate optical phonons dominates. In the presence of clustered impurities, Γ does
not follow the ∼ Ni/

√
n dependence that was theoretically predicted for a uniform

random impurity distribution (Ando, 2006; Hwang and Das Sarma, 2008). Finally,
both short-range electron-electron and electron-impurity interactions lower D, which
can explain the reduction observed in measurements (Horng et al., 2011). Without
impurities, the Drude weight of graphene on the h-BN substrate is higher than for
either suspended samples or those supported on SiO2. This work has been published
in Sule et al. (2014c).

1.4.3 Organization of chapters

In Chapter 2, the calculation of the electron-phonon scattering rates using the 3NN
TB BWFs is presented. The 3NN TB BWFs are calculated and used in the calculation
of the overlap integral and the matrix elements used in Fermi’s Golden rule. The “bare”
acoustic and optical deformation potential constants are also extracted by fitting the
TB rates to those calculated using first-principles DFT calculations (Borysenko et al.,
2010). Finally, the intrinsic electron-phonon scattering limited mobility is calculated
using the TB BWF rates. This chapter consists of the work published in Sule and
Knezevic (2012).

In Chapter 3, the EMC/FDTD/MD method is presented and extended for ap-
plication to a supported graphene system. The coupling of the three constituent
techniques and the importance of correct field initialization at the material bound-
aries is presented. The general EMC/FDTD/MD simulation technique developed
here can also be applied to other 2D or quasi-2D structures. The strength of the
EMC/FDTD/MD method is demonstrated by calculating the dc and ac conductivity
of supported graphene. This chapter consists of the work published in Sule et al.
(2013b).

In Chapter 4, the formation of electron-hole puddles is examined using the
EMC/FDTD/MD method. A general algorithm for initializing clustered impurity
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distributions with a specified average cluster size is developed and used to predict
the average impurity cluster size in typical graphene samples. The role of short-range
Coulomb interactions on the carrier-density-dependent conductivity is demonstrated.
The sublinearity in σ(n) is shown to arise from short-range interactions among carriers,
while the residual conductivity and the linear-region slope of σ(n) are related to the
interactions between carriers and charged impurities. This chapter consists of the
work published in Sule et al. (2014a).

In Chapter 5, frequency-dependent conductivity, of graphene in the THz-frequency
range and at room temperature is calculated by employing the EMC/FDTD/MD
method. The Drude weight D and the effective scattering rate Γ is obtained by fitting
a generalized Drude model to the numerical data. The role of the substrate, charged
impurities, and electron-electron interactions are examined for graphene supported on
SiO2, h-BN, and for suspended graphene. This chapter consists of the work published
in Sule et al. (2014c).

Finally, Chapter 6 provides a summary and some future directions of research
possible based on the work done in this dissertation.
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Chapter 2

Electron-phonon scattering and
the intrinsic mobility of graphene

The phonon dispersions in graphene reveal the presence of in-plane longitudinal and
transverse acoustic (LA, TA) and optical (LO, TO) modes as well as out-of-plane
(flexural) acoustic and optical (ZA, ZO) modes (Falkovsky, 2008; Jishi et al., 1993).
Therefore, in the absence of extrinsic factors, the electron mobility in graphene is
limited by scattering from the intrinsic in-plane acoustic, non-polar optical phonons
and the out-of-plane flexural phonons. It has been shown that flexural phonons could
limit the room temperature mobility at relevant carrier densities to a value of around
104 cm2 V−1 s−1 (Castro et al., 2010). However, mobilities higher than 104 cm2 V−1 s−1

have already been observed in graphene samples on h-BN substrates (Mayorov et al.,
2011) as well as suspended samples (Bolotin et al., 2008a). The likely explanation
for these high, experimentally measured mobilities is that the out-of-plane phonon
modes in graphene likely do not couple to the carriers in graphene (Manes, 2007). It
is also likely that the effect of flexural phonons can be effectively suppressed by the
presence of strain or tension. The effect of in-plane phonon modes, however, cannot
be suppressed; hence, the electron mobility limited by the in-plane acoustic and
optical phonons is the intrinsic upper limit to the mobility in graphene, commonly
known as the intrinsic mobility. Predicting the intrinsic mobility requires an accurate
calculation of the electron scattering rates with in-plane phonons.

The in-plane electron-phonon scattering rates have been calculated using two
approaches: using the DPA and Fermi’s Golden Rule together with the assumption
that electrons can be described by plane waves (Hwang and Das Sarma, 2008; Shishir
and Ferry, 2009), and using first-principle DFT to calculate the matrix elements
(Borysenko et al., 2010). The rates calculated using the DPA and simple plane waves
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overestimate scattering and the intrinsic mobility predicted by these rates (Hwang and
Das Sarma, 2008; Shishir and Ferry, 2009) is very close to or lower than the values
observed in measurements (Bolotin et al., 2008b,a; Mayorov et al., 2011; Neugebauer
et al., 2009). On the other hand, the DFT rates are expected to be accurate, however
DFT is computationally expensive for nanostructures that are hundreds of nanometers
in size. Moreover, the deformation potential constants extracted by fitting the plane
wave model rates to the DFT rates (Borysenko et al., 2010) absorb an average value
of the overlap integral between electronic wave functions, resulting in artificially lower
values for Dac and Dop. Since, the tight-binding approximation yields an accurate
band structure, it is reasonable to assume that the wave functions formed using the
tight-binding approximation would be more accurate than the plane wave assumption
and at the same time will be less computationally intensive than DFT.

In this chapter, the tight-binding Bloch wave (TB BW) model is used to calculate
the in-plane electron-phonon scattering rates, which are used to extract deformation
potential constants by benchmarking against the DFT rates. The intrinsic carrier
mobility in graphene is also calculated from the TB model scattering rates.

2.1 Tight-binding Bloch wave model

The TB BW model is based on forming the 3rd nearest-neighbor (3NN) TB electronic
Bloch wave functions using linear combination of the carbon 2pz orbitals. For further
details on the derivation refer to Appendix A.

2.1.1 Third nearest-neighbor tight-binding model

The nearest-neighbor 2pz-orbital TB description is commonly employed to calculate
the band structure of graphene and is fairly accurate for low energies, near the
K-point (Wallace, 1947; Zheng et al., 2007). However, the 3NN TB band structure is
considerably more accurate over the whole Brillouin zone (BZ) (Reich et al., 2002;
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Kundu, 2011). The Bloch wave function, Ψ~k(~r), used in the TB method is given by

Ψ~k(~r) =
∑
~R

ei
~k·~R

[
ei
~k·~dAbAφ

(
~r − ~R− ~dA

)
+ ei

~k·~dBbBφ
(
~r − ~R− ~dB

)]
, (2.1)

where φ is the 2pz orbital electronic wave function of carbon, bA and bB are complex
coefficients, while ~dA and ~dB are the position vectors of carbon atoms A and B in
the unit cell (see Figure 1.1a). The Bloch wave function is normalized to unity over
the volume of a unit cell. The band structure is calculated by using the 3NN TB
approximation and the overlap parameters are based on the 2pz orbital wave function
in carbon. The 3NN TB Hamiltonian (Saito et al., 1998) results in the following
secular equations:

[E (1 + s1g1)− γ1g1 − E2p] bA + [E (s0g0 + s2g2)− γ0g0 − γ2s2] bB = 0, (2.2a)
[E (s0g

∗
0 + s2g

∗
2)− γ0g

∗
0 − γ∗2s2] bA + [E (1 + s1g

∗
1)− γ1g

∗
1 − E2p] bB = 0. (2.2b)

Here, s0, s1, and s2 are the first, second, and third-nearest-neighbor wave function
overlap parameters [see Eq. (2.5) below], γ0, γ1, and γ2 are the corresponding inter-
action parameters, and E2p is the 2pz orbital energy. The geometric parameters g0,
g1, and g2 are defined below, with ~a1 and ~a2 being the primitive lattice vectors [see
Eq. (1.1)].

g0 = 1 + e−i
~k·~a1 + e−i

~k·~a2 , (2.3a)

g1 = e−i
~k·~a1 + e−i

~k·~a2 + ei
~k·~a1 + ei

~k·~a2 + ei
~k·(~a1−~a2) + ei

~k·(~a2−~a1), (2.3b)

g2 = ei
~k·(~a1−~a2) + ei

~k·(~a2−~a1) + e−i
~k·(~a1+~a2). (2.3c)

The overlap parameters are calculated from a direct numerical integration of the
carbon 2pz orbital wave function

φ(r) =
(
Zeff
a0

) 5
2 1

4
√

2
r cos (θ) e−

Zeff r

2a0 , (2.4)

where a0 is the Bohr radius and Zeff is the effective nuclear charge of carbon. The
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overlap parameters are then calculated as follows:

s0 =
∫

d~r φ
(
~r − ~dA

)
φ
(
~r − ~dB

)
, (2.5a)

s1 =
∫

d~r φ
(
~r − ~dA

)
φ
(
~r − ~dA − ~a1

)
, (2.5b)

s2 =
∫

d~r φ
(
~r − ~dA

)
φ
(
~r − ~dB − ~a1

)
. (2.5c)

The optimal value of Zeff is obtained by varying it to find the best agreement between
the overlap parameters calculated with the 2pz orbitals and those obtained by fitting
the first-principles band structure with the 3NN model (Reich et al., 2002; Kundu,
2011). Table 2.1 shows the values of Zeff and the corresponding values of the overlap
parameters calculated using Eq. (2.5), for which agreement with the 3NN TB data
from Reich et al. (2002) and Kundu (2011) is the best (in Reich et al. (2002) and
Kundu (2011), the 3NN TB band structure was fitted to first-principles calculations).
In Reich et al. (2002), the TB parameters are primarily considered to be mathematical
fitting parameters, while in Kundu (2011) they are considered to be physical entities
whose absolute values in the fit must decrease from the second nearest neighbors to
the third. Consequently, the best agreement is found with the overlap parameters
from Kundu (2011), as seen in Table 2.1, for Zeff = 4.14.

Figure 2.1 shows the band structure calculated using the overlap parameters from
Table 2.1 and the corresponding interaction parameters taken from Reich et al. (2002)
and Kundu (2011). Although the low-energy, linear dispersion region of the band
structure is reproduced well for all these parameters, the band structure calculated by
using Zeff = 4.14 results in the best overall agreement with the corresponding band
structure calculated from fitting 3NN TB band structure to first principles data.

2.1.2 3NN TB Bloch wave functions

Using the normalization condition (BWFs are normalized normalized to unity over the
volume of a unit cell) and the band structure energies from Eq. (2.2), the coefficients
bA and bB are calculated and used to form the numerical TB BWFs. Figure 2.2a and
2.2b show plots of the real and imaginary parts of a sample numerical TB BWF with



23

Table 2.1: TB overlap parameters calculated using Eq. (2.5) for different values of
Zeff to obtain agreement with the overlap parameters from Reich et al. (2002) and
Kundu (2011). The parameters in Reich et al. (2002) and Kundu (2011) were found
by fitting the 3NN TB band structure to first principles data. Here, “E < 4 eV" means
that the fitting is accurate for energies below 4 eV and “full BZ" means accuracy over
the whole Brillouin zone.

s0 s1 s2 E2p [eV]

(Reich et al., 2002) (E < 4 eV) 0.30 0.046 0.039 -2.03
Zeff = 2.95 0.291 0.049 0.024 -1.80

(Reich et al., 2002) (full BZ) 0.073 0.018 0.33 -0.28
Zeff = 4.67 0.073 0.0027 0.0007 -0.23

(Kundu, 2011) (full BZ) 0.117 0.004 0.002 -0.45
Zeff = 4.14 0.117 0.007 0.002 -0.45

~k near the K-point and Figure 2.2c shows the periodic probability density, |Ψ~k|2, for
the same TB BWF.

It should be remembered that 3NN TB analytical 2pz orbitals are almost certainly
an over-simplification of graphene wave functions, even though the bulk band structure
based on them is accurate. TB calculations do not fully capture the nature of carbon
resonant bonds, as evidenced, for example, by incorrect TB predictions of the band
gap’s chirality dependence in armchair nanoribbons (Barone et al., 2006; Son et al.,
2006). With this caveat in mind [or, ideally, with an improved way to treat the
complex physics of graphene edge states (Son et al., 2006)], the 3NN TB model could
still be useful in calculating the band structure and electronic wave functions in
systems such as graphene nanoribbons, which are not suitable for DFT calculations
because of their large size [width can be tens to hundreds of nanometers, length even
micron-size (Han et al., 2007)] and line edge roughness that precludes treatment of
the ribbon as periodic. Moreover, as the 3NN TB model with analytical 2pz orbitals
enables easy construction of wave functions, it can provide a less computationally
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Figure 2.1: Band structure of graphene throughout the Brillouin zone. Dashed curves
represent the data from Reich et al. (2002) and Kundu (2011), which have been
benchmarked against first-principles calculations. Solid curves correspond to our 3NN
tight-binding calculation with the Zeff and the overlap parameters [Eqs. (2.5)] given
in Table 2.1. The best overall agreement throughout the Brillouin zone is obtained
between the TB calculation with Zeff = 4.14 (black solid curve) and the data from
Kundu (2011). The inset shows a zoomed-in view of the linear band structure region
near the K-point; this region is within the dotted rectangle on the main panel.

intensive alternative to first-principles approaches when it comes to calculating the
scattering rates for semiclassical (Jacoboni and Reggiani, 1983) or quantum (Haug
and Jauho, 2008) transport simulation in realistic devices, where a very fine sampling
of the Brillouin zone for both initial and final states is needed.

2.2 Electron-phonon scattering rates

The electron-phonon scattering rates calculated using the TB BWFs are described
here. For further details on the derivation refer to Appendix A.
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Figure 2.2: (a) Real and (b) imaginary parts (red – high, blue – low) of the tight-
binding electronic Bloch wave function in graphene as defined in Eq. (2.1) for ~k close
to the K-point. (c) Probability density, |Ψ~k|2, associated with the same TB Bloch
wave function at a distance of 0.5 Å from the carbon atoms plane.
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The Bloch function [Eq. (2.1)] can be re-written as

Ψ~q(~r) = ei(~q+
~K)·~ru~q(~r), (2.6)

where u~q is the periodic part. Here, ~k = ~q + ~K, where ~K is the vector corresponding
to the K-point and |~q| � |~k|. The change from ~k to ~q serves to change the origin
from the Γ-point to the K-point and having a small ~q restricts the calculation to the
low-energy, linear dispersion of graphene.

The transition rate between an initial Ψ~q and a final Ψ~q′ is given by Fermi’s
Golden rule:

S(~q, ~q′) = 2π
}
|M(~q, ~q′)|2δ (E(~q′)− E(~q)±∆E) , (2.7)

where M(~q, ~q′) is the matrix element of the perturbing potential, in our case corre-
sponding to the electron-phonon interaction and given by (Nag, 1980)

M(~q, ~q′) = Aν( ~Q)
[
nν( ~Q) + 1

2 ±
1
2

] 1
2
I(~q, ~q′), (2.8a)

Aν( ~Q) = ∆ν

[
}

2Acων( ~Q)ρ

] 1
2

, ~Q = ~q′ − ~q, (2.8b)

I(~q, ~q′) = Nuc

∫
d~r u∗~q′(~r)u~q(~r). (2.8c)

Here, ν represents the phonon branch, ων( ~Q) is the phonon frequency for the phonon
wave vector ~Q, and nν( ~Q) is the average occupation of the mode according to the
Bose-Einstein distribution. The top sign in Eq. (2.8a) corresponds to phonon emission
and the bottom one to phonon absorption. Aν( ~Q) is a prefactor dependent on the
wave vector of the exchanged phonon Q, Ac is the unit-cell area, ρ is the mass density
of graphene, and Nuc in Eq. (2.8c) is the number of unit cells. In Eq. (2.8b) for
acoustic and optical phonon modes, the coefficient ∆ is given by,

∆ac = ±iDac| ~Q|, ∆op = Dop, (2.9)

where Dac and Dop are the “bare” acoustic and optical deformation potential con-
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stants, respectively. Here, “bare” is meant to indicate that the constants that appear
in the electron-phonon interaction Hamiltonians for longitudinal acoustic and op-
tical phonons do not include an effective wave function overlap. These interaction
Hamiltonians are shown below:

Ĥe-ac = Dac∇û, Ĥe-op = Dopû||, (2.10)

with û (û||) being the ion displacement operator (its component parallel to the wave
propagation direction) (Nag, 1980). Note that the localized wave function overlap
I(~q, ~q′) [Eq. (2.8c)] is separated from the deformation potential; the overlap integral
gives rise to the anisotropy of the matrix elements that was depicted, for instance,
in Figure 1 of Borysenko et al. (2010). It is also important to note that when the
deformation potential constants are extracted experimentally from, for instance, the
temperature slope of the resistivity, these are not the “bare” deformation potential
values, but rather values that already contain an effective, averaged overlap integral
(Borysenko et al., 2010).

The overlap integral [Eq. (2.8c)] between TB BWFs is calculated by numerical
integration over a unit cell, as the TB BWFs are normalized over that volume (more
detail in Section §2.3). The scattering rate is found by integrating the transition
rate, S(~q, ~q′) [Eq. (2.7)], over the magnitude and the angle θ′ of the outgoing wave
vector ~q′ (Lundstrom, 2000). The energy-conserving delta-function can be simplified
by using the linear electronic dispersion of graphene near the K-point. Acoustic
phonon scattering is assumed to be elastic and the phonons to have a linear dispersion
(Lundstrom, 2000). In the elastic and equipartition approximation, the following
expression for the total scattering rate by acoustic phonons is found:

τ−1
ac (~q) = D2

ackBT |~q|
2πρv2

s}2vF

∫
dθ′ |I(~q, ~q′)|2, |~q′| = |~q|. (2.11)

Here, vs is the sound velocity and vF is the Fermi velocity in graphene. It should
be noted that the equipartition approximation (}ω ~Q � kBT , so n( ~Q) ≈ kbT/}ω ~Q)
is justified at temperatures significantly above the Bloch-Grüneisen temperature,
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TBG. For graphene, TBG ≈ 54 K
√
n, with n being the carrier density in the units

of 1012 cm−2 [see, for instance, Hwang and Das Sarma (2008) and Efetov and Kim
(2010)]. The equipartition approximation is therefore accurate near room temperature
over a wide range of carrier densities (see Figure 2.4), but at low temperatures and
high carrier densities this approximation should be considered qualitative.

Assuming dispersionless optical phonons, the following expression for the electron-
optical phonon scattering rate is derived (as before, top sign denotes emission, bottom
absorption):

τ−1
op (~q) =

D2
op

4π}vFρω0

(
n0 + 1

2 ±
1
2

)(
|~q| ∓ ω0

vF

) ∫
dθ′ |I(~q, ~q′)|2, (2.12)

|~q′| = |~q| ∓ ω0

vF
.

The derivation of the scattering rate above follows the common procedure employed
for nonpolar semiconductors. However, optical phonons in graphene are strongly
screened and exhibit the Kohn anomaly and a violation of the Born-Oppenheimer
approximation (Pisana et al., 2007; Ferrari, 2007). The effect of screened electron-
phonon interaction is accounted, to an extent, through the deformation potential
constant: the deformation potential constants are extracted by fitting Eq.(2.12) to
the scattering rate computed from DFT (Borysenko et al., 2010), as the DFT rate
partly accounts for the screening.

Similarly, for dispersionless, zone-boundary phonons that are responsible for high-
momentum transfer intervalley scattering, the following rate for scattering between
the two equivalent valleys at the K and K ′ points is obtained:

τ−1
iv (~q) = D2

iv

4π}vFρωiv

(
niv + 1

2 ±
1
2

)(
|~q| ∓ ωiv

vF

) ∫
dθ′ |I(~q, ~q′)|2, (2.13)

|~q′ + ~K ′| = |~q + ~K| ∓ ωiv
vF
.

In the above equations, ω0 (ωiv) is the dispersionless optical (intervalley) phonon
frequency, while no (niv) is the corresponding optical (intervalley) phonon occupation
number at a given temperature. For calculating the overlap integral [Eq. (2.8c)] in
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the intervalley scattering rate [Eq. (2.13)], ~q is picked from the valley at K-point,
whereas q′ is picked from the valley at K ′-point. The intervalley scattering rate at
room temperature is negligible with respect to the scattering rates with acoustic
and optical phonons because the calculated overlap integral when ~q and ~q′ belong to
different valleys is extremely small, in agreement with previous theory (Das Sarma
et al., 2011). Therefore, the intervalley scattering is ignored in the rest of this chapter.

2.2.1 Deformation potential constants

In order to extract the “bare” deformation potential constants for graphene that
do not implicitly contain any information about the substrate or the overlap of
the electronic wave functions, the TB BW model scattering rates are fit to those
calculated using DFT in Borysenko et al. (2010). Figure 2.3 shows the plots of
the TB BW model scattering rates fitted to the rates calculated using DFT. The
following values for the deformation potential constants are extracted: Dac = 12 eV
and Dop = 5× 109 eV cm−1. The fitting is approximate as the TB rates assume
linear electron dispersion, as well as linear-dispersion acoustic and dispersionless
optical phonons, in contrast to the DFT calculation that employs the full electron
and phonon dispersions (Borysenko et al., 2010) [it should also not be forgotten that
DFT has limitations in the excited (conduction band) states calculations]. Overall,
the deformation potential constants extracted by fitting to DFT are approximate,
but at the same time are more accurate than those obtained by fitting the plain-wave
scattering rates to the DFT rates (Borysenko et al., 2010).

Figure 2.3 also shows a comparison between the total electron-phonon scattering
rates calculated by using the TB BWF model and the plane-wave model [overlap
integral in Eq. (2.8c) equal to 1] with the same deformation potential constants. The
plane-wave rates are about two orders of magnitude greater than the TB rates for
both LA and for LO scattering, meaning that the angle-averaged overlap integrals,∫

dθ′|I(~q, ~q′)|2, in Eqs. (2.11) and (2.12) are of the order of 10−2. Other parameters
used for all curves in Figure 2.3 are temperature T = 300 K, mass density ρ =
7.6× 107 g cm−2, sound velocity for longitudinal acoustic phonons vs = 2× 106 cm s−1,
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Figure 2.3: Scattering rates of electrons with longitudinal acoustic (LA, solid curves)
and longitudinal optical (LO, dashed curves) phonons in graphene. For the “bare"
deformation potential constants Dac = 12 eV and Dop = 5× 109 eV cm−1, the rates
calculated based on the TB BWF model (TB, black curves) follow closely those
obtained from the density functional theory in Borysenko et al. (2010) (DFT, red
curves). The TB rates are lower than the plane-wave scattering rates calculated
with the same deformation potentials (PW, blue curves) by two orders of magnitude,
which indicates that the values of the angle-averaged overlap integrals

∫
dθ′|I(~q, ~q′)|2,

in Eqs. (2.11) and (2.12) are on the order of 10−2.

Fermi velocity vF = 108 cm s−1, optical phonon energy ω0 = 147 meV [extracted from
Figure 2(a) of Borysenko et al. (2010) as the threshold energy for LO phonon emission].

2.3 Numerical implementation

The graphene lattice is first initialized in real space using the primitive vectors ~a1

and ~a2 [See Eq. (1.1)]. Nearly 40000 unit cells in the real-space lattice were used and,
consequently, the same number of ~k’s in the first BZ. From all these, about a 1000
~k’s were used to calculate the energies restricted to below 1 eV (the linear electronic
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dispersion region of graphene). Next, the bA and bB coefficients of the TB BWF are
determined from Eq. (2.2) and the normalizing condition.

The overlap integral, I(~q, ~q′), in Eq. (2.8c) for a given ~q and ~q′ consists of four
terms. Each of these terms consists of sums over all pairs of lattice vectors times
an integration involving atomic wave functions corresponding to each of those pairs.
The integration is a function of the difference between a given pair of lattice vectors
only; therefore, to speed up the calculation, this integral is pre-calculated for a given
~q and ~q′, with one lattice vector fixed at zero and the other going over only those
neighbors for which the overlap of the 2pz wave functions is greater than 10−13.

The numerical integration is done by using the trapezoidal method in 3D over a
volume that is the area of a unit cell times 2 Å both above and below the lattice. The
peak of the probability density of the 2pz orbital in carbon is about 0.7 Å away from
the graphene sheet on both sides; therefore, the z-direction thickness of 4 Å essentially
includes the complete 2pz orbitals. The overlap integral is calculated only for those
pairs of ~q and ~q′ that satisfy the energy conservation for a given scattering process.
The integration over angle θ′ in Eqs. (2.11) and (2.12) is carried out numerically by
summing over those values of I(~q, ~q′) that remain after the energy conservation is
satisfied and all have the same magnitude of ~q′. In order to obtain the scattering rate
as a function of energy, all ~q that have the same magnitude (i.e., lie on the isoenergy
circle) are averaged.

2.4 Intrinsic mobility

The low-field electron mobility in graphene is calculated as a function of the carrier
density based on the relaxation-time approximation (RTA) (Lundstrom, 2000). Using
the RTA, the mobility can be written as,

µ = ev2
F

2kBT

∫
dE

τ(E) exp
(

E−EF
kBT

)
[

1+exp
(

E−EF
kBT

)]2

∫
dE E[

1+exp
(

E−EF
kBT

)]2
. (2.14)
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Here, the total relaxation rate, τ(E), is calculated using Matthiessen’s rule (Lund-
strom, 2000)

τ−1(E) = τ−1
ac (E) + τ−1

op (E), (2.15)

where τ−1
ac (E) and τ−1

op (E) are calculated using Eqs. (2.11) and (2.12), respectively.
The results are shown in Figure 2.4 for 300 K and 50 K. The data points on the plot
represent several experimentally obtained values of the electron mobility (Bolotin
et al., 2008b; Neugebauer et al., 2009; Bolotin et al., 2008a; Chen et al., 2009; Morozov
et al., 2008; Novoselov et al., 2004). It should be noted that transport measurements
in graphene are affected by charge inhomogeneities from spurious chemical doping or
invasive metal contacts, and measurement errors are especially pronounced near the
charge neutrality point (Ni et al., 2010).

The kink in the low-temperature mobility stems from the onset of the optical
phonon emission, as shown in the inset (Figure 2.4), which depicts the mobility vs.
Fermi level dependence. As the rates were closely matched to the DFT rates, the
obtained mobilities are also very similar in value to the DTF ones and higher than
experimental values, which include the effects of the substrate. It is also worth noting
that only LA and LO phonons are included in this calculation. However, the DFT
data indicate that the TA and TO scattering rates are actually comparable to their
longitudinal counterparts, so, with their inclusion, a roughly twofold drop in the
calculated mobility could be expected.
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Figure 2.4: Electron mobility at 300 K (red) and 50 K (black) as a function of
the carrier density, calculated within the relaxation-time approximation with the
scattering rates computed using the TB Bloch wave functions. The deformation
potential constants used are Dac = 12 eV and Dop = 5× 109 eV cm−1 (same as in
Figure 2.3); their values have been found by fitting the TB rates to the DFT model
(see Figure 2.3). The data points correspond to experimental mobility values reported
in the following references: 1 – (Neugebauer et al., 2009) [T = 50 K], 2 – (Bolotin
et al., 2008a) [T = 240 K], 3 – (Bolotin et al., 2008b) [T = 5 K], 4 – (Morozov et al.,
2008), 5 – (Chen et al., 2009), 6 – (Novoselov et al., 2004) [data points 4, 5, and 6
are all at T = 300 K]. (Inset) Electron mobility versus the Fermi level at 50 K and
300 K, revealing that the kink in the low-temperature mobility on the main graph
stems from the onset of the optical phonon emission (optical phonon energy taken to
be 147 meV).
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Chapter 3

The EMC/FDTD/MD method for
graphene

In Chapter 2, the intrinsic mobility was calculated for ideal suspended monolayer
graphene. However, real samples are affected by a host of extrinsic factors such
as resonant scatterers (Ni et al., 2010; Wehling et al., 2010), surface roughness
(Katsnelson and Geim, 2008), surface interfacial polar optical phonons (Chen et al.,
2008b; Li et al., 2010) and charged impurities (Hwang et al., 2007). It is therefore
important to consider these extrinsic factors in order to simulate transport in real
graphene samples. This chapter will present a multiphysics simulation technique to
model carrier dynamics under electromagnetic excitation in supported two-dimensional
electronic systems. The technique combines ensemble Monte Carlo (EMC) for
carrier transport with finite-difference time-domain (FDTD) for electrodynamics and
molecular dynamics (MD) for short-range Coulomb interactions among particles. The
coupled EMC/FDTD/MD simulation technique has been used to accurately calculate
the conductivity of bulk Si in the THz frequency range, where the usual Drude
model fails, with good agreement to experimental data (Willis et al., 2010, 2011,
2013). Here, the EMC/FDTD/MD technique is extended from a bulk semiconductor
geometry to a 2D material with the supporting substrate. Accordingly, the extended
EMC/FDTD/MD method is used for calculating the room-temperature dc and ac
conductivity of graphene supported on SiO2. See Figure 4.1 for the geometry of the
simulated structure.

Unlike most device simulation tools that implement EMC coupled with a quasi-
electrostatic solver of Poisson’s equation (Tomizawa, 1993; Jacoboni and Lugli, 1989),
EMC/FDTD/MD couples EMC with a fully electrodynamic solver (Ayubi-Moak
et al., 2003, 2006; Willis et al., 2009), which enables simulation of carrier dynamics
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under electromagnetic excitation, from low frequencies (including dc) to the THz
frequency range. (At frequencies above THz, interband transitions in semiconductors
become important and the classical view of carrier-field interaction is no longer
sufficient.) Moreover, grid-based solvers, such as Poisson solvers or FDTD alone,
cannot accurately capture the forces among charges on spatial scales smaller than
the size of a grid cell. Whereas, the EMC/FDTD/MD technique includes accurate
pair-wise, short-range, real-space Coulomb forces among carriers and between carriers
and charged impurities using MD, together with the full electrodynamics solution for
long-range Coulomb fields (Willis et al., 2011).

3.1 The simulation framework

Our goal is to accurately simulate room-temperature electron and hole transport in
supported graphene with charged impurities in the substrate, with focus on impurity
clustering and Coulomb interactions (carrier-ion and carrier-carrier) for both dc and ac
excitations. Experiments have shown that charged impurities are the dominant source
of disorder in supported graphene (Chen et al., 2008a; Tan et al., 2007; Jang et al.,
2008). As shown by Kohn and Luttinger (Kohn and Luttinger, 1957), the Boltzmann
transport equation can be derived quite generally from the density-matrix formalism
for electrons in the presence of dilute uncorrelated charged impurities. Indeed, at
moderate carrier densities in graphene, transport is diffusive and well described by
the Boltzmann transport equation, with the conductivity being linear in the carrier
density owing to carrier-ion interactions (Das Sarma et al., 2011; Ando, 2006). In
the vicinity of the Dirac point, the average carrier density can be considerably lower
than the impurity density and charge inhomogeneities referred to as puddles govern
transport. However, the effective medium theory (Das Sarma et al., 2011; Rossi and
Das Sarma, 2008; Rossi et al., 2009; Adam et al., 2009) argues that, while the average
carrier density for the entire sample may be low, carrier density within an individual
puddle is fairly uniform and on the order of the impurity sheet density, and the
Boltzmann transport picture remains applicable (Adam et al., 2007). Therefore, we
assume the diffusive transport regime, captured through the Boltzmann transport
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equation, throughout the range of carrier and impurity densities and distributions
considered here. In fact, we find that clustered impurities result in sizable puddles
(see Chapter 4), with the carrier density that is nearly uniform and is on the order of
the impurity density, in agreement with the effective medium theory. The assumption
of diffusive transport is further strengthened by the fact that we work at room
temperature and with macroscopic samples, with size greater than the mean free
path (Adam et al., 2007).

As with any technique, there are limits of applicability of EMC/FDTD/MD.
First, the transport kernel is semiclassical, so the technique cannot capture coherent
transport features, which are important at very low temperatures or in very small
structures. Second, the combined technique is limited to intraband transport and
cannot describe interband absorption processes. For graphene, interband absorption
becomes important at frequencies around 2EF/h; for the carrier densities considered
here (1012 cm−2 − 1013 cm−2), the Fermi energy is on the order of ∼ 0.1 eV (see, e.g.,
Figure 2.4). Therefore, for frequencies up to about 100 THz, only intraband transport
in graphene is important, and the EMC/FDTD/MD technique reliably simulates
transport and yields an accurate conductivity calculation.

3.2 Constituent techniques

This section provides a brief overview of the constituent techniques of the combined
EMC/FDTD/MD solver while focusing on the implementation details relevant for
the simulation of carrier transport in graphene. For further details on the individual
constituent techniques, the reader is encouraged to consider the references cited in
the following.

3.2.1 Ensemble Monte Carlo (EMC)

Ensemble Monte Carlo simulates carrier dynamics in the diffusive transport regime
(Jacoboni and Lugli, 1989). This method yields a solution to the Boltzmann transport
equation by using statistically appropriate stochastic sampling of the relevant relax-
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ation mechanisms, free-flight times, and angular distributions of momenta (Jacoboni
and Reggiani, 1983). In an EMC simulation, the evolution of a large ensemble of
carriers [typically O(105)] is tracked over time. The evolution of physical properties
of interest, such as the carrier average drift velocity or kinetic energy, are calculated
by averaging over the ensemble.

During the simulation, each carrier undergoes periods of “free flight”, or drift,
under the influence of the Lorentz force,

~F = q( ~E + ~v × ~B), (3.1)

interrupted by instantaneous scattering events. In Eq. (3.1), ~E and ~B are the electric
and magnetic field vectors, respectively, q is the carrier charge, and v is the carrier
velocity. In the EMC simulation, both electrons and holes in graphene are included.
The carrier velocity in graphene is given by v = vF

~k

|~k| , where vF is the Fermi velocity
and ~k is the carrier momentum. For a free flight of duration td [obtained stochastically
(Jacoboni and Reggiani, 1983)], the momentum and energy of a carrier are updated
based on the Lorentz force and E-k dispersion, as

~rnew = ~rold +
∫ td

0
dt ~v(t), (3.2a)

~knew = ~kold + }−1
∫ td

0
dt ~F (~r(t)), (3.2b)

E = }vF |~knew|. (3.2c)

The electron-phonon scattering rates in graphene are calculated based on the 3NN
TB BWF method (Sule and Knezevic, 2012) and are shown in Figure 3.1. (Near
the Dirac point, electron and hole dispersions, as well as their rates for scattering
with phonons, are considered to be identical.) The deformation potential constants
(Dac = 12 eV and Dop = 5× 1011 eV m−1) were determined based on fitting the
longitudinal acoustic (LA) and optical (LO) phonon scattering rates to the rates
calculated from first principles (Borysenko et al., 2010). See Chapter 2 for the 3NN
TB BWF method. The surface optical (SO1 and SO2) phonon scattering rates are



38

LA

LO

SO1

SO2

106

108

1010

1012

1014

0 0.2 0.4 0.6 0.8 1

energy [eV]

s
c
a

tt
e

ri
n

g
 r

a
te

 [
s

−
1
]

Figure 3.1: Electron-phonon scattering rates in graphene, calculated using the 3NN
TB BWFs (Sule and Knezevic, 2012). Scattering due to longitudinal acoustic (LA)
and optical (LO) phonons intrinsic to graphene, as well as the surface optical phonons
(SO1 and SO2) between SiO2 and graphene, is included.

calculated from the interaction Hamiltonian following the dielectric continuum model
of surface phonons (Konar et al., 2010).

3.2.2 Finite-difference time-domain (FDTD)

In FDTD (Taflove and Hagness, 2005), the time-dependent Maxwell’s curl equations

µ
∂ ~H

∂t
= −∇× ~E − ~M (3.3a)

ε
∂ ~E

∂t
= ∇× ~H − ~J (3.3b)

are discretized using a centered-difference scheme for the partial derivatives in both
space and time (Yee, 1966). The field components ( ~E and ~H = µ−1 ~B) are spatially
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staggered. Eqs. (3.3) are solved by leapfrog time integration: the ~E-field and ~H-
field updates are offset by half a time step, yielding a fully explicit scheme with
second-order accuracy in time.

Figure 3.2 shows a schematic of two FDTD grid cells, one above and one below the
plane of graphene. The field components ( ~E and ~H = µ−1 ~B) are spatially staggered
(Figure 3.2). The Ex and Ey field components in the (k + 1)-th plane, as well as
the Ez field components in the (k + 1/2)-th plane, are updated assuming material
properties corresponding to air (εa = 1); the Ex and Ey field components in the (k)-th
plane are updated assuming graphene properties (εg = 2.45); and the Ex and Ey

field components in the (k − 1)-th plane, as well as the Ez field components in the
(k − 1/2)-th plane, are updated assuming SiO2 properties (εs = 3.9).

The convolutional perfectly matched layer (CPML) absorbing boundary condition
(Roden and Gedney, 2000), with a thickness of 10–20 grid cells, is applied at the top
and bottom horizontal boundaries of the domain. Periodic boundary conditions are
used for the four vertical boundary planes perpendicular to the graphene sheet. An
incident plane wave is introduced via the total-field scattered field (TFSF) framework
(Taflove and Hagness, 2005): electric and magnetic currents ( ~J and ~M) are calculated
using the surface equivalence and applied at the boundary between the total-field and
scattered-field regions in order to source a propagating plane wave. For dc excitation,
the electric field component gradually increases and then is forced to remain constant
once the peak magnitude of the plane wave is attained.

3.2.3 Molecular dynamics (MD)

Molecular dynamics simulates short-range interactions in classical many-particle
systems (Rapaport, 2004). For a collection of electrons, holes, and charged ions,
the particle-particle short-range interactions included are, the direct and exchange
Coulomb forces among carriers (electrons and holes), and the direct Coulomb forces
between carriers and ions (Willis et al., 2011). Only the pairwise interactions among
the particles present within a 3× 3× 3-cell volume of one another are calculated in
order to minimize the computational burden in MD, which scales as N2, N being the
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Figure 3.2: Schematic of two FDTD grid cells at the air/graphene/SiO2 interface.
The top cell is assumed to be filled with air and the bottom cell is assumed to be
filled with SiO2. The central plane between these two cells represents the graphene
layer. The FDTD field and current vectors ( ~E, ~J , ~H, ~M), staggered in space, are
shown with arrows on the grid edges and grid faces. The charge density (ρ) is defined
on the grid cell corners shown with open circles.
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number of interacting particles (Alder and Wainwright, 1959).
The carriers in MD are described by Gaussian wave packets (Kriman et al., 1990;

Joshi et al., 1991) with a finite size rc, corresponding to the effective radius of the
Hartree-Fock exchange-correlation hole (Gori-Giorgi et al., 2000; Willis et al., 2011,
2013)

φ~ki
(~ri) = 1

(2πrc)3/4 exp
[
− ~r2

i

4r2
c

+ ~ki · ~ri
]

(3.4)

where ~ki and ~ri are the wave vector and position of the i-th carrier, respectively. The
charged impurity ions are also described by a Gaussian profile with a characteristic
radius of rd = 3.5 Å. Considering that the type and charge of impurity ions appear
to be strongly dependent on processing (Liang et al., 2011), positive ions with a
unit charge are considered here. The dc conductivity is swept as a function of rd
and a value for rd is picked from a range over which the dc conductivity does not
significantly vary with rd. These Gaussian profiles for charges in MD avoid large
unphysical forces between pointlike particles that can lead to instability and errors
(Gori-Giorgi et al., 2000). The Coulomb forces between particles with such Gaussian
profiles are given below (Willis et al., 2011).

~FD,d
ij = −qiQj

4πεg
∇~ri

[
1
rij

erf
(
rij
2rd

)]
, (3.5a)

~FD,c
ij = − qiqj

4πεg
∇~ri

[
1
rij

erf
(
rij
2rc

)]
, (3.5b)
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8π3/2εgr4
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~rij
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−
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ij

4r2
c

− k2
ijr

2
c

)∫ kijrc

0
dt et2 , (3.5c)

~Gij = − q2

4π3/2εgr2
c}
∇~kij

[
1
kij

exp
(
−
r2
ij

4r2
c

− k2
ijr

2
c

)∫ kijrc

0
dt et2

]
. (3.5d)

In the above equations, ~FD,d
ij is the direct Coulomb force between the i-th carrier and

the j-th ion, while ~FD,c
ij is the direct force between the i-th and j-th carriers. ~FEx

ij is
the “exchange force” between the i-th and j-th carriers having the same charge and
spin, and ~Gij is a small correction to the velocity of the i-th carrier due to the j-th
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carrier, stemming from the exchange interaction. Also, ~rij = ~ri − ~rj, ~kij = ~ki − ~kj,
erf(x) denotes the error function, εg is the relative permittivity of graphene, while
q and Q are the carrier and impurity charge, respectively. These forces, given in
Eq. (3.5), are calculated numerically at the beginning of the simulation for a small
fixed volume in the real and momentum spaces, and stored in lookup tables.

3.3 Coupled EMC/FDTD/MD

At the beginning of the coupled simulation, the carrier ensemble is initialized based
on the equilibrium Maxwell-Boltzmann distribution. Poisson’s equation is solved to
calculate the initial microscopic field distribution stemming from all the charges in
the domain (electrons, holes, and charged impurities). As time-stepping commences,
carriers in the EMC module drift under the action of the fields and scatter according
to the appropriate scattering mechanisms. Carrier motion results in a current density
that is calculated from carrier velocities. The positions of the carriers also change,
leading to different short-range electrostatic interactions. Thus, the current densities
and the new carrier positions are now used to adjust the fields acting on the carriers
(in the FDTD and MD modules). Double counting the fields from FDTD and MD
in the vicinity of the charges is avoided (Willis et al., 2011), by subtracting the
grid-based (FDTD) contribution of fields in the vicinity of the charges from the
total pair-wise MD contribution of the fields. Moreover, to correctly represent fields
arising from non-uniform and time-varying charge densities in FDTD, the initial field
distribution must satisfy Gauss’s law and the continuity equation must be enforced at
each time-step (Willis et al., 2011). Thus, accurate and stable coupling of the EMC,
FDTD, and MD methods requires proper initialization and assignment of charges to
the grid, initialization of the fields including the grid-based fields of the impurity ion
distribution, calculation of the current density, and calculation of the MD fields for
updated positions. In the following, the four requirements for coupling are described
in further detail.
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3.3.1 Charge initialization and assignment

The Fermi level and charge density in graphene is assumed to be modulated by a
back gate, located at the bottom of the SiO2 substrate. The simulation domain is
not charge neutral due to the assumption of a back gate, which is unlike the previous
applications of the EMC/FDTD/MD method (Willis et al., 2011, 2013). For a given
Fermi level and temperature, the density of carriers (electrons and holes) in graphene
is given by (Fang et al., 2007),

n = π

6

(
kT

}vF

)2 ∫ duu[1 + exp (u∓ η)]−1∫
duu[1 + exp(u)]−1 , (3.6)

where u = E
kBT

and η = EF

kBT
. Here, the minus (plus) sign corresponds to electron

(hole) density. The size of the simulation domain is chosen such that the total number
of carriers is O(105); molecular dynamics calculation necessitates that one numerical
particle correspond to one physical particle (Willis et al., 2011). The momentum and
energy of the carriers are defined according to the Maxwell-Boltzmann distribution.
The carriers are initially positioned according to a uniform random distribution
throughout the graphene plane.

The impurity ions are distributed below the graphene plane, down to a depth of
10 nm. Our tests, have shown that charged impurities, for reasonable sheet densities
(< 1012 cm−2), do not appreciably affect transport in the graphene layer beyond a
depth of about 10 nm. The type and charge of the relevant impurities vary with the
processing details (Liang et al., 2011); for simplicity, here we use positive impurity
ions with unit charge. In the literature, density of impurities is typically described
via a cumulative sheet density, in units of cm−2, however, these ions are distributed
in the three-dimensional substrate. For a generated 3D distribution of ions, the sheet
density is obtained by integrating over a depth equal to 2rd (i.e. twice the typical ion
radius) and averaging over the 10 nm depth. The positions of impurity ions can be
generated based on a variety of volumetric distributions, from a uniform random to
more clustered ones, based on a correlation length parameter Lc. See section §4.1 for
further details on the initialization of impurity distributions.



44

In order to calculate the electric field that results from the charge distribution in
the domain, the charges first have to be assigned to the grid. This is done using the
cloud-in-cell (CIC) charge assignment scheme, in which the charges are represented
by finite-volume charge clouds (Laux, 1996). The CIC scheme results in a smoother
field distribution than the commonly used nearest-grid-point scheme, where, as the
name indicates, the total charge of each particle is assigned to the nearest grid point.
In the CIC scheme, for each particle in a given grid cell, a portion of the particle’s
charge is assigned to each one of the cell’s 8 grid points. The fraction of the charge,
or weight w, of a particle located at (x, y, z) on the n-th grid point with position
(xn, yn, zn) is given by

wn =
(

1− |xn − x|∆x

)(
1− |yn − y|∆y

)(
1− |zn − z|∆z

)
, (3.7)

where ∆x, ∆y, and ∆z are the grid cell dimensions along x, y, and z. For carriers in
graphene, the weights are non-zero only in the plane of the sheet, since their motion
is confined to that plane.

3.3.2 Field initialization

An initial electric field distribution satisfying Gauss’s law can be calculated as the
gradient of the electrostatic potential Φ, which is obtained by solving Poisson’s
equation for the initial charge distribution. The initial charge distribution ρ(i, j, k)
at grid point (i, j, k) is given by the sum of the weights of all the charges in the cells
surrounding that point,

ρ(i, j, k) =
N∑
c=1

qcwc(i, j, k)
∆x∆y∆z , (3.8)

where N represents the total number of charges in the grid cells surrounding (i, j, k),
qc is the charge of particle c, and wc(i, j, k) is the weight of particle c at point
(i, j, k), given by Eq. (3.7). Using ρ(i, j, k), the Poisson’s equation is solved with
the successive-over-relaxation (SOR) method (Press, 1989) to get the electrostatic
potential Φ(i, j, k). Periodic boundary conditions are used at the four bounding
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planes perpendicular to the graphene layer and the Dirichlet boundary condition
with a vanishing potential on the top and bottom planes. The initial electric field
distribution is then calculated from

Ex

(
i+ 1

2 , j, k
)

= −
[

Φ(i+ 1, j, k)− Φ(i, j, k)
∆x

]
, (3.9a)

Ey

(
i, j + 1

2 , k
)

= −
[

Φ(i, j + 1, k)− Φ(i, j, k)
∆y

]
, (3.9b)

Ez

(
i, j, k + 1

2

)
= −

[
Φ(i, j, k + 1)− Φ(i, j, k)

∆z

]
. (3.9c)

In addition to the initial electric field distribution, the grid-based electric field
contribution of the impurity ions is also required, which is subtracted from the MD
fields in the vicinity of the ions to avoid double counting (Willis et al., 2011). Since
the ions are fixed in space, the grid-based contribution from the ions does not change
in time; therefore, it needs to be calculate only once before commencing with the
time-stepping. The linearity of Poisson’s equation is employed and the solution for
a single ion is used instead of solving the equation for each ion. Moreover, the MD
contribution to the force on a carrier is used only for charges within a 3× 3× 3-cell
volume surrounding the given carrier and therefore only ions near the interface that
are present within this cell volume are treated with MD. This approach is illustrated
for a 2D grid in Figure 3.3a–e and described in further detail below.

At the start, a single ion is placed at grid point a near the center of the domain, the
Poisson’s equation is solved and the electric field is calculated, shown in Figure 3.3a
with orange arrows. From the complete electric field solution, the field values in the
vicinity of cell abcd are stored, marked in Figure 3.3b–d by the brown arrows. With
these stored fields, the short-range grid-based fields for an ion at points a, b, c and d
can be determined simply by correctly shifting the stored fields to different points
on the grid. For example, as shown in Figure 3.3c, marked by dark blue arrows are
local fields for a single ion located at grid point a. For the purpose of illustration, the
grey dashed box represents a secondary cell and marks the relative position of the
ion. Now, by moving the grey dashed box to the cell above abcd, the position of the
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ion (at point a) relative to the grey box is equivalent to that of grid point c relative
to the cell abcd. Thus, using the original position of the ion (at grid point a), the
local fields due to an ion at grid point c (marked by dark blue arrows) can be found
simply by shifting the grey dashed box, as shown in Figure 3.3d. Once, the local
fields due to a single ion at all the corners of the grid cell abcd are known, the field
due to an ion at any arbitrary position within cell abcd [Figure 3.3e] is calculated as
a weighted sum of these shifted fields, where the weights are given by Eq. (3.7) for
that impurity ion.

This procedure of storing and shifting short-range gird-based fields (Willis et al.,
2011) is applicable only within a single uniform medium. However, in order to have
correct continuity in the fields near the interface of air, graphene, and SiO2 the
potentials in the respective mediums are required. A discontinuity in the fields at the
interface results in residual fields that produce unphysical dc current components that
persist even without any externally applied field. Therefore, the Poisson’s equation
is solved three times – in air, graphene, and SiO2 – for the impurity ions near the
interface of graphene and the substrate. The grid-based electric field contributions
of the ions near the interface are then calculated by taking a combination of the
appropriate fields from the three mediums, as shown in Figure 3.3f.

Calculating the grid-based field contributions from carriers using the above method
is more complicated than for ions because of carrier motion. An implementation similar
to the ions would be computationally burdensome as it would require recalculating
the weights and shifting of the stored local fields at each time step. Therefore, the
corrected-Coulomb scheme (Willis et al., 2011) is used for determining the local
grid-based field contributions of the carriers. In this scheme, a carrier is placed at a
fixed location at a grid point. The grid-based field contribution is found from the
solution to the Poisson’s equation. The same Poisson’s solution is used to determine
the fields when the carrier is displaced by a small amount within the grid cell using
the new weights of the carriers. The corrected-Coulomb fields are then calculated
by subtracting these grid-based fields from the MD fields at the carrier locations.
Although this method is not exact, the reduction in computational burden is significant
and errors introduced have very little impact on the results (Willis et al., 2011).
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Figure 3.3: (a)–(e) Illustration of the calculation of the grid-based electric field from
an impurity ion. (a) A single ion (dark blue circle) placed at one of the corners of the
cell abcd and the corresponding electric field, marked by orange arrows, as calculated
from the solution to Poisson’s equation. (b) A smaller array of field values in the grid
cells close to point a, marked by brown arrows, used for subsequent calculations. (c)
The local fields (marked by dark blue arrows) due to a single ion at point a found
by properly shifting the stored fields around appropriate grid points. (d) The local
fields due to a single ion at point c using the solution for the ion at point a. (e) Local
fields for a single charge located at an arbitrary position within the grid cell abcd,
calculated using a weighted sum of the shifted potentials that correspond to a single
ion at each of the corners. The weights are given by Eq. (3.7). (f) Side view of the
local 3D grid-based fields due to an impurity ion in the substrate near the interface of
graphene, calculated as the weighted sum of the shifted fields in air (blue), graphene
(green), and the SiO2 substrate (orange). Poisson’s equation for a single ion is solved
three times, for calculating fields due to an ion close to the interface, in air, graphene,
and SiO2. The weighted sum is calculated based on the combination of fields in the
appropriate medium for each impurity ion.
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3.3.3 Current density calculation

At the initialization stage, Poisson’s equation is solved to obtain the electric field
profile consistent with the initial charge distribution. Thereafter, the continuity
equation needs to be enforced at each time step because FDTD and the continuity
equation together ensure that Gauss’s law remain satisfied throughout the simulation
(Willis et al., 2011; Taflove and Hagness, 2005). This is achieved by using the
Villasenor-Buneman method (Villasenor and Buneman, 1992) to calculate the current
density, ~J , from the change in the carrier position over a time step and assign it to
the grid using the same CIC scheme as before. The current densities are defined at
the same locations on the grid as the corresponding fields (see Figure 3.2) and are
given by the following. (Willis et al., 2009)

Jx

(
i+ 1

2 , j, k
)

=
N∑

c=1

qc

∆x∆ytg
xf − xi

∆t

(
1− yf + yi

2∆y + j

)
, (3.10a)

Jy

(
i, j + 1

2 , k
)

=
N∑

c=1

qc

∆x∆ytg
yf − yi

∆t

(
1− xf + xi

2∆x + i
)
, (3.10b)

where subscripts f and i represent the final and initial positions, respectively, and tg
is the thickness of graphene. Although the carriers move in a 2D plane, the current
density must have the units of Am−3 for the sourcing of FDTD fields. Therefore, to
calculate the current density in the correct units, it is divided by tg, where tg ≈ 6 Å
to represent the approximate thickness of the graphene layer (Lee et al., 2008; Lemme
et al., 2007). Motion of carriers into the neighboring grid cell is treated by dividing
the path into sections, such that the motion in each cell is treated individually.

3.3.4 Lorentz force calculation

The fields at the location of the carriers are required for calculating the forces acting
on the carriers drifting in EMC, Eq. (3.1). To determine the fields at the location of
a carrier that is found inside a given grid cell, for each of the 8 grid points of that
cell, first, the magnetic fields on the grid faces and the electric fields on the grid lines
(see Figure 3.2) surrounding it are averaged. From the fields at each grid point, the
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CIC weights [Eq. (3.7)] of each carrier are used to interpolate the fields and obtain
the values at the carrier’s actual location. The total electric field Ec

T that accelerates
a carrier c in EMC thus consists of the following contributions:

Ec
T =

8∑
n=1

En
FDTDw

c
n +

N∑
c′=1
c′ 6=c

(
Ec-c′
MD − Ec′

grid

)
+

M∑
i=1

(
Ec-i
MD − Ei

grid

)
, (3.11)

where n enumerates the 8 corners of the grid cell containing the carrier c and wn are
the CIC weights. N and M are the total numbers of carriers and ions, respectively,
within the 27 grid cells surrounding c. En

FDTD is the FDTD electric field contribution,
Ec-c′
MD and Ec-i

MD are the MD electric field contributions resulting from carrier-carrier
and carrier-ion interactions respectively, while Ec′

grid, Ei
grid are the local grid-based field

contributions due to carriers and ions, respectively. The MD fields are pre-calculated
before starting the time-stepping loop for a dense mesh in the real space and k-space
within a volume of 3 × 3 × 3 grid cells and stored in look-up tables. At any given
time step, the MD fields based on the pairwise differences between carrier positions
are looked up from a stored table.

3.4 Example: conductivity of graphene

In this section, the coupled EMC/FDTD/MD solver is used to calculate the dc and ac
conductivity of graphene. The complex conductivity is computed from the spatially
averaged values of the current density Ĵ(ω) and electric field Ê(ω) phasors as

σ(ω) = Ê(ω) · Ĵ∗(ω)
|Ê(ω)|2

. (3.12)

The phasor quantities are calculated at each grid point in the graphene plane by
using on-the-fly discrete Fourier transform of the time-dependent vector components
after a steady state is reached, and then the components are spatially averaged for
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use in (3.12). For example, the current density phasor is given by

Ĵ(ω) = 1
A

Ts∑
n=ts

~J [cos (2πf0n∆t)− i sin (2πf0n∆t)] , (3.13)

where A is the area of the plane of graphene, ts is the time to reach a steady state,
Ts is the total simulation time, f0 is the frequency of external excitation (f0 = 0 for
dc excitation), and ~J = Jx~x+ Jy~y is the current density calculated from Eq. (3.10).
Being that graphene is a 2D material, its conductivity is typically measured and
presented in the units of e2/h, the quantum of conductance. In order to convert the
conductivity calculated in Eq. (3.12) to those units, a factor of tgh/e2 is multiplied,
where, as before, tg ≈ 6 Å is the effective thickness of the graphene electron system
(Lee et al., 2008; Lemme et al., 2007), h is the Planck’s constant, and e is elementary
electronic charge.

3.4.1 dc conductivity

The dc conductivity of graphene as a function of the sheet carrier density is calculated,
shown in Figure 3.4, for a sheet impurity density of 5× 1011 cm−2 with a uniform
random distribution (blue squares) and a clustered distribution (red diamonds;
correlation length of 40 nm) and compare it with the conductivity of impurity-
free graphene (black circles). These results reproduce important features of the
conductivity vs. carrier density curve observed in experiment (Chen et al., 2008a).
The curve displays a sublinear increase at high carrier densities (> 4× 1012 cm−2)
for “clean” graphene. Moreover, for a given sheet density of charged impurities, the
clustered impurity distribution results in lower conductivity than the uniform random
one. This behavior has also been observed in experiment (Yan and Fuhrer, 2011)
and predicted in the calculations of carrier-impurity scattering rates with a structure
factor describing correlations (Li et al., 2011). Our EMC/FDTD/MD simulation
makes no assumptions about the screening length or structure factor, and uses
real-space impurity positions and the corresponding carrier-impurity interactions to
calculate the conductivity. Our results also show a flattening of the conductivity curve
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Figure 3.4: dc conductivity of supported graphene as a function of the carrier density.
Black circles denote the results for impurity-free case, blue diamonds for a uniform
random distribution, and red diamonds for a clustered distribution (40 nm average
cluster size) of charged impurities with a sheet density of 5× 1011 cm−2. The black
line is a linear fit to the low-density (< 3× 1012 cm−2) part of the impurity-free curve.

near the Dirac point for clustered impurity distributions, similar to that observed
in conductivity measurements involving intentional potassium doping (Chen et al.,
2008a).

3.4.2 ac conductivity

The frequency-dependent ac conductivity, shown in Figure 3.5, is calculated for the
same sheet impurity density and distributions as the dc case (Figure 3.4). Here, a
carrier density of 3× 1012 cm−2 is used. The frequency of the external excitation
is varied from 500 GHz to 13 THz. In this range, carrier transport is dominated by
intraband processes (Choi et al., 2009) and is captured very well in our simulation.
These results are in line with experimental measurements of frequency-dependent
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Figure 3.5: Frequency-dependent ac conductivity of supported graphene for the same
charged impurity distribution as in Figure 3.4. Carrier density is assumed to be
3× 1012 cm−2.

conductivity (Horng et al., 2011; Choi et al., 2009). For frequencies greater than
4 THz, our results show that the total impurity density and distribution do not affect
the conductivity of graphene. However, for lower frequencies (< 4 THz), there is a
significant dependence of conductivity on the impurity density and distribution. As
expected, the low-frequency conductivity limit obtained from ac calculations is very
close to the values calculated in the dc simulations.
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Chapter 4

Clustered impurities and carrier
transport

The application of the EMC/FDTD/MD method modified for simulating transport
in supported graphene was presented in Chapter 3. In this Chapter, the carrier
dynamics in realistic supported graphene structures is examined in more detail using
the EMC/FDTD/MD method. The focus of this chapter is the effect of different
densities and distributions of charged impurities on the carrier dynamics. Large-area,
good-quality graphene is commonly fabricated by chemical vapor deposition on metal
substrates (Kim et al., 2009; Yu et al., 2008; Li et al., 2009), followed by transfer onto
insulating substrates using polymers, such as polydimethyl siloxane or polymethyl
methacrylate (PMMA). An important concern with these processing methods is the
contamination of graphene with organic molecules (Meyer et al., 2007), residues of
the transfer polymer and metal ions (Lin et al., 2012), or charged impurities trapped
in the supporting substrate (Casiraghi et al., 2007).

Impurities near graphene are believed to be responsible for several observed
transport properties. Spatial inhomogeneities in the carrier density, known as electron-
hole puddles (Martin et al., 2008; Zhang et al., 2009; Rossi and Das Sarma, 2008)
and the experimentally observed non-universal minimum conductivity (also known
as residual conductivity) close to the Dirac point (Adam et al., 2007) stem from the
presence of charged impurities near graphene. However, high-resolution scanning
tunneling microscopy studies (Deshpande et al., 2011) have shown that electron-
hole puddles near the Dirac point are typically 20 nm in diameter, while theoretical
calculations using a random charged impurity distribution near graphene result in
electron-hole puddle sizes of only about 9 nm (Rossi and Das Sarma, 2008). This
evidence suggests that the underlying charged impurities may be clustered. It has also
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been shown that PMMA and metal ion residue can persist on graphene samples even
postannealing and transmission electron microscopy images show that the residue
is not uniformly distributed but forms clusters (Lin et al., 2012). Furthermore, the
formation of gold clusters has been shown to affect the electron mobility in graphene
(McCreary et al., 2010).

The linear dependence of conductivity on carrier density, σ(n), has been attributed
to carrier scattering with charged impurities (Ando, 2006; Hwang et al., 2007).
However, experimental measurements distinctly display a sublinear σ(n) dependence
away from the charge-neutrality point (Chen et al., 2008a; Dean et al., 2010; Tan
et al., 2007). The origin of the sublinear σ(n) behavior is still under debate: it
has been ascribed to different physical mechanisms, such as electron scattering with
residual organic molecules (Wehling et al., 2010) or the effect of spatial correlations in
the distribution of the charged impurities near graphene (Li et al., 2011; Radchenko
et al., 2012).

Therefore, studying the effects of clustered impurities on the carrier dynamics in
graphene is relevant. Here, it is hypothesized that the observed transport properties
of graphene could be explained by considering the effects of clustered impurities.
The effects of clusters of charged impurities as well as random impurity distributions
on carrier dynamics are quantified by simulating the formation of electron-hole
puddles, and by calculating σ(n). In the following sections, a general algorithm
for initializing clustered distributions with a given average cluster size is presented
and used to generate the clustered charged impurities near graphene. Formation
of electron-hole puddles due to rearrangements of carrier distribution under the
influence of impurities is simulated. Sublinearity and slope of σ(n) is examined for
random impurity distributions, clustered distributions, and compared to impurity-free
graphene.

The simulated structure, shown in Figure 4.1, consists of a monolayer of graphene
with air on top and supported by an SiO2 substrate on the bottom. Charged impurity
ions are present near the interface of graphene and the substrate. The distribution
of impurity ions can be varied from a uniform random distribution to a clustered
distribution with a given average cluster size. On the four vertical planes that
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Figure 4.1: A schematic of the simulated structure, depicting a monolayer of graphene
on an SiO2 substrate, with air on top. Clusters of substrate impurities near the
graphene sheet are also shown.

bound the simulation domain perpendicular to the graphene layer, periodic boundary
conditions are applied to the fields and carrier momenta. The top and bottom planes
that bound the simulation domain parallel to the graphene layer are terminated using
convolutional perfectly matched layer absorbing boundary conditions (Taflove and
Hagness, 2005). In the FDTD/MD electrodynamic solver, the monolayer graphene is
defined by one plane of grid points with a dielectric constant of 2.45 while the grid
points above and below this plane are given dielectric constants of 1 (air) and 3.9
(SiO2), respectively.

4.1 Charged impurity distributions

In order to capture the influence of charged impurities on electron and hole transport
in graphene, we generate different impurity distributions in the SiO2 substrate near
the interface with graphene. The type and charge of relevant impurities vary with
the processing details (Liang et al., 2011); for simplicity, we use generic impurity ions
with unit positive charge. The impurity ions in the simulation are distributed in three
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Figure 4.2: Conductivity calculated from the EMC/FDTD/MD simulation of graphene
supported on SiO2 with an impurity density Ni = 5× 1011 cm−2 intialized with a
uniform random (triangles) and clustered (circles) distribution. The depth of the
distribution is varied such that the total number of impurity ions divided by the
depth, i.e. the 2D sheet density (NI) remains the same.

dimensions; however, impurities in the graphene literature are typically described via a
cumulative sheet density, NI , in units of cm−2. For a generated three-dimensional (3D)
distribution of ions, the sheet density is obtained by integrating over a depth equal
to 2rd, where rd represents the effective size of an impurity ion in the MD calculation
[see (Willis et al., 2011, 2013) for more detail], followed by averaging over the total
depth of the 3D distribution. rd is typically in the range 0.4 nm to 0.8 nm. We have
observed that charged impurities placed deeper than 10 nm do not significantly affect
carrier transport for reasonable impurity sheet densities (NI < 1012 cm−2). Therefore,
the impurity ions are distributed in the region right below the graphene layer down
to a depth of 10 nm, while the SiO2 substrate extends to a depth of 300 nm.

The problem of positioning individual impurities in three dimensions to achieve a
predetermined cluster size distribution is related to 3D Voronoi tessellation (Priolo
et al., 1992; Fan et al., 2004; Ferenc and Néda, 2007). Here, we have developed a
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relatively simple algorithm that enables us to generate an approximately Gaussian
distribution of individual impurities starting from a single numerical parameter, Lc,
which we refer to as the clustering parameter. For Lc = 0, we distribute all the impurity
ions stochastically according to a uniform random distribution. For a nonzero Lc, we
generate Nc = A/L2

c impurity clusters, where A is the 2D area of the graphene layer in
the simulation. To initialize the positions of individual impurities, we first distribute
the centers of the Nc clusters stochastically. Second, we pick the characteristic size
of each individual cluster from a uniform random distribution between Lc/3 and
2Lc/3, the average being Lc/2. Next, we distribute individual impurity ions around
each cluster center following a Gaussian distribution whose standard deviation equals
half of the cluster size. Examples of clustered impurity distributions are shown in
Figure 4.3a (Lc = 10 nm) and Figure 4.3c (Lc = 50 nm), with the corresponding
spatial autocorrelation functions (SACFs) depicted in Figure 4.3b and Figure 4.3d,
respectively.

As shown in Figure 4.3e, normalized Gaussians (orange and blue solid lines) fit
the SACFs well (red and purple dotted lines, respectively). In Figure 4.3e the SACFs
shown are slices along the y = 0 planes of Figure 4.3b and 4.3d. Moreover, the full
width at half maximum (FWHM) of the SACF agrees well with the correlation length
extracted from the Gaussian fits. Henceforth, the FWHM of the impurity-distribution
SACF will be referred to as the average impurity cluster size and denoted by λc.
Figure 4.3f presents λc versus Lc. Each data point in Figure 4.3f represents the
average of 14 slightly different impurity ion configurations obtained stochastically for
a given value of Lc (ranging from 0nm to 60 nm in increments of 5 nm) and the error
bars on the data points denote the standard deviations.

It is important to note that λc is conceptually different from the correlation length
r0 used by Li et al. (2011). r0 represents the extent to which impurity ions can
interact with one another and diffuse; as a result, a larger r0 results in an impurity
distribution that is more spread out than clustered. In contrast, a larger λc [stemming
from a larger Lc; see Figure 4.3f] represents a more clustered distribution.
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Figure 4.3: Examples of clustered impurity distributions generated for clustering
parameters (a) Lc = 10 nm and (c) Lc = 50 nm. The corresponding normalized
SACFs are shown in (b) and (d), respectively. The average impurity cluster size, λc,
is estimated from the FWHM (yellow ring) of the SACF. (e) Gaussian fits (orange
and blue solid lines) to the SACFs from (b) and (d) (red and purple dotted lines,
respectively). (f) λc vs Lc. Each data point corresponds to the average of 14 simulation
runs for a given Lc, while the error bars denote the standard deviations. The dashed
line is a quadratic fit to guide the eye (λc = 0.005L2

c + 0.22Lc + 22.5).
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4.2 Formation of electron-hole puddles

To quantitatively examine the formation of electron-hole puddles due to clusters of
impurity ions, carrier transport is simulated without any external fields, and the Fermi
level fixed at the Dirac point (EF = 0). The initial positions of the charge carriers in
these simulations are generated based on a uniform-random spatial distribution. As
the simulation progresses, carriers move and scatter until a steady state is reached.
The motion of carriers under the influence of the other charges in the domain (the
clustered ions as well as other carriers) results in a charge redistribution and the
formation of electron-hole puddles. The impurity density in typical graphene samples
is estimated to be in the range of 1011 − 1012 cm−2 (Deshpande et al., 2011; Tan
et al., 2007). Therefore, an impurity density of NI = 5× 1011 cm−2 is used and the
electron and hole densities correspond to the room temperature carrier density at the
Dirac point, which is about 8× 1010 cm−2. [For a given Fermi level and temperature,
the carrier density is given by Eq. (3.6)]

Figure 4.4 shows the formation of electron-hole puddles in the presence of clustered
impurity distributions. The average electron-hole puddle size is estimated from the
FWHM (Rossi and Das Sarma, 2008) of the SACF of their density distribution. In
Figure 4.4a and 4.4b, a contrast between carrier density distributions is seen that stem
from the underlying uniform random (Lc = 0, λc = 22 nm) and clustered impurity
distributions (Lc = 50 nm, λc = 46 nm). The corresponding SACFs of the carrier
density are shown in Figure 4.4c and Figure 4.4 d, and the corresponding average
electron-hole puddle sizes, estimated from the FWHM of these SACFs, are λp = 5 nm
and 20 nm, respectively.

These examples show a very significant difference in the sizes of electron-hole
puddles that result from random and clustered impurity ion distributions. Figure 4.4e
shows the average electron-hole puddle size, λp, as a function of the average impurity
cluster size λc. Different simulation runs for the same n, p, and NI produce slightly
different puddle and impurity cluster sizes owing to the stochastic nature of the
impurity position initialization and the EMC routine. Therefore, each data point in
Figure 4.4e represents the average of 14 simulations for a given value of Lc (ranging
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Figure 4.4: Carrier density distribution (blue, electrons; red, holes) depicting the
electron-hole puddles formed in graphene at the Dirac point for (a) uniform ran-
dom (Lc = 0, λc = 22 nm) and (b) clustered (Lc = 50 nm, λc = 46 nm) impurity
distributions, both with impurity sheet density equal to 5× 1011 cm−2. The average
size of the electron-hole puddles, λp, is estimated from the FWHM (yellow ring) of
the normalized carrier density SACF, shown in (c) and (d), corresponding to the
random and clustered impurity distributions from (a) and (b), respectively. The
estimated puddle size from (c) is 5 nm and that from (d) is 20 nm. (e) Characteristic
electron-hole puddle size λp as a function of the average impurity cluster size λc.
Each data point corresponds to a single value of Lc (swept from 0 nm − 60 nm in
increments of 5 nm) and is the average of 14 simulation runs; the error bars denote
the standard deviations. Insets: Illustrative impurity distributions, nearly random on
the left (Lc = 10 nm) and highly clustered on the right (Lc = 50 nm).
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from 0 nm − 60 nm in increments of 5 nm) and the error bars on the data points
denote the standard deviations. A uniform random impurity distribution results in
an average puddle size of only 6 nm, while impurity clusters with an average size
of 40 nm − 50 nm give rise to electron-hole puddles with an average size of 20 nm,
in agreement with experimental observations (Zhang et al., 2009; Deshpande et al.,
2011; Xue et al., 2011). Therefore, it is reasonable to conclude that typical samples
of graphene contain impurity clusters with an average size of 40 nm− 50 nm.

4.3 Role of impurity distribution on carrier
transport

Next, the effects of random and clustered impurity distributions on carrier transport
in supported graphene are examined. The conductivity, σ(n), is calculated as a
function of electron density n for various spatial formations and total sheet densities
of impurity ions. The electron density is varied by varying the Fermi level, mimicking
the effect of a back gate. An external dc electric field is applied in the plane of the
graphene sheet. The field is introduced using a total-field scattered-field incident-wave
source condition for a uniform plane wave with a half-Gaussian temporal variation
(Taflove and Hagness, 2005); the magnitude of the source remains constant once the
peak value is achieved. The conductivity is calculated from σ = ~J · ~E/| ~E|2, where ~E

is the local electric field and ~J is the current density. As ~E and ~J are noisy, the values
of σ reported here are obtained in the steady state, upon averaging over position
and time. See Chapter 3 (section §3.4) for details on the calculation of conductivity.
In the following simulation results, Lc = 0 (λc = 12 nm) for a uniform random and
Lc = 50 nm (λc = 30 nm) for a clustered impurity distribution.

In Figure 4.5, σ(n) for graphene on SiO2 is presented at several impurity sheet
densities, ranging from impurity-free (NI = 0) to NI = 1012 cm−2, with uniform
random and clustered impurity distributions. At low impurity densities (NI <

1011 cm−2), the carrier-density dependence of conductivity is nearly the same for the
random and clustered impurity distributions, which is not surprising and agrees with
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Figure 4.5: Conductivity of graphene on SiO2 for (a) uniform random (Lc = 0,
λc = 22 nm) and (b) clustered (Lc = 50 nm, λc = 46 nm) impurity distributions, at
impurity sheet densities of 1011 cm−2 (triangles), 5× 1011 cm−2 (squares), 1012 cm−2

(diamonds), and without impurities (circles).

the work of Li et al. (2011). With few impurities present, their effect on transport
is minor, while carrier interactions with phonons and other carriers dominate. In
contrast, at impurity densities higher than 1011 cm−2, uniform random and clustered
impurity distributions result in significantly different σ(n) variations.

4.3.1 Residual conductivity

The most significant difference in the σ(n) curves for the random versus clustered
impurity distributions is seen at low carrier densities, where the conductivity for
randomly distributed impurities increases nearly linearly with increasing carrier
density, while that for clustered impurities remains flat. The slow increase in the
conductivity near the charge neutrality point has also been observed in experimental
measurements (Chen et al., 2008a; Dean et al., 2010), notably for samples with
considerable impurity contamination. In Figure 4.6a and 4.6b, the low-density
behavior of σ(n) from Figure 4.5 is shown by zooming-in. The low-density limit of
conductivity, σ0, known as the residual conductivity, has been observed in experiment
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(Chen et al., 2008a) and attributed to charged impurity scattering (Adam et al.,
2007). In Figure 4.6a and 4.6b, it is seen that the value of σ0 depends on the impurity
sheet density and distribution, with higher impurity density and more clustered
distributions resulting in a lower σ0 in agreement with the work of Adam et al.
(2007). The low-n flattening of conductivity and the lower value of σ0 for clustered
distributions is attributed to carrier trapping. Figure 4.6c and 4.6d depicts the
paths of sample carriers in graphene with underlying random and clustered substrate
impurity distributions, respectively. A large impurity cluster effectively traps an
electron, localizing the electron’s trajectory to the cluster vicinity and preventing it
from participating in the current flow, thus causing a reduction in conductivity.

4.3.2 Slope and sublinearity of σ(n)

In this section, the mid- and high-carrier-density regions of the σ(n) curve are
examined in further detail. In order to understand the variation in the slope of the
linear region of σ(n) in the mid range of carrier density and the variation in sublinearity
at high carrier density, the effects of the short-range Coulomb interactions (carrier-
carrier and carrier-ion) on dc transport are examined. These effects are accounted for
via the MD part of the simulation, which can be selectively turned on or off to better
elucidate their importance. Figure 4.7 shows the results of simulations by selectively
controlling the MD part of the simulation.

Figure 4.7a presents σ(n) for impurity-free graphene, with MD (circles) and
without MD (diamonds); without any impurities in the simulation, MD accounts
only for the short-range, direct and exchange carrier-carrier interactions. From
Figure 4.7a, the sublinearity in σ(n) at high carrier densities is deduced to occur
largely due to carrier-carrier interactions. By excluding the short-range component
of carrier-carrier interactions by turning off MD, σ(n) becomes nearly linear (green
diamonds). Any remaining sublinearity in the “no MD” results can be attributed
to the long-range, direct carrier-carrier Coulomb interaction that is captured by the
FDTD solver. Carrier-carrier Coulomb interactions do not directly affect conduction
(the total momentum of an interacting pair is conserved, as is the pair’s total energy),
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Figure 4.6: Conductivity at low carrier densities (< 1011 cm−2) for (a) uniform random
(Lc = 0, λc = 22 nm) and (b) clustered (Lc = 50 nm, λc = 46 nm) impurity distribu-
tions with sheet densities of 1011 cm−2 (triangles), 5× 1011 cm−2 (squares), 1012 cm−2

(diamonds), and no impurities (circles). Paths of sample carriers in graphene for (c)
uniform random and (d) clustered impurity distributions, for NI = 5× 1011 cm−2 and
n = 8.9× 1011 cm−2 (EF = 0.1 eV).

but redistribute the momentum and energy among the pair and therefore affect
the single-particle distribution function, pushing it towards a shifted Fermi-Dirac
distribution (Kriman et al., 1990; Lugli and Ferry, 1985, 1986; Lundstrom, 2000). The
inset to Figure 4.7a presents the numerically obtained distribution of electrons over
kinetic energy with and without carrier-carrier interaction for the electron density of
7× 1012 cm−2 (EF = 0.3 eV). This curve corresponds to g(E)f(E), where g(E) is the
electron density of states and f(E) is the distribution function, and carrier-carrier
interactions clearly lead to a greater abundance of higher-energy carriers (black
dashed curve). Since electron and hole scattering rates with phonons increase with
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Figure 4.7: Effect of short-range Coulomb interactions, accounted for via MD in the
simulation, on transport in supported graphene (a) without substrate impurities,
as well as with (b) random (Lc = 0, λc = 22 nm) and (c) clustered (Lc = 50 nm,
λc = 46 nm) impurity distributions. In all three panels, “no MD” indicates simulation
results without any short-range interactions. In panel (a), “with MD” denotes
simulations with the short-range direct and exchange carrier-carrier interactions
included via MD. Inset to (a) shows a representative kinetic energy distribution
of electrons with and without carrier-carrier interaction (n = 7× 1012 cm−2, EF =
0.3 eV). In panels (b) and (c), “no e-e” indicates results of simulations with short-
range carrier-ion interaction but without short-range carrier-carrier interactions, while
“with MD” indicates simulations with the full account of all short-range interactions
through the coupled EMC/FDTD/MD simulation. Impurity sheet density in panels
(b) and (c) is 5× 1011 cm−2.

increasing energy, the redistribution of carriers over energy effectively raises the
average carrier-phonon scattering rate and leads to a reduction in conductivity that
is observed as the slopeover or sublinearity in σ(n).

In Figure 4.7b and 4.7c, σ(n) for uniform random and clustered impurity dis-
tributions is plotted with all short-range interactions accounted for through MD
(circles, “with MD”), with short-range carrier-ion but without carrier-carrier inter-
actions (triangles, “no e-e”), and without any short-range interactions (diamonds,
“no MD”). The low-n region was already discussed (see section §4.3.1, Figure 4.6).
In this section, the focus is on the medium-to-high carrier density range. In both
Figure 4.7b and 4.7c, the sheet density of impurities is appreciable (5× 1011 cm−2),
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so carrier-ion interactions govern transport in the medium and the σ(n) dependence
is largely linear. Transport dominated by carrier-impurity scattering dominated
transport in graphene is expected to result in a linear σ(n) dependence (Ando, 2006).
Turning off short-range carrier-carrier interaction causes insignificant change to the
slope in either panel, while turning off short-range carrier-ion interaction significantly
affects the slope. The slope of the σ(n) curves in the linear region is governed by the
short-range carrier-ion interactions, and is dependent on both the impurity density
(see Figure 4.5) and distribution (Figure 4.7b and 4.7c).

4.4 Estimating impurity density

As explained in the earlier section (§4.3.2), the slope of the σ(n) curves in the linear
region is governed by the short-range carrier-ion interactions, and dependent on both
the impurity density (see Figure 4.5) and distribution (Figure 4.7b and 4.7c). As
the slope can be accurately measured from conductivity vs gate voltage experiments
on supported graphene samples, it can be used to indirectly estimate the impurity
density and cluster size. In Figure 4.8, the EMC/FDTD/MD simulation results are
presented for the inverse slope of σ(n) in the linear region as a function of the sheet
impurity density, with the cluster size as a parameter. The solid markers represent the
simulation results for random (Lc = 0, λc = 22 nm, denoted by squares) and clustered
impurity distributions (Lc = 50 nm, λc = 46 nm, denoted by triangles). The curves
are polynomial fits to guide the eye and indicate the range of results for different
impurity distributions. As discussed earlier in section §4.2, impurity cluster sizes of
40 nm− 50 nm correspond to electron-hole puddle sizes obtained in experiment (see
Figure 4.4), so it is likely that a reasonable sheet impurity density estimate can be
obtained from the clustered impurity curve in Figure 4.8.

As examples, the inverse slopes extracted from several room-temperature mea-
surements on supported graphene are also presented in Figure 4.8. [line a (Vicarelli
et al., 2012); line b, (Schedin et al., 2007); line c, (Novoselov et al., 2005a); and line
d, (Novoselov et al., 2004)]. The intercepts of each inverse-slope horizontal line with
the clustered and random distribution curves in Figure 4.8 indicate an estimate of
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Figure 4.8: Inverse slope of σ(n) as a function of the sheet impurity density for
graphene on SiO2 at room temperature. Squares denote the uniform random impurity
distribution (Lc = 0, λc = 22 nm), while triangles correspond to clustered impurity
distributions that would give realistic e-h puddle sizes (Lc = 50 nm, λc = 46 nm).
The horizontal lines a–d correspond to the inverse slope values obtained in several
experiments: line a (Vicarelli et al., 2012); line b, (Schedin et al., 2007); line c,
(Novoselov et al., 2005a); and line d, (Novoselov et al., 2004). The NI range between
the intercepts of an inverse-slope horizontal line with the clustered and random
distribution curves (i.e., the range within the lightly shaded area) yields an estimate
of the impurity density range.
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the impurity-density range, with the clustered-curve intercept likely yielding a good
approximate value for NI . It is notable that the more recent experiments [line a from
Vicarelli et al. (2012) and line b from Schedin et al. (2007)], which arguably had
samples with fewer impurities than the early ones owing to the advances in processing,
indeed correspond to lower sheet impurity densities than the earlier measurements
[line c from Novoselov et al. (2005a) and line d from Novoselov et al. (2004)].
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Chapter 5

THz-frequency carrier transport

In this Chapter, the frequency-dependant complex conductivity is calculated in the
THz range and at room temperature by employing the EMC/FDTD/MD method
(described in Chapter 3). The role of the substrate, charged impurities, and electron-
electron interactions are investigated for graphene supported on SiO2, h-BN, and for
suspended graphene.

In recent years, considerable attention has been given to the optoelectronic,
(Bonaccorso et al., 2010) plasmonic, (Jablan et al., 2009; Koppens et al., 2011; Yan
et al., 2013) terahertz (THz), (Sensale-Rodriguez et al., 2012; Mikhailov, 2013) and
radio-frequency (Wang et al., 2012) applications of graphene. An important factor
in evaluating the potential of graphene for these applications, especially in the THz
range (0.1 THz− 10 THz), is its complex conductivity σ(ω), where ω is the angular
frequency of the excitation (Tassin et al., 2012; Abedinpour et al., 2011).

Several groups have theoretically (Mishchenko, 2007; Abedinpour et al., 2011;
Stauber et al., 2008; Liu et al., 2010; Yuan et al., 2011; Peres et al., 2008; Vasko
et al., 2012) and experimentally (Li et al., 2008; Ren et al., 2012; Horng et al.,
2011; Dawlaty et al., 2008; Rouhi et al., 2012; Choi et al., 2009; Yan et al., 2011)
investigated the frequency-dependent transport in graphene, with theoretical studies
mostly focusing on the midinfrared and higher frequencies (> 20 THz) (Yuan et al.,
2011; Peres et al., 2008; Vasko et al., 2012). In the THz range, intraband transport
processes dominate and σ(ω) has been shown to have a Drude-model-like dependence,
σ(ω) = iD/π(ω + iΓ), from which a Drude weight D and an effective scattering
rate Γ are obtained (Horng et al., 2011; Yan et al., 2011). The Drude weight at
0 K, calculated based on the random phase approximation (RPA) and with electron-
electron interaction neglected, is D0 = 2πEF/~ (in units of e2/hs) (Abedinpour et al.,
2011). However, experiments have revealed values of D lower than D0 (Horng et al.,
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2011; Yan et al., 2011), while the theoretical studies that include electron-electron
interactions have predicted an enhancement in D over D0 (Abedinpour et al., 2011).
While this discrepancy is believed to arise from extrinsic factors, there is no clear
understanding of all the aspects that affect the Drude weight, as few theoretical
studies have explicitly considered the role of different substrates, or the effects of
density (Peres et al., 2008; Vasko et al., 2012) and distribution (Yuan et al., 2011) of
charged impurities on electronic transport in graphene.

5.1 Simulation domain and material properties

The room-temperature electron dynamics in supported graphene are simulated with
charged impurities distributed near the interface between graphene and the substrate.
The focus, here, is on the frequency-dependent conductivity in the THz-frequency
range. The diffusive transport regime is assumed and is captured through the
Boltzmann transport equation (Adam et al., 2007; Rossi and Das Sarma, 2008; Sule
et al., 2014a). A transverse electromagnetic (TEM) plane wave is used to excite the
electronic system using the total-field scattered-field technique (Taflove and Hagness,
2005).

A typical geometry used in experiments consists of exfoliated or chemical vapor
deposition (CVD)-grown graphene transferred onto an insulating substrate. The most
commonly used insulating substrate is a 300-nm-thick SiO2 layer on top of a Si wafer.
In the back of the Si wafer is a gate, used to tune the carrier density in the graphene
layer. In the simulations here, the carrier density is assumed to be tuned by shifting
the Fermi level in graphene and the Si-wafer is not explicitly included. Different
insulating substrates are modeled by using their appropriate values of the dielectric
constants, εs. Moreover, we take into account the modifications to the Fermi velocity,
vF , and dielectric constant of graphene, εg, due to the substrate (Hwang et al., 2012;
Elias et al., 2012). Suspended graphene is simulated by replacing the substrate by
air.

The electronic tight-binding Bloch wave functions (as described in Chapter 2) are
used to calculate the electron-intrinsic-phonon scattering rates in graphene based
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on Fermi’s golden rule (Sule and Knezevic, 2012). For graphene on a substrate, we
also calculate the electron-surface optical (SO) phonon scattering rates (Konar et al.,
2010; Lin and Liu, 2013). The values of parameters used in our simulations are shown
in Table 5.1.

Table 5.1: Substrate parameters: Fermi velocity (vF); static dielectric constant of
graphene (εg) and substrate (εs), high-frequency dielectric constant of substrate (ε∞s ),
and the SO phonon energy (~ωSO).

SiO2 h-BN suspended

vF [m s−1] 1.1× 106 1.5× 106 1.5× 106

(Hwang et al., 2012) (Hwang et al., 2012) (Elias et al., 2012)

εg 2.45 3.04 4.9
(Knox et al., 2008) (Lin and Liu, 2013) (Elias et al., 2012)

εs 3.9 5.09 1.0
(Knox et al., 2008) (Lin and Liu, 2013)

ε∞s 2.5 4.1 . . .

(Konar et al., 2010) (Lin and Liu, 2013)

~ωSO1[meV] 59.98 101.42 . . .

(Konar et al., 2010) (Lin and Liu, 2013)

~ωSO2[meV] 146.51 195.83 . . .

(Konar et al., 2010) (Lin and Liu, 2013)

The simulation domain is depicted schematically in Figure 5.1, where graphene on
SiO2 and on h-BN, as well as suspended graphene, are considered. In the simulation,
the SiO2 substrate is 300 nm thick, while for the h-BN substrate we consider a 10-nm-
thick h-BN layer with a 290-nm-thick SiO2 region underneath it, in order to mimic
the typical structure used in experiments (Dean et al., 2010). The planar dimensions
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Figure 5.1: Schematic of the simulation domain (drawn to scale on the left), showing
air, graphene, and a substrate. The colors near the graphene layer depict an example
snapshot of the electric-field component along the in-plane x-direction (blue: negative;
red: positive) in the absence of external excitation. The field stems from the charge
carriers (electrons and holes) and from clustered impurities located in the substrate
within a few nanometers of the graphene sheet.

of the simulation domain are chosen such that for a given carrier density there are at
least 25000 carriers in the domain; typically, the domain size is on the order of several
hundred nanometers. The vertical boundary surfaces of the domain, perpendicular to
the plane of graphene, are terminated with periodic boundary conditions in order to
simulate a large graphene flake. The top and bottom boundary surfaces are terminated
with perfectly matched absorbing boundary conditions (Taflove and Hagness, 2005).
Charged impurities in the substrate are modeled by assuming a distribution of singly
charged positive ions down to a depth of 10 nm from the graphene layer; impurities
deeper than 10 nm have been shown to have a negligible effect on transport (see
Figure 4.2). The clustered impurity distributions are generated to have a given
average cluster size and a generally Gaussian autocorrelation function, as described in
section §4.1 and Sule et al. (2014a). Throughout this chapter, “clustered distribution”
implies a distribution where the average cluster size is 45 nm; this cluster size has been
shown to produce 20-nm-sized electron-hole puddles, as observed in experiment (see
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Chapter 4). Figure 5.1 also shows an example of the in-plane electric-field distribution
in the graphene layer without external illumination or biasing. The field stems from
the thermal motion of carriers and the clustered charged impurities in the substrate.

5.2 Matching experimental data

Figure 5.2a shows that the real part of σ(ω) calculated by the EMC/FDTD/MD
method reproduces experimental data with very good agreement. The impurity density
NI is the only variable parameter and a clustered impurity distribution is assumed.
The solid lines are experimental results for graphene on SiO2 at room temperature
[blue: (Rouhi et al., 2012), UC Irvine (UCI) team; red: (Ju et al., 2011), UC Berkeley
(UCB) team; black: (Ren et al., 2012), Rice University team]. The symbols (squares,
triangles, and circles) represent our simulation results and the dashed lines are fits
to the simulation data using the Drude model. We have assumed the same carrier
densities as estimated in the experiments, which are n = 1.8× 1012 cm−2 [(Rouhi
et al., 2012), UCI], 7.9× 1012 cm−2 [(Ju et al., 2011), UCB], and 7.74× 1011 cm−2

[(Ren et al., 2012), Rice]. The impurity densities that yield the best match to the
experimental data of UCI, UCB, and Rice are, respectively, NI = 5× 1011 cm−2,
8× 1011 cm−2, and 7× 1011 cm−2. These impurity densities, providing an excellent
agreement between the simulation and experimental data, are reasonable and quite
likely in typical samples (Tan et al., 2007).

In Figure 5.2b, the real part of σ(ω) is compared for clustered (squares) and
uniform random (x symbols) impurity distributions with the experimental data from
Rice University (Ren et al., 2012) (solid line). It is clear that, with a uniform random
distribution of impurities, a good fit to experiment cannot be obtained even with
extremely high values of NI , which presents further evidence that typical supported
graphene samples contain clustered impurities, as concluded in Chapter 4. For a
given impurity density (NI = 7× 1011 cm−2), a uniform random impurity distribution
results in higher conductivity at low frequencies (f < 2 THz) and lower conductivity
at high frequencies than the clustered distribution. The results with clustered charged
impurities shown here are contrary to the results presented in Yuan et al. (2011), in
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Figure 5.2: Real part of σ(ω) as a function of frequency. (a) Calculated values
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Dashed lines are Drude-model fits to the simulation data. (b) Calculated values with
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and uniform random (x symbols, NI = 7× 1011 cm−2 and NI = 2.2× 1012 cm−2),
compared to the experimental data from the Rice group (Ren et al., 2012).
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which Gaussian clusters of charged impurities were shown to enhance the conductivity
with respect to a uniform random impurity distribution and clean graphene. The
enhancement in conductivity was attributed to the emergence of states near the
Dirac point that could lead to excitations between electron-hole puddles (Yuan et al.,
2011). On the other hand, experiments have shown that clustered impurities lead to a
reduction in the dc conductivity (Yan and Fuhrer, 2011), which we have attributed to
electrons/holes being trapped near the charged clusters (Sule et al., 2014a) (Section
§4.3.1). Furthermore, from fitting the calculated frequency-dependent conductivity
to the Drude model for the uniform random and clustered impurity distributions
for the same NI = 7× 1011 cm−2, we find that the effective scattering rate for the
uniform random distribution (Γ = 2 THz) is much lower than that for the clustered
distribution (Γ = 5 THz). The higher effective scattering rate for electrons with
a clustered impurity distribution is expected, since the electrons trapped near the
charged clusters scatter more frequently from the Coulomb potential.

5.3 THz conductivity of graphene

In this section, the frequency-dependent conductivity in suspended and supported
graphene is calculated. The σ(ω) is numerically calculated for different values of the
carrier density n and the sheet impurity density NI . We obtain D and Γ by fitting
a generalized Drude model to the numerical data (Beard et al., 2000; Willis et al.,
2013).

In Figure 5.3, the real part of σ(ω) is shown for suspended graphene (circles),
graphene on h-BN (triangles), and graphene on SiO2 (squares), all with the same
electron density of 6.3× 1012 cm−2. In the supported-graphene simulations, clustered
impurities are taken into accounted with a sheet density of 5× 1011 cm−2, while the
suspended-graphene simulation is impurity free. The values of electron density and
impurity density used here are typical in experiments (Ren et al., 2012; Ju et al., 2011;
Tan et al., 2007). It is clear from Figure 5.3 that the substrate influences transport
and a significant enhancement in the low-frequency THz conductivity can be obtained
by suspending graphene.
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Figure 5.3: Real part of σ(ω) for impurity-free suspended graphene (circle) and
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and SiO2 (square). The electron density is 6.3× 1012 cm−2. Inset: Comparison of the
fits based on the simple Drude model and the generalized Drude model [Eq. (2)] to
the calculated σ(ω) for suspended graphene.

5.3.1 Suspended graphene and the generalized Drude
model

For the impurity-free suspended graphene shown in Figure 5.3, the simple Drude
model (orange dashed line) does not yield a good fit in the frequency range considered
here (see inset of Figure 5.3). A better fit is obtained by using a generalized Drude
model (Beard et al., 2000; Willis et al., 2013) (green solid line). The generalized
Drude model is usually presented in terms of the static conductivity σ(0) and the
effective relaxation time τ = Γ−1 (Beard et al., 2000):

σ(ω) = σ(0)
[1− (iωτ)1−α]β = D

πΓ[1− (iω/Γ)1−α]β (5.1)



77

Here, a generalized Drude weight is introduced via D = πσ(0)Γ, which is the same
relationship that holds in the simple Drude model. α and β are real-valued parameters
(0 ≤ α, β ≤ 1). For α = 0 and β = 1, the generalized Drude model reduces to the
simple Drude model, which assumes that energy-resolved carrier relaxation time is
independent of energy, so a single value τ describes the time response of the entire
ensemble. This assumption is not realistic for semiconductors or for graphene, where
electrons scatter with phonons, charged impurities, and other carriers, and the energy-
resolved relaxation time can have a pronounced energy dependence (Lundstrom,
2000). With α 6= 0 and β 6= 1, the generalized Drude model allows for a continuum
of relevant relaxation times, such that the distribution of the logarithms of relaxation
times is peaked around the logarithm of the most prominent time, τ = Γ−1 (Wagner,
1913; Yager, 1936; Hill and Dissado, 1985); α indicates the peak width while β

determines the symmetry of this distribution (Beard et al., 2000). A number of well-
known conductivity models for lossy dielectrics are special cases of the generalized
Drude model; for example, the Cole-Cole model is obtained with β = 1, while the
Cole-Davidson model corresponds to α = 0 (Beard et al., 2000; Smith, 2001).

In suspended graphene, the scattering mechanisms that directly affect conductivity
are those between electrons and the intrinsic acoustic and optical phonons, and
their rates are approximately linear in energy (Sule and Knezevic, 2012; Borysenko
et al., 2010; Fischetti et al., 2013). Therefore, the generalized Drude model is
expected to yield a better fit than the Drude model. Figure 5.4 shows Γ and D

in suspended graphene as a function of carrier density, with (circles) and without
(triangles) the short-range electron-electron interaction captured via MD. Both Γ
and D show a slight reduction due to the short-range electron-electron interactions
at high n. The best-generalized-Drude-fit values for α and β are given in the inset
to Figure 5.4a as a function of carrier density. These dependencies approximately
follow α(n) = 0.097 exp (−0.03n) and β(n) = 1 − 0.32 exp (−0.21n), where n is in
1012 cm−2. [these are forms that reduce to the simple Drude model for very high
n, i.e., α(∞) = 0 and β(∞) = 1.] While α is uniformly small, indicating that the
distribution of relaxation-time logarithms is sharply peaked around its value at Γ−1,
there is a notable increase in β with increasing n, which indicates a transition from
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Figure 5.4: (a) The effective relaxation rate Γ and (b) Drude weight D for suspended
graphene as functions of the electron density n, obtained from a generalized-Drude-
model fit [Eq. (5.1)] to the simulation results. Circles (triangles) correspond to the
short-range electron-electron interaction included in (excluded from) the simulation.
Inset: Parameters α (black open circles) and β (green open circles), corresponding to
the best-generalized-Drude-model fits to the simulation results [Eq. (5.1)], presented
as a function of n. Curves are α(n) = 0.097 exp (−0.03n) (black solid curve) and
β(n) = 1− 0.32 exp (−0.21n) (green solid curve), where n is in 1012 cm−2.

a fairly asymmetric to fairly symmetric distribution of relaxation-time logarithms,
in agreement with moving from electron-phonon to electron-electron interactions as
dominant.

For supported graphene, where the SO phonons and charged impurities scatter
electrons in addition to the intrinsic graphene phonons, α and β obtained are very
close to the Drude-model values of 0 and 1, respectively. These values hold for both
SiO2 and h-BN substrates. They indicate that the mechanism with an approximately
energy-independent scattering rate dominates transport in supported graphene, which
is the electron-charged impurity scattering (Ando, 2006; Adam et al., 2007). Although
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the simple Drude model provides a very good fit to the supported graphene σ(ω),
all the data in Figure 5.3 (and all subsequent σ vs f plots) are fit with with the
generalized Drude model [Eq. (5.1)], while recognizing that for supported systems
the generalized and simple Drude models essentially coincide.

5.3.2 Effective scattering rate in supported graphene

The dependence of σ(ω) on the impurity density is shown in Figure 5.5a. The
real part of σ(ω) in graphene supported on SiO2 (filled symbols) and h-BN (open
symbols) is shown, while accounting for clustered impurities with different sheet
impurity densities [NI = 1011 cm−2 (circles), 5× 1011 cm−2 (triangles), 1012 cm−2

(squares)]. The electron density is fixed at n = 3.75× 1012 cm−2. The substrate plays
an important role in transport at low frequencies and low impurity densities. When
the impurity density approaches the electron density (NI = 1012 cm−2), conductivity
is low for both substrates and over all frequencies. These results shed light on the
factors influencing conductivity. Intuitively, as long as the frequency is low enough
that an electron can complete several scattering events during a period of the field,
transport is qualitatively the same as in the static case, with different substrates and
different impurity densities resulting in different σ(ω). However, once the frequency
becomes high enough that an electron cannot traverse the average distance between
scattering centers (the mean free path, lmfp) within a time on the order of one
electromagnetic field period, i.e., when f & vF/lmfp, the diffusive transport picture
is disturbed and the ability of the electron to participate in the current flow is
reduced; the field effectively helps localize the electron. At low impurity densities,
the static conductivity is appreciable, lmfp is long, and the variation of conductivity
with frequency is pronounced. With increasing impurity density, lmfp decreases
and the frequency at which the conductivity rapidly falls off increases; however,
dc conductivity drops, as well, and the range over which σ varies shrinks. The
difference between SiO2 and h-BN is pronounced only at low impurity densities and
at low frequencies, as expected. Either a high impurity density or a high frequency
overshadows the benefits of the h-BN substrate over SiO2. For typical sheet impurity
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Figure 5.5: (a) Real part of σ(ω) for graphene supported on SiO2 (solid sym-
bols) and h-BN (open symbols) for different NI (circles: 1011 cm−2; triangles:
5× 1011 cm−2; squares: 1012 cm−2), with an electron density of n = 3.75× 1012 cm−2.
(b) Generalized-Drude-model best fits to the calculated σ(ω) for graphene on SiO2
with different impurity densities, from top (red) to bottom (purple): NI = 0, 8× 1010,
1011, 2× 1011, 4× 1011, 6× 1011, 8× 1011, 1012, 2× 1012 cm−2. Inset: Γ correspond-
ing to the generalized-Drude-model fits in the main panel as a function of NI . Circle
colors in the inset correspond to the curve colors in the main panel.
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densities, we can resolve σ by impurity density and substrate type up to frequencies
of about 4 THz.

In Figure 5.5b, the effective scattering rate Γ is examined more closely. The main
panel shows the real part of σ(ω) from the best generalized-Drude fits [Eq. (5.1)] to
the simulation data for graphene on SiO2. Different curves corresspond to different
impurity densities, from top (red) to bottom (purple): NI = 0, 8× 1010, 1011,
2× 1011, 4× 1011, 6× 1011, 8× 1011, 1012, 2× 1012 cm−2. The electron density is
the same as for Figure 5.5a, n = 3.75× 1012 cm−2. From the fits, Γ is obtained as a
function of NI , shown in the inset to Figure 5.5b; the colors of the filled circles in
the inset correspond to those of the lines in the main panel. At low sheet impurity
densities (NI/n . 0.1), the electron distribution is nearly uniform and electron-SO
phonon scattering governs transport, which can be seen from the nearly constant
effective scattering rate as a function of NI . With increasing impurity density, the
total effective scattering rate increases rapidly due to an increase in the electron-
charged impurity scattering. As the impurity density approaches the electron density
(NI/n & 0.5), the electron distribution becomes inhomogeneous: electron-hole puddles
form (Rossi and Das Sarma, 2008; Zhang et al., 2009) as the carriers effectively get
trapped in the vicinity of the impurity clusters [See Chapter 4, Sections §4.2 and
§4.3.1]. In the transport regime dominated by electron-hole puddles, any further
increase in the impurity density does not have a significant effect on transport, as
seen from the saturation of Γ. Thus, these different transport regimes are denoted
as SO-phonon dominated, impurity dominated, and puddle dominated in the inset
of Figure 5.5b. A quick back-of-the-envelope calculation with vF ≈ 106 ms−1 and
Γ = 15 THz shows that the mean free path in this regime is on the order of the cluster
size, i.e., lmfp = vF/Γ ≈ 67 nm.

The puddle-dominated transport regime can be discerned from the local conduc-
tance map of graphene on SiO2 for NI = 2× 1012 cm−2, shown in Figure 5.6a. By
comparison, for NI = 8× 1010 cm−2, shown in Figure 5.6b, the local conductance is
fairly uniform. Both of these conductance maps are computed at 2 THz, a frequency
low enough to show diffusive transport details. The local conductance is calculated
using Eq. (3.12), except that the phasor quantities (Ĵ and Ê) are not spatially aver-



82

x [nm]
0 200 400 600

y 
[n

m
]

0

200

400

600

0.00

0.06

0.21

0.51

0.12

1

3.37

x [nm]
0 200 400 600

(a) (b)
 [e2/h]σ  [e2/h]σ

Figure 5.6: Local conductance maps at a frequency of 2 THz for graphene on SiO2 with
a clustered impurity density of (a) NI = 2× 1012 cm−2 and (b) NI = 8× 1010 cm−2.

aged. Local conductance maps obtained experimentally through a combination of a
micro four-point probe and THz time-domain spectroscopy (Buron et al., 2012) are
qualitatively similar to the simulation results, shown in Figure 5.6a, thus providing
further evidence for the predominance of clustered impurity distributions in typical
samples.

The effective scattering rate is shown in Figure 5.7a and 5.7b as a function of
carrier density for graphene on SiO2 and h-BN. The effects of electron-electron and
electron-charged impurity interactions are examined by selectively turning on (circles)
and off (triangles) the short-range electron-electron direct and exchange interactions
in MD, and by simulating transport with (solid black symbols) and without (open
red symbols) impurities. In the simulations with impurities, the impurity sheet
density NI = 5× 1011 cm−2. The influence of electron-charged impurity scattering
and screening is evident from the sharp drop in Γ(n) as the screening of the impurities
becomes more effective with increasing n. Short-range electron-electron interactions
and the substrate SO phonons, on the other hand, influence Γ(n) very weakly.
Moreover, it can be seen that a curve of the form ∼ NI/

√
n, which is shown by the

dotted lines in Figure 5.7a and 5.7b and is the expected dependence for the electron-
impurity scattering rate when a sheet of uniformly distributed charged impurities is
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at a certain distance from graphene (Ando, 2006; Hwang and Das Sarma, 2008), does
not fit the Γ(n) data obtained from the simulations. The discrepancy likely comes
from the more realistic, volumetric distributions of impurities considered here.

Recent experiments, where the effective scattering rate was extracted from Drude-
model fits to σ(ω), have shown Γ(n) to be either nearly constant (hole regime) or to
increase linearly with n (electron regime) (Horng et al., 2011). The nearly constant
Γ(n) would represent transport in a regime where carrier-phonon scattering dominates;
however, the linear increase in Γ(n) cannot be explained from the simulation results
presented here, even when impurities with the same sign of charge as the carriers
are considered. The asymmetry in the hole and electron regimes in the results from
Horng et al. (2011) likely suggests Fermi-level pinning or extrinsic doping from the
metal/graphene interface at the contacts (Huard et al., 2008).

5.3.3 Drude weight in supported graphene

In Figure 5.8, the Drude weight is shown as a function of the electron density,
D(n), obtained from a generalized-Drude- model fit to the simulation results for
graphene on SiO2 and on h-BN. Here, the symbols represent the same conditions as
in Figure 5.7, i.e., the results with (without) short-range electron-electron interactions
are shown with circles (triangles), while the results with (without) impurities are
shown with solid black (open red) symbols. It is clear that both charged impurities
and electron-electron interactions lead to a reduction of D. The substrate also affects
the Drude weight, with the h-BN substrate resulting in the highest Drude weight
for a given electron density. Turning the short-range electron-electron interaction on
results in a 5 % − 25 % decrease in D. However, when the data with and without
impurities is compared, it is seen that including the electron-impurity interactions
(for NI = 5× 1011 cm−2) leads to a 25 %− 40 % reduction in D with respect to the
impurity-free value on each substrate, a percentage close to that determined from
experiment (Horng et al., 2011). A significant variation in the reduction of D from
sample to sample observed in Yan et al. (2011) also points towards charged impurities
as the dominant factor affecting D.
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Figure 5.8: The Drude weight D as a function of the electron density n, obtained
from a generalized-Drude-model fit [Eq. (5.1)] to the simulation results for graphene
supported on (a) SiO2 and (b) h-BN, with and without impurities. The best fit for
supported graphene is achieved with parameters α ≈ 0 and β ≈ 1, yielding the simple
Drude model. Open red symbols correspond to the results without impurities, while
the solid black symbols denote the inclusion of impurities with NI = 5× 1011 cm−2.
Circles (triangles) correspond to the electron-electron interaction included in (excluded
from) the simulation.

Previous theoretical calculations that included electron-electron interactions via a
first-order calculation predicted an enhancement in D, weakly dependent on n, with
respect to the RPA value D0 (Abedinpour et al., 2011). In this work, what is turned
on or off is only the short-range portion of the electron-electron interaction, captured
by MD. The long-range Hartree terms of the electron-electron interaction are always
present in the calculation; they are captured by the FDTD solver. [Correlation effects
are not expected to play an important role at room temperature and for the electron
densities considered here (Martin et al., 2008).]
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The reason behind the decrease in D with the inclusion of short-range electron-
electron interactions is somewhat subtle. Basically, the Drude weight is proportional
to the product of the static conductivity σ(0) and the effective scattering rate Γ. Γ
is fairly insensitive to the inclusion of the short-range electron-electron interactions,
which means that the screening of dominant interactions (with impurities and substrate
phonons) appears to be well captured by the long-range fields that FDTD calculates.
However, σ(0) displays a marked sublinear drop with the inclusion of short-range
electron-electron interactions, as explained in Section §4.3.2: with short-range electron-
electron interactions, the single-electron distribution over energy is broader than
without them, so higher-energy states are populated. As a result, the ensemble-
averaged scattering rate with phonons will also be higher because the energy-resolved
scattering rate is proportional to the electron density of states, thus nearly linear in
energy for graphene (Sule and Knezevic, 2012; Fischetti et al., 2013). Electron-phonon
scattering is very efficient at randomizing momentum, so while its contribution to
Γ may not be very high (especially in the presence of high impurity densities), its
relative contribution to σ(0) is considerable because all other interactions are Coulomb
in origin and result in small-angle scattering and thus a small relative contribution to
σ(0). Therefore, D drops when short-range electron-electron interactions are included
for the same reason that σ(0) exhibits sublinearlity (Sule et al., 2014a), which is an
indirect enhancement of the effective momentum relaxation rate with phonons owing
to the electron redistribution over energy.

Finally, in Figure 5.9, Γ and D are shown for graphene on SiO2 as a function
of carrier density, for different values of the substrate impurity density. Based on
Figure 5.9 and the Γ and D values obtained from the measured σ(ω), one can estimate
the sheet impurity density in experiment.
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Chapter 6

Summary and future work

6.1 Summary

6.1.1 Electron-phonon scattering and intrinsic mobility

A simple model for calculating the electron-phonon scattering rates and electron
mobility in graphene based on using electronic 3NN TB BWFs was developed in
Chapter 2. This chapter is based on the work published in Sule and Knezevic (2012).
The 3NN TB BWFs are formed using hydrogen atom like 2pz-orbitals with the
appropriate nuclear charge Zeff for carbon, found fitting the 3NN tight binding band
structure to the first principles band structure (Reich et al., 2002; Kundu, 2011)
and proper normalization to calculate the complex coefficients bA, bB, in the linear
combination of the atomic orbitals. Using the overlap integral of these 3NN TB
BWFs, the electron-phonon scattering rates were calculated. By fitting the TB rates
to those calculated from first principles (Borysenko et al., 2010), the values of the
“bare” deformation potential constants were extracted. These “bare” deformation
potential constants will be important for the calculation of electron-phonon scattering
rates in nanostructured graphene, where the electronic wave functions are confined
while many physical constants can be assumed to be bulk-like.

Although, the 3NN TB analytical 2pz orbitals are almost certainly an over-
simplification of graphene wave functions, this model could still be useful in calculat-
ing the band structure and electronic wave functions in systems such as graphene
nanoribbons, which are not suitable for DFT calculations because of their large size
(width can be tens to hundreds of nanometers, length even micron-size) and line edge
roughness that precludes treatment of the ribbon as periodic. Moreover, as the 3NN
TB model enables easy construction of wave functions for graphene, it can provide a
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less computationally intensive alternative to first-principles approaches when it comes
to calculating the scattering rates for semiclassical or quantum transport simulations
of realistic devices, where a very fine sampling of the Brillouin zone for both initial
and final states is needed.

6.1.2 EMC/FDTD/MD modified for graphene

The implementation and application of the coupled EMC/FDTD/MD simulation
technique to carrier transport in supported graphene in the presence of charged
impurities was presented in Chapter 3. This chapter is based on the work published
in Sule et al. (2013b). The constituent techniques, as well as the important steps for
their self-consistent coupling, such as charge initialization and assignment to the grid,
field initialization, current density calculation based on particle motion in the gird,
and avoiding double counting of the fields from FDTD and MD were described as
applied to supported graphene. The correct field initialization by taking into account
the material discontinuities at the boundaries for supported graphene or layered
structures with quasi-2D materials was described. The general implementation of the
EMC/FDTD/MD method for supported graphene can also be applied to transport
simulations of other 2D or quasi-2D materials.

The strength of the EMC/FDTD/MD method was demonstrated by calculating
the room temperature dc and ac conductivity of supported graphene. The calculated
dc conductivity as a function of the carrier density reproduced the important features
observed in experiments, such as the sublinear increase at high carrier density in clean
samples (Chen et al., 2008a) and flattening of the curve near the Dirac point (Yan
and Fuhrer, 2011) for clustered impurity distribution. The calculated ac conductivity
was in agreement with experimental observations (Choi et al., 2009; Horng et al.,
2011).

6.1.3 Effects of clustered impurities

In Chapter 4, the EMC/FDTD/MD coupled simulation of carrier transport and
electrodynamics was employed to investigate the effects of carrier-carrier and carrier-
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ion Coulomb interactions on the room temperature transport properties of graphene
on SiO2, with focus on the role of substrate impurity clustering. This chapter is based
on the work published in Sule et al. (2014a). While in extremely clean suspended
graphene and at low temperatures, corrections due to many-particle correlations
(Martin et al., 2008) and coherent transport features (Young and Kim, 2009) may
play an important role, the EMC/FDTD/MD simulations accurately capture the
physics of diffusive, room-temperature carrier transport in supported graphene, which
is relevant for device applications.

Clustered impurity distributions with an average cluster size of about 45 nm were
shown to result in the formation of electron-hole puddles with a typical size of 20 nm,
comparable to observed values (Deshpande et al., 2011; Xue et al., 2011; Zhang et al.,
2009). High-density clustered impurities were shown to lead to carrier trapping and a
flattening of the low-n σ(n) dependence. By selectively controlling the short-range
Coulomb interactions of the carriers in the coupled EMC/FDTD/MD simulation, the
sublinear σ(n) dependence at high carrier densities (Chen et al., 2008a; Dean et al.,
2010) was attributed to carrier-carrier interactions. The slope of the linear-region
of σ(n) was shown to be dependent on the strength of the carrier-ion Coulomb
interactions. The dependence of this linear-region slope on the impurity density and
distribution was also characterized. The computed dependence of the linear-region
slope of σ(n) on the impurity density might be used as a noninvasive technique for
estimating the impurity density in experiment.

6.1.4 THz-frequency transport

In Chapter 5, a detailed study of the frequency-dependent conductivity in the THz
range at room temperature in supported and suspended graphene for a wide range
of electron and impurity densities is presented. This chapter is based on the work
published in Sule et al. (2014c). The generalized Drude model is fitted to the
numerically calculated σ(ω) for graphene on SiO2 and h-BN, and for suspended
graphene to obtain the effective scattering rate and the Drude weight. The effects of
charged impurities, the underlying substrate, and electron-electron interactions on
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the effective scattering rate and the Drude weight are examined.
Excellent agreement is obtained between the experimental data for σ(ω) (Ren

et al., 2012; Rouhi et al., 2012; Ju et al., 2011) and the simulation, with clustered
impurities and the sheet impurity density as the only variable parameter. The results
indicate that electron-charged impurity scattering dominates the carrier dynamics in
supported graphene, which manifests itself in the good fit of the σ(ω) curves by the
simple Drude model. In contrast, a generalized-Drude model is required to obtain
a good fit for σ(ω) in suspended graphene. The effects of the substrate, namely
the different electron-SO phonon scattering rates (Konar et al., 2010; Lin and Liu,
2013) and the modified Fermi velocity (Hwang et al., 2012; Elias et al., 2012), are
important only at low frequencies (< 4 THz) and low impurity densities (Ni/n < 0.1).
These are important constraints for the effectiveness of substrate engineering (Dean
et al., 2010; Hwang et al., 2012) as a means to modify the electronic properties of
graphene. With increasing sheet impurity density (0.1 < Ni/n < 0.5), the effective
scattering rate increases rapidly with Ni and then saturates at higher values of the
impurity density (Ni/n > 0.5), where transport is completely dominated by electron-
hole puddles. Furthermore, by selectively turning off the short-range interparticle
interactions in MD, it is shown that the effective scattering rate is nearly unaffected
by electron-electron interactions. On the other hand, both electron-electron and
electron-impurity interactions lead to a reduction in the Drude weight. The reduction
in D due to electron-electron interactions varies between 5 %− 25 %, while that due
to electron-impurity scattering varies between 25 %− 40 % (for Ni = 5× 1011 cm−2).
The substrate also affects the Drude weight: without impurities, graphene on h-BN
has a higher Drude weight for a given electron density than either graphene on SiO2

or suspended graphene.
A combination of substrate engineering (such as using thin films of h-BN on SiO2)

with impurity density reduction could lead to a notable enhancement in σ(ω) and D,
which would benefit the applications of graphene at THz frequencies.
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6.2 Future work

Below are some possible future extentions of the work presented in this dissertation.

6.2.1 Simulating plasmon propagation in graphene

Plasmons in graphene have been predicted to have long propagation lengths, i.e. low
losses and high wave localization, for frequencies around 30 THz (Jablan et al., 2009),
which makes graphene a promising material for various plasmonic applications (Murray
and Barnes, 2007; Ju et al., 2011; Koppens et al., 2011). The EMC/FDTD/MD
method for graphene presented in Chapter 3 can be extended for examining the
carrier dynamics coupled to the propagation of electromagnetic waves on the surface
of graphene, which is essentially plasmon transport. Examining plasmon transport
will involve changing the currently used plane-wave sourcing in EMC/FDTD/MD. In
order to couple carrier transport to surface electromagnetic waves in the simulation,
the source electric field needs to have a component in the direction of propagation
of the wave. To achieve this, first, the TF/SF plane-wave source would need to be
modified to inject a wave obliquely onto the plane of graphene and, second, all the
boundaries of the simulation domain would need to be terminated using absorbing
boundary conditions. Moreover, the graphene sheet dimensions would need to be
on the order of the free-space wavelength (λ0 ≈ 6 µm). It would also be possible
to add a metal-tip structure close to the graphene plane, which the TF/SF source
oblique source illuminates, in order to simulate the actual experimental setup used to
generate and observe plasmons in graphene (Chen et al., 2012). The near field from
the metal tip can assist in the coupling of carriers and the surface electromagnetic
wave.

By optimizing the geometry and the sourcing in the EMC/FDTD/MD method
to examine carriers coupled to surface electromagnetic waves, it would be possible
to numerically determine the plasmon propagation length and localized wavelength
from the carrier positions as they collectively oscillate. This work would also enable
the study of the effects of the substrate and the charged impurity distributions on
the plasmon properties.
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6.2.2 Electromagnetic properties of graphene nanoribbons

The EMC/FDTD/MD simulations of graphene presented in this dissertation consider
an infinite plane of graphene simulated by applying periodic boundary conditions
to the four planes bounding the graphene sheet. In order to study the effects of
finite-sized graphene, especially narrow graphene nanoribbons, on carrier transport,
the EMC/FDTD/MD method would need to be extended. To take into account
the finite size of graphene, the effect of the boundaries on electronic transport will
need to be considered. This will involve chaging the EMC module by updating it
with the appropriate scattering mechanisms. The electron-phonon scattering rate in
nanoribbons can be found by recalculating the TB BWFs (described in Chapter 2)
taking in to account the finite structure. Scattering from the edges of the nanoribbons
would need to be treated by implementing real-space roughness at the edges. The
numerical implementation of a rough edge could be done in a way similar to that of a
rough surface (Ramayya et al., 2012). This work would allow a detailed microscopic
simulation of carrier dynamics in graphene nanoribbons.
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Appendix A

Electron-phonon scattering rates
derivation

Details of the derivation of the electron-phonon scattering rates using the 3NN TBBW
method are provided in this Appendix.

A.1 3NN TB band structure

The Bloch wave function, Ψ~k(~r), is formed by a linear combination of the wave
functions on the carbon atom sites A and B in a unit cell of graphene (see Figure 1.1),
i.e.

ΨA(~r) =
∑
~R

ei
~k·(~R+~dA)φ(~r − ~R− ~dA), (A.1a)

ΨB(~r) =
∑
~R

ei
~k·(~R+~dB)φ(~r − ~R− ~dB), (A.1b)

Ψ~k(~r) = bAΨA(~r) + bBΨB(~r). (A.1c)

The resulting full Bloch wave function is given by Eq. (2.1).
The band structure energies are found by solving the single particle, time-

independent Schrödingier equation, H |Ψ~k〉 = E |Ψ~k〉, where H = Hatom + ∆U ;
Hatom being the atomic Hamiltonian and ∆U , the small periodic perturbation due
to neighboring atoms. Multiplying from the left by 〈φA| (and 〈φB|) the atomic
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Hamiltonian is removed and get the following,

(E~k − E2pz) 〈φA|Ψ~k〉 = 〈φA|∆U |Ψ~k〉 , (A.2a)
(E~k − E2pz) 〈φB|Ψ~k〉 = 〈φB|∆U |Ψ~k〉 . (A.2b)

Now, 〈φA|Ψ~k〉 is calculated,

〈φA|Ψ~k〉 =
∫

d~r φ(~r − ~dA)
∑
~R

ei
~k·~R

[
ei
~k·~dAbAφ(~r − ~R− ~dA)

+ ei
~k·~dBbBφ(~r − ~R− ~dB)

]
, (A.3)

which can be rearranged to,

〈φA|Ψ~k〉 =
∑
~R

ei
~k·~R

[
bAe

i~k·~dA

∫
d~r φ(~r − ~dA)φ(~r − ~R− ~dA)

+ bBe
i~k·~dB

∫
d~r φ(~r − ~dA)φ(~r − ~R− ~dB)

]
(A.4)

Considering the sum only up to the 3rd nearest neighbors, i.e. for ~R = 0, ~R =
±a1, ~R = ±a2, ~R = ±(a1 − a2), ~R = ±(a1 + a2), the following is obtained,

〈φA|Ψ~k〉 = bAe
i~k·~dA(1 + g1s1) + bBe

i~k·~dB (g0s0 + g2s2), (A.5)

where g0, g1 and g2 are the geometric parameters, given by Eq. (2.3), and s0, s1 and
s2 are the overlap parameters, given by Eq. (2.5). Similarly, 〈φB|Ψ~k〉 is found to be
the following,

〈φB|Ψ~k〉 = bAe
i~k·~dA(g∗0s0 + g∗2s2) + bBe

i~k·~dB (1 + g∗1s1). (A.6)

Again, considering only up to the 3rd nearest neighbors, 〈φA|∆U |Ψ~k〉 and 〈φB|∆U |Ψ~k〉
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are obtained, given by the following,

〈φA|∆U |Ψ~k〉 = bAe
i~k·~dAγ1g1 + bBe

i~k·~dB (γ0g0 + γ2g2), (A.7a)

〈φB|∆U |Ψ~k〉 = bAe
i~k·~dA(γ0g

∗
0 + γ2g

∗
2) + bBe

i~k·~dBγ1g
∗
1. (A.7b)

Here, γ0, γ1 and γ2 are the interaction parameters given by the following,

γ0 =
∫

d~r φ(~r − ~dA)∆U φ(~r − ~dB), (A.8a)

γ1 =
∫

d~r φ(~r − ~dA)∆U φ(~r − ~dA − ~a1), (A.8b)

γ2 =
∫

d~r φ(~r − ~dA)∆U φ(~r − ~dB − ~a1). (A.8c)

The overlap parameters are calculated using the 2pz orbital function for carbon
as explained in Chapter 2 (§2.1.1). The interaction parameters cannot be easily
computed due to the complicated nature of the periodic perturbation potential,
∆U . The values of these interaction parameters are found either from experiments
or by fitting tight-binding calculations to ab-initio results. Here, γ0 = −2.78 eV,
γ1 = −0.15 eV and γ2 = −0.095 eV, which are taken from Kundu (2011).

Now, putting together Eqs. (A.2), (A.5), (A.6) and (A.7), the following equations
are formed, which are solved for the band structure energies.

bA
bB


 E~k(1 + s1g1)− γ1g1 − E2pz E~k(s0g0 + s2g2)− (γ0g0 + γ2g2)

E~k(s0g
∗
0 + s2g

∗
2)− (γ0g

∗
0 + γ2g

∗
2) E~k(1 + s1g

∗
1)− γ1g

∗
1 − E2pz

 = 0

(A.9)

A.2 Complex coefficients: bA and bB

The 3NN TBBW is normalized to unity over the volume of a unit cell, i.e.,
∫

Ω
d~r |Ψ~k(~r)|

2 =
∫

Ω
d~r |u~k(~r)|

2 = 1. (A.10)
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Here, the periodic part of the Bloch function, u~k(~r) as Ψ~k(~r) = ei
~k·~ru~k(~r) and Ω

denotes that the integration is over the volume of the unit cell. Using the definition
of Ψ~k(~r) from Eq. (2.1), the following is obtained,

∑
~R

∑
~R′

ei
~k·(~R−~R′)

[
|bA|2I1(|~R− ~R′|) + b∗AbBe

−i~k·(~dA−~dB)I2(|~R− ~R′|)

+ b∗BbAe
i~k·(~dA−~dB)I3(|~R− ~R′|) + |bB|2I4(|~R− ~R′|)

]
= 1, (A.11)

where the I(|~R− ~R′|)’s are given by the following:

I1(|~R− ~R′|) =
∫

Ω
d~r φ(~r − ~R′ − ~dA)φ(~r − ~R− ~dA), (A.12a)

I2(|~R− ~R′|) =
∫

Ω
d~r φ(~r − ~R′ − ~dA)φ(~r − ~R− ~dB), (A.12b)

I3(|~R− ~R′|) =
∫

Ω
d~r φ(~r − ~R′ − ~dB)φ(~r − ~R− ~dA), (A.12c)

I4(|~R− ~R′|) =
∫

Ω
d~r φ(~r − ~R′ − ~dB)φ(~r − ~R− ~dB). (A.12d)

Now, by putting ~R− ~R′ = ~R′′, one of the sum is reduced to a multiplier Nuc, where
Nuc is the number of unit cells. Thus, Eq. (A.11) is reduced to the following,

Nuc

∑
~R′′

ei
~k·(~R′′)

[
|bA|2I1(|~R′′|) + b∗AbBe

−i~k·(~dA−~dB)I2(|~R′′|)

+ b∗BbAe
i~k·(~dA−~dB)I3(|~R′′|) + |bB|2I4(|~R′′|)

]
= 1, (A.13)

Changing the notation from ~R′′ to ~R, writing ∑~R e
i~k·~RI1(|~R|) = C1~k and so on, and

combining Eq. (A.13) and (A.9), finally, the following expressions for the complex
coefficients in the Bloch wave function, bA and bB are obtained:

bA =
[
E~k(s0g0 + s2g2)− (γ0g0 + γ2g2)
E~k(1 + s1g1)− γ1g1 − E2pz

]
bB = K~kbB, (A.14a)

bB =
[
Nuc

(
|K~k|

2C1~k + |K~k|e
−i~k·(~dA−~dB)C2~k

+ K~ke
i~k·(~dA−~dB)C3~k + C4~k

)]− 1
2
. (A.14b)
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A.3 Matrix elements and scattering rate

Matrix elements and the electron-acoustic phonon scattering rate are derived here.
The matrix elements, M(~k,~k′) are formed by the sandwich between the perturbing
potential of the acoustic phonons, ∆Vac, and the electron-phonon combined wave
functions, χ~k,n, i.e.,

M(~k,~k′) = 〈χ~k′,n′ |∆Vac|χ~k,n〉 , (A.15a)
χ~k,n(~r) = Ψ~k(~r)

∏
~Q

Φn, ~Q(~r), (A.15b)

∆V =
∑
~Q

A( ~Q)
[
â ~Qe

i ~Q·~r + â†~Qe
−i ~Q·~r

]
. (A.15c)

Here, ~Q is the phonon wave vector, â ~Q and â†~Q are the annihilation and creation
operators and A( ~Q) is a complex coefficient. Using Ψ~k(~r) = ei

~k·~ru~k(~r) and writing
Eq. (A.15a) in the integral representation the following is obtained:

M(~k,~k′) =
∫

d~r e−i~k′·~ru∗~k′(~r)
∏
~Q′

Φ∗
n′, ~Q′

(~r)∆V (~r)ei~k·~ru~k(~r)
∏
~Q

Φn, ~Q(~r). (A.16)

Since, u~k(~r) is a periodic function with the periodicity of the lattice, i.e., u~k(~r+ ~R) =
u~k(~r). Therefore, the integral over all space (

∫
d~r) is converted to a sum over lattice

vectors times an integral over the volume of a unit cell (∑~R

∫
Ω d~r). Then, expanding

Eq. (A.16) using Eq. (A.15c) the following is obtained:

M(~k,~k′) =
∑
~R

∫
Ω

d~re−i~k′·(~r+~R)u∗~k′(~r)
∏
~Q′

Φ∗
n′, ~Q′

(~r + ~R)
∑
~Q

A( ~Q)
[
â ~Qe

i ~Q·(~r+~R)

+â†~Qe
−i ~Q·(~r+~R)

]
ei
~k·(~r+~R)u~k(~r)

∏
~Q

Φn, ~Q(~r + ~R) (A.17)

Consider the first term in Eq. (A.17), the annihilation operator acting on the
phonon wave function gives, â ~Q |Φn, ~Q〉 = √n ~Q |Φn−1, ~Q〉. Therefore, only the n′ = n−1
term survives from 〈Φn′, ~Q′|â ~Q|Φn, ~Q〉, since the |Φn, ~Q〉’s are orthogonal. Combining
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the ∑~R and the exponential terms with ~R, the following simplification is used,

∑
~R

e−i(
~k′− ~Q−~k)·~R = Nucδ~k′− ~Q−~k, (A.18)

where δ~k′− ~Q−~k is a delta function and Nuc is the number of unit cells. This delta
function limits the ∑ ~Q to only ~Q = ~k′−~k. Using similar simplifications for the second
term in Eq. (A.17), the simplified matrix elements are given by the following:

M(~k,~k′) = Nuc

[
A(~k′ − ~k)√n~k′−~k + A(~k − ~k′)

√
n~k−~k′ + 1

] ∫
Ω

d~r u∗~k′(~r)u~k(~r). (A.19)

By changing the origin from the Γ-point to the K-point, i.e. using ~k = ~q + ~K and
using the definition of the overlap integral (Eq. 2.8c) the following equation for the
matrix elements is obtained,

M(~q, ~q′) =
[
A(~q′ − ~q)√n~q′−~q + A(~q − ~q′)

√
n~q−~q′ + 1

]
I(~q, ~q′) (A.20)

For the case of electron-acoustic phonon scattering, the coefficient A( ~Q) is given
by the following,

A( ~Q) = iDac

(
}

2ρAω ~Q

) 1
2
~Q · ê ~Q, (A.21)

where Dac is the acoustic deformation potential constant, ρ is the density of graphene,
A is the area of the graphene monolayer, ω ~Q is the phonon frequency. Using the
above Eq. (A.21) and the definition of the transition rate [Eq. (2.7)], the following is
obtained (the simplifications shown in the horizontal curly braces represent the linear
acoustic phonon dispersion and the equipartition approximation, respectively.):

S(~q, ~q′) = 2π
}


D2
ac}|~q − ~q′|2

2ρA ω|~q−~q′|︸ ︷︷ ︸
=vs|~q−~q′|


(
n|~q−~q′| +

1
2 ±

1
2

)
︸ ︷︷ ︸

= kBT

}ω

|I(~q, ~q′)|2δ(E~q′ − E~q), (A.22)
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which is simplified to the following:

S(~q, ~q′) = πD2
ackBT

ρA}v2
s

|I(~q, ~q′)|2δ(E~q′ − E~q). (A.23)

Then assuming that the Fermi-Dirac distribution function, f~q � 1, the electron-
acoustic phonon scattering rate is calculated by the following,

Γac(~q) =
∑
~q′
S(~q, ~q′) = A

4π2

∫
d~q′ S(~q, ~q′), (A.24)

where the second part is obtained by converting the sum to an integral over ~q′. Using
Eq. (A.23), converting the delta function in energy to a delta function in ~q with the
linear energy dispersion of graphene, [i.e. δ(E~q) = 1

}vF
δ(|~q|)] and transforming the

integral to spherical coordinates, the following is obtained,

Γac(~q) = D2
ackBT

4πρ}2v2
svF

∫ 2π

0
dφ′

∫ ∞
0

dq′ q′|I(~q, ~q′)|2δ(q′ − q) (A.25)

The delta function in q′ will eliminate the integration over q′ leaving only the integra-
tion over the angle, φ′. Thus, the final acoustic phonon scattering rate equation is
given by the following,

Γac(~q) = D2
ackBT

4πρ}2v2
svF
|q|
∫ 2π

0
dφ′ |I(~q, ~q′)|2, |~q′| = |~q|. (A.26)
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