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Multiphysics simulation of high-frequency carrier dynamics in conductive

materials
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We present a multiphysics numerical technique for the characterization of high-frequency carrier
dynamics in high-conductivity materials. The technique combines the ensemble Monte Carlo (EMC)
simulation of carrier transport with the finite-difference time-domain (FDTD) solver of Maxwell’s
curl equations and the molecular dynamics (MD) technique for short-range Coulomb interactions
(electron-electron and electron-ion) as well as the exchange interaction among indistinguishable
electrons. We describe the combined solver and highlight three key issues for a successful integration
of the constituent techniques: (1) satisfying Gauss’s law in FDTD through proper field initialization
and enforcement of the continuity equation, (2) avoiding double-counting of Coulomb fields in
FDTD and MD, and (3) attributing finite radii to electrons and ions in MD for accurate calculation of
the short-range Coulomb forces. We demonstrate the strength of the EMC/FDTD/MD technique by
comparing the calculated terahertz conductivity of doped silicon with available experimental data for
two doping densities and showing their excellent agreement. © 2011 American Institute of Physics.

[doi:10.1063/1.3627145]

. INTRODUCTION

In doped semiconductors and metals, both the plasma fre-
quency, w,, and the characteristic carrier scattering rate, !,
are typically in the terahertz (THz) frequency range.'™ Thus
an electromagnetic excitation in this range has an angular fre-
quency, , on the order of 7 '. Under these circumstances,
the Drude model, which relates the frequency-dependent
conductivity, o(w), to the dc conductivity, oo, as
o(w)=0o/(1—iwt), is not valid. Materials that are well
described by the Drude model at the neighboring microwave
frequencies require alternative descriptions at THz frequen-
cies. The lack of inexpensive, convenient sources for THz
radiation has left this frequency range relatively underex-
plored.® Even a technologically important material like silicon
is not fully characterized in this range."” This gap in our
understanding of THz-frequency materials properties can be
filled in part by the development and employment of a com-
prehensive simulation tool for carrier dynamics under
THz-frequency stimulation in conducting materials. The cen-
tral challenge of this work is to develop such a simulation
tool: an electromagnetic, particle-based solver that maintains
high accuracy over a broad frequency spectrum and a broad
range of carrier densities.

Typical semiconductor device simulations describe a
physical system of mobile charge carriers under electrical
stimulation, where carrier motion is influenced both by local
electric fields and by interactions with the crystal lattice.®'°
The ensemble Monte Carlo (EMC) technique accurately
describes carrier dynamics in the diffusive regime via a sto-
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chastic implementation of the Boltzmann transport equa-
tion.” The vast majority of EMC implementations describe
carrier dynamics under either dc or low-frequency stimula-
tion, where w1 < 1.7 In this case, the stimulation period is
very long compared to the time scale of relevant scattering
processes, and electric fields may be assumed to be constant
over a simulation time step. Most state-of-the-art EMC
implementations use grid-based quasielectrostatic solvers
(essentially solving Poisson’s equation) to incorporate elec-
tric field effects.®'°

At THz frequencies, wt =~ 1, and quasielectrostatic anal-
yses are not accurate.'>'* A THz-frequency solver requires a
fully electrodynamic description of the carrier-field interac-
tion. Both the charge and current densities influence the elec-
tromagnetic field calculation.””'*™'> The particle-in-cell
(PIC) technique is a powerful method for describing mobile
charge interactions with time-varying electromagnetic fields.
Early development of the PIC technique was prompted by in-
terest in plasma fusion devices.'®'® Buneman’s 1968
report'® detailed the advantages of integrating Maxwell’s
equations over time using the Yee cell?® and demonstrated
the incorporation of mobile charges into what is now known
as the finite-difference time-domain (FDTD) method of solv-
ing the time-dependent Maxwell’s curl equations.?' FDTD is
well suited for high-frequency analyses in which the quasie-
lectrostatic assumption fails.”**** By combining EMC with
FDTD, we may describe the carrier dynamics of a realistic
ensemble under electromagnetic stimulation at THz
frequencies.”'>?%%3

However, grid-based field solvers, such as FDTD and the
quasielectrostatic Poisson’s equation solvers mentioned
above, cannot describe the strong forces among charges sepa-
rated by distances smaller than the simulation grid cell.'*'” In

PIC implementations, where n is typically below 10" cm ™2,
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the average spacing among particles is large and the short-
range Coulomb interaction and correlation effect may be rea-
sonably neglected.'”?* In metals and semiconductors with
ny>10'"" cm™, the short-range Coulomb force among
charged particles significantly affects materials proper-
ties.2>?® At carrier densities above 10" cm_3, the exchange
interaction among indistinguishable electrons, and the corre-
lation effect between all electrons, can significantly affect
bulk materials properties as well.'**’° Molecular dynamics
(MD) has the ability to capture Coulomb interactions on sub-
grid-cell length scales.?>*731733

In this paper, we describe the EMC/FDTD/MD tech-
nique for THz-frequency materials characterization of
semiconductors and metals. EMC/FDTD/MD captures col-
lective carrier motion in highly conductive materials by
using MD to describe the direct Coulomb interaction among
electrons and ions separated by distances smaller than the
FDTD grid cell.>>*® The standard MD implementation for
Coulomb interaction is accurate for any carrier density where
particle interactions may be described classically (namely,
ny < 10" cm=%).227-3133 By ysing MD to describe interac-
tions among particles, we accurately model the Coulomb
force among electrons and between electrons and stationary
ions, in the classical regime. We incorporate both the direct
and the exchange interaction among indistinguishable elec-
trons>"?*3° to enable analyses for higher ny. Both elec-
trons®”2%3% and ions** are assigned finite radii, where the
optimal radii are determined through a comparison of the
known dc conductivity of the material of interest with the dc
conductivities calculated by EMC/FDTD/MD over a range
of particle radii. Thus EMC/FDTD/MD is a fully electrody-
namic technique that describes the complex interplay of
high-frequency electromagnetic waves with the carrier en-
semble of a realistic conductor, where both the strong Cou-
lomb interactions and the Pauli exclusion principle are
described via MD.

This paper is organized as follows. In Sec. II, we present
an overview of the constituent techniques used in
EMC/FDTD/MD, focusing on implementation details rele-
vant to the combined solver. Section III describes the com-
bined EMC/FDTD/MD solver and underscores the three
pivotal factors for cohesive implementation of the combined
technique: (1) ensuring that FDTD fields satisfy Gauss’s law
for EMC carriers, (2) avoiding double-counting Coulomb
fields in FDTD and MD, and (3) attributing finite radii to
electrons and ions in MD. In Sec. IV we examine the impact
of MD on the calculated conductivity of doped silicon at dc,
where the electronic properties of silicon are well estab-
lished. This investigation serves as a calibration step for
choosing the appropriate values for the particle radii. We
then compare the EMC/FDTD/MD prediction for the THz-
frequency conductivity of doped silicon”'> with published
experimental data at two available doping densities.” The nu-
merical results are in excellent agreement with experiment.
This validation establishes the accuracy of this technique for
prediction of high-frequency phenomena. The Appendix pro-
vides additional EMC/FDTD/MD implementation details
related to the accuracy and stability criteria that are specific
to the combined technique.
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Il. CONSTITUENT TECHNIQUES

This section provides a brief overview of each of the
three constituent techniques—EMC, FDTD, and MD—with
details relevant to their coupling. We direct the interested
reader to the references for further details.

A. Ensemble Monte Carlo (EMC) technique

The EMC method is a stochastic modeling technique
that describes carrier dynamics in the diffusive regime,
according to the Boltzmann transport equation,®'°

U 5 N+ F -V = ‘Zf
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where f(7, p, t) is the semiclassical distribution function, ¥'is
the carrier velocity, and F is the total force acting on the car-
rier. f(F, p, t) describes the probability that a carrier exists
within @*7 of position 7 and within d*p’ of momentum j at
time ¢. f(F, p, t) evolves in time according to Eq. (1) as a
result of diffusion (included in the second term) and carrier
drift due to external forces (described by the third term). The
collision integral (described by the term on the right hand
side of the equation) describes the impact of the material-
specific scattering mechanisms on the carrier ensemble.

The EMC simulates carrier dynamics in semiconductors
by tracking the evolution of a large ensemble of particles
[typically O(10%)] through time. Each carrier undergoes a se-
ries of scattering events and free flights. A random number
generator is used to calculate the duration of each free flight,
choose the mechanism for the next scattering event, and
update the particle’s momentum and energy as needed,
according to the appropriate statistical probabilities. Momen-
tum is updated during free flight according to the Lorentz
force,

— — —,

F=q(E+7xB), 2)

where ¢ is the carrier charge, and E and B are the electric
field intensity and magnetic flux density, respectively. Mac-
roscopic quantities of interest (such as charge density and
drift velocity) may be readily extracted via ensemble
averages.

B. Finite-difference time-domain (FDTD) technique

FDTD models electromagnetic wave phenomena via a
direct numerical solution of the time-dependent Maxwell’s
curl equations,

M%:—VXE—M, (32)
OF I
—=VxH-T b
eq =V H -] (3b)

Here, ¢ and p are the perm1tt1v1ty and permeability of the
medium, respectlvely H= ,u’lB is the magnetic field inten-
sity; and J and M are the electric and magnetic current den-
sities. In FDTD, Egs. (3a) and (3b) are discretized using
centered differences on the partial derivatives in space and
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time. The result is a fully explicit scheme with second-order
accuracy.

The FDTD formulation describes the time evolution of £
and H subject to domain boundary conditions and sourcing
via J and M. Perfectly matched layer (PML) absorbing
boundary conditions are most commonly used for terminating
the grid boundaries when simulating “open” problems.*
This approach introduces an impedance-matched absorbing
material region, typically 10-20 grid cells thick, at the boun-
daries of the FDTD computational grid. PML absorbing
boundary conditions have been shown to have outer-bound-
ary reflection coefficients on the order of —80 dB or better,*'
enabling finite-grid representation of an infinite space.
Another boundary condition, transparent periodic boundaries,
may be enforced in cases where translational invariance is
needed.?'

The total-field/scattered-field (TFSF) formulation
launches an electromagnetic plane wave into the total-field
region of the FDTD grid via sourced equivalent current den-
sities located at the TESF interface.?' This interface com-
prises a closed double layer of electric and magnetic current
densities, given by fTFSF = —nx ﬁinc and A7[TFSF =nx lfinc,
where 7 is the unit vector normal to the TFSF interface, and
the incident fields Enc and ﬁim are known.?!*® Waves origi-
nating from within the total-field region, due to scattering or
other current sources, pass through the transparent TFSF
interface into the surrounding scattered-field region.

C. Molecular dynamics (MD)

The MD technique describes the behavior of collections
of particles based on the particle-particle interactions.>’ For
an ensemble of electrons and ions, MD calculates the pair-
wise electrostatic force among each carrier and all other car-
riers and stationary ions in the vicinity. In an ensemble of N
electrons and N ions, the MD prediction for the net Coulomb
force acting on the ith electron is

EZXN:L&JFXN:L,% )

A )
= 47te|ri — rj| =i 4ne}rl~ — rj|

where Q is the ion charge, 7} is the position of the ith particle,
and 7; = (r; —7j)/|ri — rj|. In the particle solver, the MD
forces describe the full electrostatic system.?’=*3?

The computational electronics community has favored
the use of semiclassical scattering rates for charged particle
interactions over the use of MD. Rates are computed individu-
ally for binary carrier-carrier scattering, collective carrier-car-
rier or plasmon scattering, and binary carrier-ion or ionized
impurity scattering.®'*'>**34! The binary carrier-carrier
rates have in some cases been extended to describe exchange
interaction.'**%*! These semiclassical rates are attractive for
their small computational burden (though not always; see Ref.
39) and their incorporation of the Pauli exclusion principle,
but these rates present their own difficulties. Both of the bi-
nary scattering rates (carrier-carrier and carrier-ion) are usu-
ally formulated in the Born approximation, which
overestimates scattering.'”'*** Additionally, these two rates
assume that each Coulomb interaction involves only two par-
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ticles, an assumption that is only valid at low particle
densities.****2

Results based on the use of binary scattering rates as a
means of accounting for short-range Coulomb interactions can
be improved by carefully choosing the grid cell size on the
order of the screening length in nondegenerate ensembles, or
the inverse Landau damping parameter in degenerate ensem-
bles,'? thereby taking advantage of the fact that the grid-based
field solvers suppress sub-grid-cell fields.'> However, the bi-
nary scattering rates incorporate a certain amount of double-
counting within themselves: for instance, in the electron-ion
scattering rates according to the Brooks-Herring model, the
electron density is assumed to have a uniform spatial distribu-
tion, while simultaneously shielding dopant ions completely.'?
The Brooks-Herring model is appropriate at low doping den-
sities, but should be replaced by the unscreened Coulomb
(Conwell-Weisskopf) model at high densities.'? In our tests,
we find that the carrier-carrier and carrier-ion scattering rates
overestimate the short-range interaction strength and lower
the computed conductivity, o, even in the low-density regime,
where the short-range Coulomb interaction should negligibly
affect materials properties. Moreover, plasmon scattering is
well described by the long range carrier-field interactions
included in most grid-based solvers, so it need not be
addressed with a semiclassical scattering rate in a simulation
that also includes long-range fields.>”

The MD technique avoids assumptions about the screen-
ing length or the number of particles likely to participate in
any particular interaction, and it naturally incorporates all col-
lective ensemble behavior.?’>? In addition, MD has been
extended to describe the exchange interaction among indistin-
guishable electrons.”® " Previous work combining classical
MD with a quasielectrostatic grid-based field solver (such as
an iterative solver of Poisson’s equation) divides the Coulomb
interaction into a short-range component, which describes
interactions among particles separated by distances shorter
than a couple of grid cells, and a long-range component.*>~%2
The long-range part of the Coulomb interaction is quickly and
accurately described by the field solver, and the short-range
part is described by MD. The combination of a grid-based
solver with MD limits the number of particles involved in each
iteration of the MD calculation, thereby significantly reducing
the MD computational load, which scales with Nz, where N is
the number of interacting particles.>** These quasielectrostatic
solvers, combining grid-based solutions of Poisson’s equation
with MD, accurately represent low-frequency materials proper-
ties and semiconductor device characteristics.”>%%3

In this work, we extend these advances to the electrody-
namic case appropriate for THz-frequency analysis.
EMC/FDTD/MD calculates the long-range Coulomb force
with electrodynamic FDTD calculations, as described in Sec.
IIT A, and the short-range force with MD. Integration of
these two field solvers is detailed in Sec. III B.

lll. THE COMBINED SOLVER

In the EMC/FDTD/MD technique, the three solvers are
coupled in every time step to describe carrier dynamics
under applied time-varying electromagnetic fields with full
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FIG. 1. Conceptual flow chart of the simulation process. FDTD electromag-
netic fields and MD electrostatic fields combined according to the scheme
described in Sec. III B. The combined fields accelerate EMC carriers
through the Lorentz force. EMC carrier motion sources FDTD fields via J.
Instantaneous carrier positions define MD fields.

Coulomb interaction among particles (Fig. 1). FDTD electro-
magnetic fields and MD electrostatic fields accelerate EMC
carriers through the Lorentz force, F , in Eq. (2). EMC carrier
motion defines J, thereby acting to source FDTD fields in
Eq. (3), and instantaneous carrier positions define MD fields
in Eq. (4).

In this section, we describe the EMC/FDTD/MD solver
in the context of examining carrier dynamics in a doped
semiconductor under applied electromagnetic fields. We
define a 3D FDTD computational domain with the semicon-
ductor’s dielectric constant, ¢, specified throughout. As
shown in Fig. 2, the coupled EMC/FDTD/MD region is em-
bedded within the larger FDTD domain. This coupled region
spans the full height of the larger FDTD domain.

We drive carrier motion in the coupled region by defin-
ing the incident electric field, Einc, to be z-invariant and
z-polarized. As a result, the dominant force on the carriers is
directed along z. We enforce periodic boundaries in the top
and bottom (z-normal) faces of the EMC to allow unre-
stricted carrier motion in the direction of dominant force. To
ensure continuity in the electromagnetic fields, we also
impose periodic boundary conditions on the top and bottom
boundaries of the FDTD and MD computational domains. In
order to better represent bulk, EMC enforces specular reflec-

TFSF
interface

Coupled

. FDTD grid
region

boundary

FIG. 2. (Color online) EMC/FDTD/MD computational domain. The con-
ducting material is described in the coupled region with combined EMC,
FDTD, and MD simulations. Local charge density, p, varies rapidly within
the coupled region due to the random placement of electrons and ions. The J
and M sources necessary for plane wave sourcing are placed at the TFSF
interface, which surrounds the multiphysics (coupled) region in the x and y
directions. The multiphysics (coupled) region and the TFSF interface extend
the full height of the FDTD domain.

J. Appl. Phys. 110, 063714 (2011)

tion of carriers from the side (x- and y-normal) boundaries of
the coupled region. The side FDTD domain boundaries are
treated with convolutional PML (CPML), not shown in Fig.
2214 The distance between the coupled region and the
CPML is chosen to be sufficiently large so that the diverging
fields surrounding charges in the coupled region decay sig-
nificantly before interacting with the CPML. This ensures
that the coupled region is electromagnetically isolated from
the domain boundaries.

The incident fields are sourced from the TFSF interface,
which also spans the full height of the FDTD grid, as shown
in Fig. 2. In dc simulations, the sourcing field amplitude
increases monotonically over time from Einc =0atr=0to
E}nc =0.1kV/cm z, and this final value is maintained for
the duration of the simulation. The same source profile is
used with a sinusoidal carrier wave, in ac simulations, to
launch a uniform plane wave at the frequency of interest
with propagation along x.

The FDTD space lattice is based on the Yee grid cell,
which is defined by the arrows shown in Fig. 3. The
EMC/FDTD/MD computational cell builds on the FDTD grid
cell (with E, H s f, and M as traditionally assigned) with the
addition of charge density, p, at the grid cell corners."” We give
the motivation for this choice of position for p in Sec. IIT A.

The following sections give details on three key issues
necessary for a successful implementation of the EMC/
FDTD/MD technique. Section IIT A describes using FDTD to
calculate the diverging fields surrounding EMC charges, so
that Gauss’s law is satisfied. We give details in Sec. III B on
combining FDTD with MD, to accurately calculate the short-
range Coulomb interaction, without double-counting fields.
MD is extended to describe the exchange interaction among
indistinguishable electrons in Sec. III C. That section also
presents a MD treatment of ions with finite radii.

A. EMC/FDTD, with enforcement of Gauss’s law

Gauss’s law describes the diverging electric fields asso-
ciated with charges as follows:

H, M,
E, J, 7 g
(i, J, ke+1) R,
z
£ H My A A H, M,
@, jir1, k)
y Gk E,J. (1), k)
>

FIG. 3. 3D FDTD grid cell that has been augmented with charge density p
at grid node locations. Vector field and current density components are indi-
cated by arrows, and p is indicated by open circles. The vector components
are staggered in both space and time.
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V-E=". Q)
These fields define the Coulomb interaction among particles.
A typical quasielectrostatic EMC implementation includes
the numerical solution of Poisson’s equation, which is
derived from Gauss’s law.®* In contrast, the standard
FDTD formulation, which is typically employed for uni-
formly charge-neutral materials and structures, involves no
explicit enforcement of Gauss’s law, as evident in Eq. (3).
However, FDTD can be extended to treat structures with
nonuniform and time-varying charge density: FDTD fields
satisfy Gauss’s law in the presence of mobile charges if the
initial field distribution satisfies Gauss’s law, and if the conti-
nuity equation

VeTl=—— (6)

is enforced.”*® The placement of p at the grid nodes, as
shown in Fig. 3, streamlines the numerical implementation
of Eq. (6).

The fields must be properly initialized to be consistent
with the presence of charges. To illustrate this necessity, we
define a 3D EMC/FDTD/MD computational domain with a
single electron moving from 0 to 25 um with constant veloc-
ity. J is calculated to satisfy Eq. (6). Figure 4 shows snap-
shots (in time) of the electrostatic potential, @, calculated
from line integrals of the resulting FDTD electric fields. In
Fig. 4(a), the FDTD electric field is initialized to zero, as is
usual for charge-neutral FDTD simulations. As the electron
moves away from the starting position, electric fields develop
in the computational domain so that the electron is sur-
rounded by appropriate diverging fields, and the fields for an
artificial hole are left behind. In Fig. 4(b), FDTD electric
fields are initialized to satisfy Gauss’s law for the starting
position of the electron. As the electron moves away, the
diverging fields follow the electron and Gauss’s law is always
satisfied. Thus, accurate representation of diverging fields in
FDTD requires that the initial fields satisfy Gauss’s law.

An important advantage of the explicit enforcement of the
continuity equation, and thereby the implicit satisfaction of
Gauss’s law, is that long-range Coulomb interactions among
carriers are automatically included in the simulation. "’

1. Charge assignment and initialization

EMC/FDTD/MD uses the cloud-in-cell (CIC) charge
assignment scheme to assign EMC charges to the FDTD
grid. The CIC technique represents J-function charges as
finite-volume charge clouds.*’ This scheme provides an
accurate representation of the Coulomb interaction among
charged particles over length scales longer than a few grid
cells.”®*” The assumption of a finite charge volume is valua-
ble when dealing with J-function charges in a grid-based
field solver. The nearest-grid-point scheme does not require
this, and instead assigns each J-function of charge to which-
ever grid point is closest to the particle, but results in abrupt
electron motion and very noisy fields. Consequently the CIC
scheme is usually preferable.*’
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© [pV]

@ [uv]

-0.1

FIG. 4. (Color online) Electrostatic potential ¢ due to the motion of a single
electron, calculated from FDTD electric fields. (a) If the electrostatic field is
initialized to zero, the electron’s inception point appears to be charge neu-
tral. As the electron moves, it leaves an artificial immobile hole behind. (b)
When the electrostatic field is initialized according to the solution to Pois-
son’s equation for the electron’s charge density, FDTD produces an appro-
priate electrostatic field for the pointlike moving particle.

We assume CIC charge assignment with cubic charge
clouds of width Ax, so that the charge density of a cloud cor-
responding to a particle of charge ¢ is g/Ax’. The CIC
scheme assigns a portion of the particle’s charge cloud to
each of the eight p elements at the corners of the
EMC/FDTD/MD grid cell shown in Fig. 3. For a particle
with position (x, y, z) within the grid cell, the portion of the
total charge assigned to p on the nth grid cell corner with
position (x,, y,, z,) is given by w,, where

N X, — x| [y — VI |z, — 2]
() (22 (552,

Initial electric fields that satisfy Gauss’s law are calculated
numerically as the gradient of the electrostatic potential @,
where ® is the solution to Poisson’s equation'" for the initial
charge distribution p, with ® and p collocated on the grid in
Fig. 3.

2. Current density calculation

The small approximations inherent in the staggered grid
assignment of J and p in the EMC /FDTD/MD region can
result in a violation of Eq. (6). We explicitly enforce Eq. (6)
by calculating a carrier’s contribution to J from its change in
position over a time step rather than from its known
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instantaneous velocity. The resulting Jis assigned to the grid
according to the carrier’s spatial charge profile in the CIC
scheme, to maintain full consistency between the initial and
subsequent field/charge calculations.”'>%¢

During one time step, At, the particle moves from (x, y,
z) to (x°, y’, z’), where we assume starting and ending posi-
tions are within the same grid cell. There are four elements
of J, in the grid cell shown in Fig. 3, with positions given by
(i+1/2,j, bHAx, (+1/2, j+1, bHAx, (i+1/2, j, k+ 1DAx,
and (i +1/2, j+ 1, k+ 1)Ax. The nth of these, J.", is given

by
g —x) [yal |2a
JI=——1—-==) 1" 8
. At ( Ax Ax )’ ®)
where y, =y, — 0.5(v+y"), z,=2z, — 0.5(z+2"), and (x,,, Y.,

z,) is the posmon of Ji. The elements of J, and J are simi-
larly defined.’ Motlon into the nelghborlng grid cell is
treated by dividing the path into sections, so that the motion
in each cell is treated individually.

3. Field interpolation

The definition for J described above is fully consistent
with the CIC scheme. As a result, the fields may be calcu-
lated at the positions of the mobile carriers during the time-
stepping process via interpolation according to the CIC
scheme. Since FDTD fields are offset from the grid nodes,
we interpolate the electromagnetic fields at the grid nodes
prior to CIC interpolation. This second interpolation finds
the field at the location of the carrier using E and H at the
grid nodes, by interpolating with the weights w,, defined in
Eq. (7). Because of the consistency between the CIC scheme
and the J calculation described above, self-force is
minimized.*®

B. FDTD/MD, without double-counting

The forces acting on a mobile carrier are caused both by
the applied fields and by the Coulomb interaction between
that carrier and the other carriers and ions in the system. The
total force acting on the ith carrier is given by

2N—1
al E :
Flotal pphed + FCoulomb’ (9)

where the summation describes the Coulomb force on the ith
carrier from all other (N — 1) carriers and all (N) ions in the
system, and F appliea TePresents all other forces on the ith car-
rier from applied and induced fields. We calculate Ft a1 0N
an EMC carrier, where the tilde denotes the numerical
approximation of the force of Eq. (9), F{olal
EMC/FDTD/MD calculates INFtolal by using fields
from FDTD and MD to numerically approximate the terms
on the right hand side of Eq. (9).

Both the applied fields and the Coulomb fields are con-
tained in the FDTD computational grid. We define F'
to be the force on the ith carrier calculated from FD%

fields. Egri 4 1s given by
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4
x 10
2 =
F;Coulomb
=" Egrid
1t
/~~
z T
A
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~
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i—4 -3 i-2 i—-1 i i+1i+2 i+3 i+4 i+5
Grid index

FIG. 5. Force experienced by an electron moving past a stationary ion. The
ion is located at x= (i + 1/2)Ax. The dashed line shows the force acting on
the electron, found from interpolating the grid-based field according to the
CIC scheme. The solid line shows the Coulomb force the electron should
experience. Between indices i — 1 and i+ 2, the Coulomb force is poorly
represented by the interpolated grid-based field.

2N—1

Fgrld_Fapphed + ZFCwlomb (10)
=1

Each term in Eq. (9) is numerically represented in Eq. (10),
to varying degrees of accuracy. FDTD provides an accurate
calculatlon of applied fields; thus we may equate Fapphe 4 o
Fapphed FDTD fields also accurately describe the Coulomb
interaction among charges separated by distances longer
than a few FDTD grid cells, so that we may equate f Coulomb
to F, Coulomb fOT spatially separated particles.

Grid-based field solvers like FDTD cannot resolve inter-
actions among particles that are separated by distances
shorter than a few grid cells. This point is illustrated in Fig.
5, which shows the force experienced by an electron as it is
swept through a grid cell that contains an ion at the center,
where the entire force is calculated from the interpolated
grid-based field and ﬁapphed = (. Outside of the few grid cells
surrounding the ion, F 4 includes an accurate representation
of FCoulomb In the 10r1 s close proximity F arid is weak in
comparison to F Coulombs and the representatlon breaks down.
Thus, Fgri d is not a complete representation of ﬁtotal, but
the only difference is in the terms of the summations in
Egs. (9) and (10) that describe the force from particles within
a few cells of the ith particle. In EMC/FDTD/MD, these
short-range forces are calculated by MD, where the MD
force is FMD. The long-range forces and the forces from
applied fields are calculated by FDTD.

As shown in Fig. 5, the short-range force calculated
from the grid-based field is plecew1se linear and nonzero. If
F Coulomb 18 combined with F .iq> then the fields are double-
counted and the resulting force is larger than the Coulomb
force alone.”>° The corrected-Coulomb scheme, defined in
Refs. 25 and 26, avoids double- countlng of fields by precal-
culating FMD to produce FMD—|— F arid =F Coulomb- an d is pre-

calculated by sweeping a moblle electron past a stationary
charge at a known location in the grid cell, as was done to
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produce Fig. 5.2° The resulting correcting force,
FMD FCoulomb an 4> can be used to describe interaction
with electrons or ions during the time-stepping process
as long as the appropriate sign is used. However F
depends on the particle’s position within the grid cell.' As a
result, EMD is not an accurate correcting term for interaction
with any arbitrarily placed electron or ion.

The novel approach used in EMC/FDTD/MD accurately
calculates the short-range force for interactions with any arbi-
trarily placed particle. The approach eliminates double-counted
fields for any electron-ion interaction that is calculated with
MD, by subtracting the ion’s contribution to the grid-based field
prior to interpolating the field at the electron’s location. The
Coulomb force is then described by MD alone, with no grid-
based contribution. This is described in greater detail below.

EMC/FDTD/MD permits MD interactions among car-
riers and ions within the same cell and in neighboring cells.
An ion interacts via MD with every carrier in the surround-
ing 3 x 3 x 3 block of cells, and no other carriers. In the 1D
example shown in Fig. 5, MD calculates the electron-ion
interaction for the three consecutive grid cells bounded by
grid indices i — 1 and i 4 2. In the new scheme, an ion’s con-
tribution to eri 4 1s calculated by solving Poisson’s equation
in the simulation initialization stage. We compute the grid-
based electric field in the 27 grid cells surrounding the ion
and store the resulting values, so that subsequent calculations
may quickly determine the ion’s local contribution to the

grid-based force, Fof; In the example in Fig. 5,

Slocal {Fgrid i—1toi+2,
= grid 0 elsewhere.

When an EMC camer enters one of the 27 cells surrounding
an ion, we subtract F d from F and therefore eliminate
the inaccurate representatlon of the short-range Coulomb
force in the grid-based field. We further assume
Fyp = Fcoutomb. We combine Fyp With the remaining force
from the grid-based field. The result is a complete descrip-
tion of the force on the carrier from applied and Coulomb
fields, without double-counting. The Appendix gives further
implementation details for this technique.

Figure 6 shows the force acting on an electron that is
swept past a stationary ion, where the ion is positioned at the
center of a grid cell. The MD force for the corrected-
Coulomb scheme has been calculated using an ion positioned
at the center of the grid cell. Both the corrected-Coulomb
scheme [Fig. 6(a)] and the new scheme [Fig. 6(b)] accurately
predict the Coulomb force the electron should experience.
Figure 7 shows the force on an electron that is swept past a
stationary ion, where the ion is positioned at the edge of the
grid cell. The corrected-Coulomb scheme was initialized as
in the previous example, and it now overestimates the com-
bined force on the electron for this offset ion [Fig. 7(a)]. The
new scheme accurately predicts the combined force, within
the portion of the interaction that is calculated with MD.

The simplest implementation of this scheme has the
potential to contribute substantially to the computational bur-
den of the initialization stage, since Poisson’s equation must
be solved for each individual ion to produce the ions’ local
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FIG. 6. (Color online) Coulomb force from the FDTD-MD field calculation
for an electron passing by a stationary ion at the center of a grid cell. The
electron is moved along a straight line that passes through the ion position.
In both (a) and (b), the black solid line shows the expected force as given by
Coulomb’s law, and the circles show the Coulomb force as calculated by
each of the two methods. (a) Corrected-Coulomb scheme. The red dashed
line shows the force calculated via the interpolated grid-based field, and the
blue dot-dashed line shows the contribution to the force from MD, where the
MD force has been calculated for an ion at the center of the cubic grid cell.
(b) New scheme. Here, the red dashed line indicates no contribution to the
interpolated grid-based field from the ion. The blue dot-dashed line, showing
the MD force, is calculated directly from Coulomb’s law.

grid-based fields. We exploit the linearity of Poisson’s equa-
tion to eliminate the bulk of the computational burden of the
technique’s initialization. Prior to calculating the solution to
Poisson’s equation, an ion’s charge is divided among the grid

8
points at the corners of the ion’s cubic grid cell ® = w, Dy,

with weights w,, n=1{1, 2, ..., 8}, according to Eq. (7). We
consider the mathematically equivalent case of eight individ-
ual particles with charges w,q, n= {1, 2, ..., 8}, positioned at
each of the grid cell corners. Given the Poisson solution @
for a single charge located at a grid intersection, the ion’s
potential @ is calculated as the weighted sum of shifted poten-
tials @y, as follows:

8
®= Zw,,cpg, (1)
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FIG. 7. (Color online) Coulomb force from the FDTD/MD field calculation
for an electron passing by a stationary ion at the edge of a grid cell. The
electron is moved along a straight line that passes through the opposite side
of the ion’s grid cell. In both (a) and (b), the black solid line shows the
expected force as given by Coulomb’s law, and the circles show the Cou-
lomb force as calculated by each of the two methods. (a) Corrected-
Coulomb scheme. The red dashed line shows the force calculated via the
interpolated grid-based field, and the blue dot-dashed line shows the contri-
bution to the force from MD, where the MD force has been calculated for an
ion at the center of the cubic grid cell, as before. (b) New scheme. Again,
the red dashed line indicates no contribution to the interpolated grid-based
field from the ion. The blue dot-dashed line, showing the MD force, is calcu-
lated directly from Coulomb’s law.

where @ is @y shifted to center on the grid cell’s nth corner.
The local fields for each ion in the ensemble are found with a
single solution to Poisson’s equation. Since the ions are
immobile, these field values are calculated once for each
simulation. The calculation of the local grid-based fields of
each ion in the ensemble is significantly expedited.

For each carrier-ion interaction the only computational
burden this scheme adds during the main time-stepping loop
results from subtracting off the grid-based field. We save sig-
nificant computational labor in each time step by associating
the stored arrays with all ions in a particular grid cell rather
than with each ion individually. Instead of subtracting the
grid-based fields for each ion in a cell, we subtract them all
at once. This technique contributes more significantly to the
computational burden in the electron-electron MD calcula-
tion, since electrons move continually and the weights and
nearest fields would need frequent recalculation. At the same
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time, our tests have shown that the use of the exact short-
range electron potential has minimal impact on bulk material
properties. Thus, for the electron-electron interaction, we
choose the lighter computational load and larger approxima-
tion of the corrected-Coulomb scheme.

C. Finite electron and ion size
1. Exchange interaction

MD accurately describes the Coulomb interaction in
bulk materials with ny< 10'® cm73, where the carrier
interaction is well represented by a fully classical descrip-
tion. As ng increases, the exchange interaction among indis-
tinguishable particles increasingly impacts materials
properties.? 3041

The exchange interaction is a geometric consequence of
the Pauli exclusion principle that manifests itself as a reduc-
tion in the force among indistinguishable electrons.”®%-*
We adopt the formulation of Refs. 28-30 to describe this
quantum-mechanical effect with molecular dynamics. Car-
riers are defined as Gaussian wave packets with a finite ra-
dius r.; the wave function of the ith electron is

by (7)) = mr2) " * exp <— ;—2 + ik; - ) . (12)

The wave packet amplitude is significant only within a few
r. of the electron’s assumed position 7; and a few 7/2r. of
the assumed momentum p; = hla, where IE; is the electron’s
wave vector. The equations of motion for the ith electron in
an ensemble of N electrons are then given by

d]; . N N
hj:FoJrZﬁS > 000 F (13)
JFi J#I
d,
’ Z 30.6,Gi, (14)
J#

where ¢, is the spin of the ith electron, J is the Kronecker
delta symbol, the summations include all electrons j where
Jj #i,and F, includes forces from applied fields and the elec-
tron-ion interaction. The new terms are given by

q 1 73
FP=— —va ——erf( S |, 15
¥ 4me ‘r,,{ <2rc) (152)
- 2 e
ax_ @ Ty T e [V
y 873/ 214 4r 2 ile 0 ’
(15b)
2 42 ki
= q 1 TR N
Gy = _4n3/26r271v];' kT,jexp F e 0 dre- |
(15¢)
where 75 = 75 — 77, IZ, = lg; — k;, and erf(x) is the error func-
tion. FE is the direct Coulomb force between the ith and jth
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electrons defined by Eq. (12). In this formulation, 135 defines
the direct force among all electrons, regardless of spin. FEX
describes the “exchange force”, which acts to reduce the
interaction among indistinguishable electrons of the same
spin as a function of the electrons’ proximity in position and
momentum. @,j describes a small increase in the carrier ve-
locity, so it may be thought of as a small reduction in the
effective mass. All three terms are calculated numerically at
the start of the simulation and stored in lookup tables.

We determine the scale of r. from the Hartree-Fock
approximation exchange hole profile,**

sinrg — rp cos ro) 2 (16)

g(ro) =1- 9( 3
o

where rg= (371:2110)1/ 3, r is the radial distance from the cen-
ter of the electron, and g(r() describes the probability that an
identical electron can exist at ry. We fit the normalized Gaus-
sian envelope of our electron wave function to 1 — g(rp) to
determine the Hartree-Fock prescribed electron radius 7. yr.
This fit produces the following relationship:

log ng

Fe HF = exp(— + 17.366), (17)

where n is carrier density in inverse centimeters cubed. For
comparison we consider the average radius of the volume
occupied by a single carrier electron of a particular spin,

6 1/3
s — 1
d <47m0> (18)

as well as the carrier radius values for doped silicon, 7. vp,
given by Ref. 28.

Table I lists 7. gF, e mp, and 7, for each doping density
of interest here. Both r.pgr and ry decrease monotonically
with increasing no, in contrast with the values given by Ref.
28, which increase with increasing 7, in the range provided.
For each doping density, both 7. gr and 7. ymp are smaller than
the radius of the sphere occupied by a single electron where
we only consider electrons of the same spin. Table I offers a
direct comparison of the Hartree-Fock exchange hole radius
r.gr and the carrier radius 7. yp, but it is not clear that the
two radii actually represent the same physical quantity. 7. yg
is the predicted radius of the spherical volume surrounding an
electron into which an identical electron cannot penetrate,
while 7. yp is chosen as a compromise between the desire to

TABLE 1. r. as a function of no. We compare the Hartree-Fock exchange
hole r. g, with the carrier radius 7. mp of Ref. 28. The radius of the volume
occupied by one electron of a particular spin y is included for reference.

no [em ™’ renr [A] Fenp [A] rs [A]
10 750 1687
10 350 782
10'® 160 7 363
10" 75 14 168
108 35 16 78
10" 16 17.5 37
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maintain the classical Coulomb force for most carrier-carrier
interactions, while permitting exchange for very short-range
interactions. The question of how to choose the value of r. is
discussed further below.

2. Finite ion radius

A typical MD implementation treats ions as J-functions
of charge.?® The bare Coulomb force acting on an electron in
the vicinity of a J-function ion is strong enough that such
electrons would reach relativistic speeds, which leads to sim-
ulation inaccuracy and instability.49 Instead, we assume that
the dopant ion has a finite radius.>**° We model the dopant
ion charge with a Gaussian profile of characteristic half-
width r4, so that the Coulomb force experienced by an inter-
acting electron is given by a modification of Eq. (15a) as

_’D.ion__g . 1 ﬂ
R [T,

where we assume an ion of charge Q. The maximum force
that may be applied to electrons is substantially reduced; see
Fig. 8. In the case of phosphorous-doped silicon, the approxi-
mate radius of the ion’s outer orbitals is given by the effec-
tive Bohr radius as 13.8 A.>* This value gives a qualitative
understanding of the scale of ry.

IV. APPLICATION TO DOPED SILICON: CALIBRATION
USING DC DATA AND VALIDATION VIA COMPARISON
TO AVAILABLE THZ DATA

In this section, we compare the effective conductivity
calculated by EMC/FDTD/MD with published experimen-
tal results for doped silicon at THz frequencies, obtained via
reflecting THz time-domain spectroscopy.> The complex
conductivity was measured for two n-type silicon samples
with dc resistivities of 8.15 Q c¢cm and 0.21 Q cm, corre-
sponding to no=5.47 x 10" cm > and ny=3.15x 10"
cm, respectively.”!

First, we calibrate EMC/FDTD/MD by calculating 6(0)
as a function of r, and ry for each ng, as described in Sec. III
C, and choosing particle radii that give 6(0)/og ~ 1. After

100}

Force [pN]

-10

Distance from ion [nm]

FIG. 8. Force between an electron and an ion for several values of rg.
A finite ion radius ry reduces the strength of the short-range interaction,
where the degree of reduction depends on 7.
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calibration, we use EMC/FDTD/MD to calculate 6(w) for
stimulating frequencies f=0-2.5 THz at the two ng of inter-
est, and compare with the experimentally reported results.
The effective linear-regime complex conductivity 6 is com-
puted as

_ )T () o0

where E(w) and J(w) are the electric-field and current-den-
sity phasors in the coupled region, after spatial averaging to
reduce noise.

A. Calibration: Finding r. and ry

The EMC technique is used to describe carrier dynamics
in n-type silicon at room temperature. We use the effective
mass approximation with first-order nonparabolicity.”? All
material parameters and constants are taken from Ref. 53.
FDTD and MD calculations assume the relative permittivity
of silicon, ¢, = 11.7, throughout the computational domain.
The maximum applied electric field is 0.1 kV /cm; this exci-
tation corresponds to the low-field regime.

Figure 9 shows Re{G(0)}/ao, where oy is the known dc
conductivity of the material,”' as a function of r. and rq, for
the two ng of interest (i.e., two ng for which THz conductiv-

0% (2

480F

400 @5

FIG. 9. (Color online) Re{d(0)}/ay as a function of r. and ry, for (a)
no=>5.47 % 10" and (b) 3.15 x 10'® cm . g, is the known dc conductivity
of silicon corresponding to a given doping density (Ref. 51). Re{d(0)}/
0o =~ 1 for preferred values of r. and ry.
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ity data exist).? Our tests show that r. has little influence on
6(0) regardless of doping density, provided that ry4 is of rea-
sonable value. The influence of the carrier-carrier interaction
is predominantly to relax the ensemble toward a drifted Max-
wellian or drifted Fermi-Dirac distribution (depending on
doping) without changing the average ensemble energy or
momentum (i.e., the electron-electron interaction does not
directly impact the conductivity of the material). The only
situation in which we would expect r. to significantly affect
bulk properties is at very high ny when electrons are forced
to interact at short range. The only conclusion we can draw
about the impact of 7, on the conductivity is that any changes
to ¢(w) from r. occur below the level of the noise in our
data, and the question of how to best choose r. remains open.
In this work we use r.=r HF> from Eq. (17). At
n0—5 47 x 10" em ™3, r.=426 A, and at ny=3.15 x 10'°
em >, we use r. =110 A. At the first of these two g, 6(0)
does not depend on ry, as we would expect for this low value
of ng. We use rg=1.1 A, for numerical stability (see the
Appendix for details on stability criteria). We see a moderate
dependence on rq4 for ny=3.15 x 10'® cm>. The ion radius
is chosen as r4 =2.8 A.
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-e-EMC/FDTD/MD
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N Drude model
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5 0 osl
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50047 ¢
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FIG. 10. THz conductivity of n-type silicon with 79=5.47 x 10" cm™>. In
these tests r. =426 A and rq=1 A. The dot-dashed line shows the Drude
model predlctlon for the conductivity, based on the known doping density
and mobility of the material. The solid line indicates the analytical fit to the
experimental data. ¢ calculated by EMC/FDTD/MD is shown with solid
circles connected by a dashed line.
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B. Validation: Comparison with experimental data

As we had no access to the raw data of Ref. 2, we com-
pare ¢ calculated by EMC/FDTD/MD with the analytical
best fit of the Cole-Davidson model to experimental data, as
given by Ref. 2. The Cole-Davidson fit can be regarded as a
faithful representation of the experimental data, especially at
the lower doping density where the experimental data exhibit
low noise. Figure 10 compares the EMC/FDTD/MD doped-
silicon complex conductivity to the experimental results for
ng=5.47x 10" cm™>. EMC/FDTD/MD results are indi-
cated with solid circles and a dashed line. The numerical pre-
diction for conductivity shows excellent agreement with
experiment. The Drude-model conductivity, calculated by
using the doping density and the corresponding low-field
mobility, differs significantly from both numerical and ex-
perimental data.

Figure 11 shows the complex conductivity calculated by
EMC/FDTD/MD in comparison with the best fit to experi-
mental results for silicon doped to 79=3.15 x 10'® cm™>.
Again, EMC/FDTD/MD results for & show excellent agree-
ment with experiment. This comparison validates the techni-
ques described in this paper, and demonstrates the accuracy

5 . . . .
2 N -e-EMC/FDTD/MD
”\/ = Experiment
41 DO N Drude model
§ 3t
2,
% ol
[}
=7
1 L
0
2.5
2 L
g 1.5¢
2,
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05 -e-EMC/FDTD/MD]
] — Experiment
0 . ‘ -~ Drude model
0 0.5 1 1.5 2 2.5
f[THz]

FIG. 11. THz conductivity of n-type silicon with ng=3.15 x 10'® cm 2. In
these tests r. =110 A and rg=2.8 A. The dot-dashed line shows the Drude
model prediction for the conductivity, based on the known doping density
and mobility of the material. The solid line indicates the analytical fit to the
experimental data. ¢ calculated by EMC/FDTD/MD is shown with solid
circles connected by a dashed line.
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of EMC/FDTD/MD for THz-frequency characterization of
doped semiconductors.

V. CONCLUSION

We have presented EMC/FDTD/MD, a comprehensive
numerical technique for high-frequency characterization of
semiconductors and metals. We first described the three con-
stituent techniques, with details relevant to the combined
solver. We highlighted three fundamental advances. The first
was rigorous enforcement of Gauss’s law in FDTD with mo-
bile charges. We emphasized the necessity for accurate initi-
alization of the diverging fields in FDTD, and calculation of
current density according to the continuity equation. The
second fundamental advance involved describing electro-
magnetic fields with FDTD and MD. We presented a new
technique for avoiding double-counting fields, and high-
lighted several improvements to improve efficiency without
sacrificing accuracy. Third, we described representing finite-
size particles with MD. With this advance we include both
the direct force among all charged particles, as well as the
exchange interaction among indistinguishable electrons. In
Sec. IV, we demonstrated the use of EMC/FDTD/MD to
determine the dc and THz conductivity of doped silicon. To
determine the appropriate electron and ion radii, we calcu-
lated the dc conductivity, ¢(0), as a function of the radii and
compared it with the known dc conductivity, g, of silicon at
a given doping density. We then applied THz-frequency
propagating electromagnetic plane waves to the multiphysics
region, and used the resulting stimulated currents in the
coupled material to determine the conductivity. The calcula-
tion of THz conductivity of silicon from EMC/FDTD/MD
shows excellent agreement with available experimental data
(i.e., at two doping densities). EMC/FDTD/MD shows
promise as a powerful technique for characterization of
semiconductors and metals at THz frequencies.
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APPENDIX: IMPLEMENTATION, ACCURACY, AND
STABILITY

1. Initialization

During the initial calculation, the carriers and ions are
assigned positions, and carriers are also assigned momenta
and spin, according to the appropriate statistical properties as
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described in Sec. II. In order to begin the simulation with a
realistic carrier ensemble, we ensure that no electron is ini-
tialized in a position of extremely high potential energy by
reinitializing any electron that is within a few Angstroms of
another electron or ion.

In EMC/FDTD/MD, MD calculates pairwise forces
among particles in the same grid cell or in neighboring grid
cells. We employ a linked-list scheme, which maintains lists
of the particles close enough to interact through the short-
range component of the Coulomb force. Associated with
each grid cell is a list of the particles contained by that grid
cell, so that MD interactions may be calculated by iterating
through the list, rather than by searching the ensemble for
nearby particles.

Once the electron and ion positions are established,
grid-based charge density is calculated according to the CIC
scheme. Poisson’s equation is solved for the initial charge
density with an iterative successive over-relaxation scheme.
The resulting electrostatic potential, @, is used to calculate
the initial diverging electric fields, according to E=-Vo.
Local grid-based fields for each ion are calculated as
described in Sec. III B, and stored for later use.

EMC /FDTD/MD calculates Fp, Fgx, and G,j as func—
tions of 7 and k and tabulates the results for reference F D 1S
radially symmetric in 7 and independent of k; we thus fully
describe Fp with a simple 1D array. The direct force among
electrons is calculated by averaging solutions to the cor-
rected-Coulomb scheme for many stationary electron posi-
tions, where Fp replaces the bare Coulomb force as the
reference. In both Fgx and G,j, the computationally burden-
some integrals and exponentials are radially symmetrrc in
both 7 and k Rather than storing a full 2D array in 7and k
for each of Fgx and G,j, we exploit the separability of these
functions and store the 7 and k terms in four 1D arrays. This
permits very fine resolution in both 7 and k without signifi-
cant storage requirements. During a simulation time step,
FD, FEX, and G,J are calculated for any electron-electron
interaction from known 7 and k according to the tabulated
arrays. Before starting the main time-stepping loop, the MD
fields are calculated for the initial ensemble of electrons, as
described in Sec. III B.

2. Time-stepping scheme

In our calculation updates, H, k, and J are defined on the
time step, and E and p are defined on the half time step. The

nth time step begins with Ea N S N A SN Ve

and H". This time- stepping procedure is adapted from Ref. 54.

1. Use E~/2 and H"~1/2 to update k"1 — &
2. Use k" to update p"~ /2 — pr+1/2
3. Use p"~ /2 and p"*+'/? to find J”
4. Use p"*1/? to find E_‘KIDI/Z
5. Use Ij::}%l J" to update E_FD%Z Eptl2
6. Use Exprn to update H"— H"*!
1/2
In Step 1, FDTD fields are interpolated to find FDT{)

and H" /2 at integer grrd indices, Where H is averaged in
time as well as space, as H"~1/2 = 0.5(H  + H'). The total
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electric field, £7+1/2, is found by combining Erpi? and
E?\,fDl 2, according to the method described in Sec. III B. In
each grid cell of the coupled region, EMC/FDTD/MD cop-
ies the local fields into three small auxiliary grids, with one
grid for each of the three electric field components. The local
fields for all ions in the surrounding 3 x 3 x 3 block of cells
are subtracted from the auxiliary grids, so that the charge of
the neighboring ions give zero contribution to the local grid-
based fields. Once £"~'/2 and H" /2 are known, the change
in carrier momentum is calculated using the following time-
centered update equations which incorporate the o X B
rotation'®

L E
= "*1+Z—hm, (Ala)
oo = ki + ky X T, (A1b)
i = ky + ko X 5, (Alc)
gE
=l + = At Ald
3+2h , (Ald)
where
. ¢B 2F
=4 , and 5=

14+

The position update in Step 2 is calculated including (_;}j as a
small modification to the effective mass, as described in Sec.
IIT C. The current density in Step 3 is calculated according to
the description in Sec. III A, so that the continuity equation
is always satisfied. In Step 4, EMD is calculated for each car-
rier according to the new positions of the charges, and the
exchange interaction is determined using the new positions
and momenta of indistinguishable electrons. Steps 5 and 6
comprise the FDTD update. These steps include the use of
the TFSF formulation to apply the stimulating fields.

3. Accuracy and stability criteria

Each of the constituent techniques has accuracy and
stability requirements that must be satisfied in
EMC/FDTD/MD. In general, small Ax and Ar give
improved simulation accuracy at the cost of increased com-
putational burden. In EMC/FDTD/MD, simultaneous satis-
faction of all relevant restrictions on Ax and A results in a
heavy computational load. Without care, the computational
requirements can render these simulations intractable in a
reasonable time frame. In the following, we discuss the
requirements on Ax and At, and describe appropriate meas-
ures to reduce the computational burden.

a. Grid cell size. To adequately suppress the numerical
dispersion errors introduced by the finite-differencing tech-
nique, FDTD requires

Ax < 7/10 (A2)

for the shortest wavelength A of interest. Electrostatic phe-
nomena such as Debye screening are comparatively long
wavelength, so that this requirement is amply satisfied for
such phenomena when it is satisfied for THz-frequency
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stimulating fields. The EMC that is coupled to a Poisson’s
equation solver typically requires Ax < 0.5 Ap to resolve phe-
nomena on distances larger than the screening length p.
This restriction is relaxed with the addition of MD, since
accurate representation of particle interaction is no longer
tied to the grid cell size. Thus, the FDTD requirement in Eq.
(A2) gives the upper bound on Ax for accuracy.

As mentioned above, larger values of Ax typically corre-
spond to lower computational load in grid-based simulations,
but MD adds another source of computational burden with an
opposite trend. Further restrictions on Ax are illustrated by
the following numerical example. Silicon with carrier density
no=10"" cm™ has conductivity co=0.023 S/cm.”' With
plane wave stimulation of frequency f=1 THz, the wave-
length of interest is 4 ~ 87.6 um.”” If we assign Ax= /10, a
single grid cell would contain nearly 1.35 x 10° carriers and
ions, leading to an unacceptable computational burden in
MD. As long as Eq. (A2) is satisfied, we may instead use
practical considerations of the computational burden to deter-
mine Ax. We calculate Ax according to n,

1/3
Ax = (M) , (A3)

no

where N, is the number of carriers in a grid cell. Larger val-
ues of N lead to heavier computational burden. Our simula-
tions typically use N..; = 3. In essence, as long as the FDTD
accuracy requirement is satisfied, the criterion for the largest
permitted Ax is defined to ensure low MD computational bur-
den by having few particles, on average, per grid cell.

EMC/FDTD/MD accuracy also requires a lower bound
on Ax that stems from the use of finite particle radii in the
extended MD formulation. We require

Ax > max (4rc, 4rq) (Ad)

to ensure that the entire profiles of electrons and ions are
described within the MD fields. Further restrictions on mini-
mum Ax result from the strong forces involved in the carrier-
ion interaction. Both FDTD and MD describe these rapidly
varying fields: MD describes the strong forces within the 27
grid cells surrounding the ion with very high accuracy, and
FDTD describes the weaker long-range force outside these
cells via less accurate interpolation. As Ax decreases, more
of the stronger force is interpolated from the FDTD grid, and
less is calculated with MD. This interpolation introduces sig-
nificant error into the force for the rapidly varying Coulomb
fields close to the ion. To quantitatively determine an appro-
priate lower-bound on Ax based on this effect, we define a
free thermal electron with initial velocity directed along the
x-axis, and examine the electron interaction with a stationary
ion located 1 nm above the axis. In this purely elastic inter-
action we expect Av =0, where Av is the change in the mag-
nitude of the electron’s velocity before and after the
interaction. Our tests examine the dependence of Av on Ax.
For the largest grid cell we examined, Ax ~ 70 nm, we
observed Av/v=—0.5%, indicating a 0.5% drop in velocity.
The magnitude of Av increased monotonically with decreas-
ing Ax. For Ax < 10 nm, the electron velocity decreases by a
few percent with each interaction with the ion, and at
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Ax=3 nm, such as we would use for three carriers per grid
cell at no=10*" cm 3, Av/v=—12%. Too small of a grid
cell size leads to loss of electron kinetic energy, and eventual
trapping around an ion. In our tests with silicon, these restric-
tions came into conflict with Eq. (A3) for ny > 10" cm™3;
these cases require N e > 3.

b. Time step. The time step Ar must satisfy the FDTD

stability criterion, given by Ref. 21, as

Ax
Atrprp < 3 (A5)
for a cubic grid cell, where c is the speed of light in the least
electrically dense material. In an EMC coupled to a Pois-
son’s equation solver, accuracy and stability require that a
mobile charge be unable to traverse a grid cell in a single
time step. This is described as follows:

Atvmax S Ax ’ (A6)

Vmax

where v, is the largest velocity a particle is likely to
achieve, typically 10° m/s. To ensure that plasma oscilla-
tions are sufficiently sampled, EMC stability also requires

0.5
Atwp S - (A7)
@p

Finally, a fourth upper bound on At ensures sufficient sam-
pling of the high-frequency stimulating fields. This last
requirement is given by

0.5
Aty < —, (A8)
=7
where f= /27 is the stimulating frequency.
All of these rates must be satisfied in every

EMC/FDTD/MD simulation. To compare the resulting time
steps, consider again the example of doped silicon with
no=10"" cm™> under 1 THz radiation. The plasma fre-
quency of this material is w,=3.20 x 10" rad/s. We use
Ax=315.4 nm, according to Eq. (A3) with N = 3. Then,
Atgprp=2.08 fs, At, =03 ns, Az, =1.56 ns, and
At;=0.5 ns. The upper bound given by Eq. (AS) is clearly
the most strict of these four requirements in this example, as
it was in every case we examined. Thus, the maximum
EMC/FDTD/MD time step, Afmax = Atpprp, Where Atgprp
is defined in Eq. (AS).

As shown by these calculations, the At.. required for
EMC/FDTD/MD is several orders of magnitude smaller than
that required for accuracy in the EMC and MD calculations.
Since MD contributes the bulk of the computational burden,
we may substantially reduce computational load with minimal
loss of accuracy by updating the MD calculation every Nyip
time steps, where Nyp < min(At, ., At, , Aty)/At. Our
simulations use this further approximation only for the tests in
which ng > 10" cm ™, in which large Ax results in unaccept-
ably long simulation run times.

c. Particle radii. Accuracy also establishes a lower
bound on the dopant radius rq for a given Ar. We assume all
constituent techniques are updated with the same Af, as
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stationary ion i
>/ mobile electron

FIG. 12. (Color online) Scattering of a mobile electron from a stationary
ion, according to Rutherford scattering theory. The impact parameter b is
the distance between the ion and the path the electron would have taken in
the ion’s absence.

given by Eq. (AS). In the short-range interaction of an elec-
tron with an ion, the electron experiences extremely strong
forces, as shown for ry =0 in Fig. 8. Under these circumstan-
ces, the mobile charge may briefly obtain very high veloc-
ities. If the electron approaches relativistic speeds, the
electron motion is insufficiently sampled by At.., and the
simulation loses accuracy. Certainly no electron in this
room-temperature material should approach relativistic
speeds. We may avoid creating such high-speed electrons by
setting a minimum on ry, thereby reducing the maximum
force an electron can experience upon interaction with an
ion.

This need for a minimum ry is illustrated with the fol-
lowing example. Rutherford scattering theory defines the
scattering angle of an electron that interacts with a stationary
ion with known impact parameter b and initial velocity z;, as
shown in Fig. 12. The Rutherford scattering angle 0 for the
interaction is given by

0 =2 tan"! (A),

dmem* v?b (A9)
for an electron of mass m* scattering from an ion of charge
0. EMC/FDTD/MD accuracy requires that the electron-ion
interaction be well represented for arbitrarily small impact
parameter b. We examine the impact of r4 on 0 by launching
a free electron along the x-axis with an ion at position b
above the axis, and observing the angle of the electron’s drift
after the interaction. Table II shows 0 as a function of b for
three different cases. The first case, O, is the reference scat-
tering angle given by Eq. (A9). In the second case, 0y, uses a
o-function ion charge. In the third case, 0, i, the ion is given
finite radius rg=1.1 A, which is the effective Bohr radius of
phosphorus in free space.

TABLE II. Test of the scattering angle for a free electron interacting with a
stationary ion, where the ion may have J-function charge or finite volume of
radius rq= 1.1 A, the effective Bohr radius of phosphorous in free space.
The impact parameter is b. 0 is the Rutherford scattering angle, 0y is the
scattering angle for the o-function charge, and 0  is the scattering angle for
the finite volume charge. All angles are in degrees.

b[A] 670 328 67 34 27 20 13 10 7
fef 4 4 39 71 83 99 121 134 148

06 4 4 39 71 88 110 150  —168 =7
i1 4 4 39 74 &9 111 150 164 113
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Both 6 and 0, ; give reasonable results for b > 13 A.
For smaller values of b, the o-function charge produces scat-
tering angles that are completely incorrect, while the finite-
volume charge accuracy does not degrade substantially. As a
result of these considerations we require 74 > 1.1 A.
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