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EMC/FDTD/MD FOR MULTIPHYSICS CHARACTERIZATION OF
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Doped semiconductors typically have characteristic sgatj rates and plasma frequencies in the
THz regime. As the stimulating frequency approaches the, THz~ 1, and the conductivity of
doped semiconductors becomes complex and strongly fregtogpendent.

We have developed a multiphysics computational techniqguedmiconductor carrier trans-
port at THz frequencies. The technique combines the enselibhte Carlo (EMC) simulation
of carrier transport with the finite-difference time-dom&-DTD) solver of Maxwell’s curl equa-
tions and the molecular dynamics (MD) technique for shange Coulomb interaction. At each
time step, electric and magnetic fields from FDTD and MD inflcee EMC carrier motion ac-
cording to the Lorentz force. Likewise, microscopic cutsefiom carrier motion in the EMC
influence FDTD electric field updates according to Amperas, land EMC charge density de-
fines MD fields according to Coulomb’s law.

The strength of the EMC/FDTD solver was first establishedi¢fmocharacterization of sili-
con of low doping density. We demonstrated the necessityigorous enforcement of Gauss’s
law for FDTD solvers with charged particles. This work e$isdted new understanding of the
capabilities of FDTD to accurately predict the diverginddgesurrounding charges in semicon-
ductors. The technique was extended to high carrier densatgrials through incorporation of
MD. A new technique has been developed to combine electtisfifeom MD with electromag-
netic fields from FDTD without double counting the fields. Tdoemplex conductivity calculated
by EMC/FDTD/MD shows excellent agreement with experimbdidaa for silicon of doping den-
sity ng = 5.47 x 10" and3.15 x 10 cm® under THz-frequency stimulation.



The EMC/FDTD/MD technique was further extended to desctil®exchange interaction
between indistinguishable electrons, by assuming a fiétetren radius. The addition of this
description allows EMC/FDTD/MD to accurately describer@ardynamics in materials with
ny > 10'® cm=3. EMC/FDTD/MD was used to predict the complex conductivifydoped sili-
con at room temperature foy, = 10 — 10 cm=2 and f = 0 — 2.5 THz. The results of this
calculation are of immediate value to researchers in THzres$ and device design. The pre-
diction establishes the strength of EMC/FDTD/MD for THeduency characterization of high-

conductivity materials.

Susan Hagness and Irena Knezevic
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ABSTRACT

Doped semiconductors typically have plasma frequenciésharacteristic scattering rates in
the THz frequency regime. As the frequency of the stimutpéilectromagnetic wave approaches
the THz,wr ~ 1, and the conductivity of doped semiconductors becomes enamd strongly
frequency-dependent. In this regime the Drude model is ngdoadequate. Several empirical
fits have been proposed, but because of the scarcity of expetal data, none is sufficiently
parameterized to be broadly adopted.

We have developed a multiphysics computational techniquedmiconductor carrier trans-
port at THz frequencies. The technique combines the enselibhte Carlo (EMC) simulation
of carrier transport with the finite-difference time-dom&DTD) solver of Maxwell’s curl equa-
tions and the molecular dynamics (MD) technique for shange Coulomb interaction. At each
time step, electric and magnetic fields from FDTD and MD inflcee EMC carrier motion ac-
cording to the Lorentz force. Likewise, microscopic cutsefiom carrier motion in the EMC
influence FDTD electric field updates according to Amperag, land EMC charge density de-
fines MD fields according to Coulomb’s law.

The strength of the EMC/FDTD solver was first establishedtfinocharacterization of silicon
of low doping density. We demonstrated the necessity fardgs enforcement of Gauss’s law
for FDTD solvers with charged particles. This work estdidid a new understanding of the
capabilities of FDTD to accurately predict the divergingdgesurrounding mobile charges. The
calculated complex conductivity of doped bulk silicon wakbping density:, = 5.47x 104 cm™
under THz-frequency stimulation shows excellent agre¢nvéh experimental data.

The technique was extended to high carrier density masethabugh incorporation of MD.

A new technique has been developed to combine electric fisdds MD with electromagnetic
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fields from FDTD without double counting the fields. The teiciue demonstrates improved ac-
curacy over previous methods. The complex conductivitgudated by EMC/FDTD/MD shows
excellent agreement with experimental data for siliconagidg densityn, = 3.15 x 10'¢ cm?
under THz-frequency stimulation.

The EMC/FDTD/MD technique was further extended to desctil®exchange interaction
between indistinguishable electrons, by assuming a fiétetren radius. The addition of this
description allows EMC/FDTD/MD to accurately describerardynamics in materials with
ny > 10 cm=3. EMC/FDTD/MD was used to predict the complex conductivifydoped sili-
con at room temperature far, = 10* — 10 cm™3 andf = 0 — 2.5 THz. The results of this
calculation are of immediate value to researchers in THzras$ and device design. The pre-
diction establishes the strength of EMC/FDTD/MD for THeduency characterization of high-

conductivity materials.



Chapter 1
Introduction

1.1 Applications of THz frequency radiation

The exploration of the THz frequency range is an excitingareresearch in the worldwide
scientific community. The THz regime is positioned betwees microwave and optical fre-
quency ranges in the electromagnetic spectrum, with wagéhs between 1000-1Q0m (0.3-3
THz) [6]. Like the optical range, it offers high resolutiom tomographic and imaging applica-
tions, due to its short wavelength. THz radiation is more Ikicrowaves and less like optical
waves, however, in its increased depth of penetration irdoynmaterials. Further, THz waves
have the potential to maintain frequency information in tb#ected radiation, allowing for in-
creased specification and examination of systems and m@iatefable 1.1 provides a comparison
of these and more characteristics for the microwave, dftibared, X-ray, and THz regimes.
Current applications include tomography imaging [7, 8insm®nductor characterization [9, 10],
label-free genetic analysis [11], cellular imaging [12], 3d nondestructive testing [14, 15], to
name a few.

While the nearby microwave and optical regimes have a ristohy of exploration and appli-
cation, the absence of cheap, convenient sources for THiti@uhas left that frequency range
comparatively underused [16]. The ongoing issue of theldpweent of THz sources is the result
of the convergence of several physical limitations. Movetrfeom the “bottom-up”, with the
adaptation of microwave and electronics technologies ta frelquencies, is arrested by funda-
mental electron velocity limits in semiconductors [17]. “top-down” efforts, or adaptation of

optical methods to lower THz frequencies, carrier popatainversion becomes more difficult



as the band gap increases beyond a fgi. Kechnologies which utilize frequency coupling and
nonlinear effects from both the electronics and opticaspectives have produced some interest-
ing results, but for the most part are too inefficient to beadip useful [18, 19]. More promising

advances include the quantum cascade laser and the tawelire tube amplifier [20, 21].

1.2 Experimental characterizations of silicon

Contributing to these difficulties are gaps in our undewditagn of fundamental material char-
acteristics under THz radiation. Since the advent of TH2ztohomain spectroscopy (THz-TDS)
20 years ago, extensive experimental work has examinedHizectaracteristics of doped bulk
silicon [2,4,22-32]. The seminal THz-TDS characterizagiextracted the complex transmission
spectrum of semiconductor samples through the use of f@elyagating THz beams. The high
accuracy of this technique is mainly limited by uncertastin sample thickness that lead to mi-
nor uncertainties in the transmission amplitude, and coatpaly large (¢10%) uncertainties in
the phase [22].

As carrier density increases to arourftt” cm~3, the increased opacity of silicon precludes
transmission-based characterization [28]. The developroé reflection-based THz-TDS in
1996 [33] has since permitted extensive study of opticadips media [24, 28]. In reflecting
THz-TDS the exact placement and orientation of the samplgtisally important. In analogy to
uncertainties from sample thickness in transmission TB&,There small deviations in sample
position contribute to uncertainty in the reflection spactramplitude and larger uncertainties in
phase. This uncertainty may be minimized by analyticallgesping the relative positions of sam-
ple and reference plane; see, for example, Ref. [28]. Wlaitefal implementation of reflecting
THz-TDS produces excellent results, the sensitivity oftdenique has prompted research into
other THz-regime characterization methods [2, 30-32].

In summarizing available experimental results on the THzratteristics of doped silicon, we
consider only those reports which provide sufficient datactomparison: the room temperature
dc resistivity or assumed equivalent doping density, as wellldz-range fitting doping density

or plasma frequency [4, 22, 24,27-30]. These data are showalle 1.2. In nearly every case,



these results were extracted from observed reflection amdrrission spectra assuming Drude

model behavior. The Drude model prediction for frequenepahdent complex conductivity is

given by
_ 09
o(w) ==~ (1.1)
whereo (0) is thedc conductivity,
B noqQT
o(0) = ——, (1.2)
m

ng is the carrier density; is the electron charger* is the carrier effective mass in the material,
andr is the characteristic scattering time. In a realistic materis a function of energy. In this
discussion, we user” to represent an appropriate average over the ensembledfahs [34].
The Drude model conductivity describes the material adogrtb the so-called relaxation time
approximation [34]. If we consider only the data in Table ib.#hich carrier density and mobil-
ity are taken as fitting parameters, the fit to the Drude maetglires assumed doping densities
that average- 27% lower than those calculated from the knodaresistivity, and calculated mo-
bilities ~ 34% higher than those found dt . This suggests thatenergy-dependence sufficiently
impacts THz-frequency properties that it must be accoufttetly the conductivity model [22].
Several other models have been developed to incorporateergy dependence, with promising
results [4,22].

The ill-fit of the Drude model to doped silicon at THz frequies; and the absence of another
well-accepted model, makes prediction of THz-frequenctemas properties of arbitrarily doped
silicon difficult. Therefore, a comprehensive simulatidnréliz-frequency conduction in doped
semiconductors that is based on a detailed microscopiargiof carrier-field interaction promises

to fill an important gap in our understanding of high-freqoetransport

1.3 Carrier dynamics in silicon under electromagnetic stinulation

Pure undoped silicon is almost completely transparent amudispersive under THz-
frequency radiation, more so than quartz, sapphire, odfggiea, making silicon a very attractive

THz-optics material [23]. However, this behavior is onlysebved in extremely pure samples.



Carriers introduced by low-level doping and impuritie®satyly impact the THz-frequency mate-
rials characteristics of silicon [23]. As doping densityrisreased, silicon becomes quite opaque
to THz radiation [22]. Because pure silicon is extremelynsarent, it is reasonable to assume
that carrier-field dynamics within silicon are solely respible for silicon’s opacity under THz
radiation [23].

In metals and highly doped semiconductors, the strongdntiems between densely packed
charged particles significantly impact materials propsr{B5]. These strong interactions can-
not be adequately described by grid-based field solvers asidFDTD and Poisson’s equation
solvers [36]. At carrier densities abov6'® cm=3, the exchange interaction between indistin-

guishable electrons can significantly impact bulk matenbperties [3, 37—39].

1.3.1 Electrostatic field interaction with high-conductivty silicon

The relevant mechanisms that relax the carrier distribudfaloped silicon result from carrier-
phonon interactions and Coulomb interactions among caraed between carriers and station-
ary ions. For silicon at room temperature with < 10! cm™3, carrier-phonon interactions
dominate ensemble relaxation, via acoustic intravalleyiatervalley scattering [40]. As, in-
creases above 10cm—3, Coulomb interactions gain importance and carrier mahifiitls rapidly.
Carrier-ion scattering is elastic, and so cannot changenisen ensemble energy, but the inter-
action does randomize carrier momentum and this increasestivity. Carrier-carrier scatter-
ing has only a second-order effect on tfremobility; it tends to relax the ensemble toward a
Maxwellian distribution or Fermi-Dirac distribution, depding on doping, but does not change
the mean energy or momentum of the ensemble. Inthisegime, both Coulomb interactions
and carrier-phonon scattering events significantly impasemble relaxation.

Above 10® cm~3, the carrier ensemble becomes degenerate, so the Pauisiexcprinciple
begins to influence phonon scattering rates. Carrier-ph@eattering events are only permit-
ted if the final carrier momentum state is available. A sigalfit portion of phonon collisions
may be forbidden as a result, reducing the impact of lattiteractions on the ensemble [41].

At the same time, the Coulomb interaction among carriersi@amsl becomes more important as



the charged particles routinely interact at close rangelleCiove carrier motion begins to sig-
nificantly impact material properties [3]. Interactionsweeen indistinguishable electrons are
influenced both by Coulomb forces and the exchange interaciihe exchange interaction is a
geometrical consequence of the Pauli exclusion princiidermanifests as a reduction in the force
between indistinguishable electrons [3,38,39,42]. Ayvegh doping densities,, > 10 cm3,
exchange interactions between indistinguishable elestcan significantly affect bulk materials
properties [3,37-39]. Finally, observe that the effecBair radius for a bound electron in the
ground state of a phosphorus dopant atom in silicon 3.8 A [43], and at10'® cm~3 doping
density the average radius of the volume occupied by a single electren,= (3/4mng)'/3, is

about 28\, or twice that.

1.3.2 Electrodynamic field interaction with high-conductvity silicon

When discussingc material response, we consider the carrier plasma frequenaefined

as
2
2 TNog

wo = (1.3)

P em* :

wp—l is the time scale on which the carrier ensemble reacts toegpields. The relaxation time
is the time scale for ensemble momentum randomization. &ped semiconductors,, andr*
are typically in the THz frequency range [44].

For stimulating frequency significantly belowr—! andw,, the ensemble response to the
applied field is effectively instantaneous. Ensemble mdomarrandomization takes place on a
time scale much shorter than the period of stimulation, seerascattering provides a continuous
damping force on the ensemble response to the field. As &,résandE are in phase and related
by a real conductivity.

At THz frequencies where ~ 7! andw,, the ensemble responds strongly to the field, but
the response is not effectively instantaneous. As a rethlte is a phase shift betwedhand

E, ando is complex [45]. In the classical description, the depth hicl the field amplitude is



attenuated by /e is given by the skin depth of the material [46],
1

0= 1/2
w\/ﬁ{% [, 1+ (w2t /w)? — 1” /

where is permeability and we have used= eng. Collective carrier motion is much more

(1.4)

important in this case. Since radiation penetration int aterial is more shallow, surface

effects are more important than at low frequency.

1.4 Existing work in electrodynamic carrier transport techniques

Outside of the regime where the stimulating frequency isanable to the carrier relaxation
rate, the effects of carrier transport and electromagrEfit) wave propagation are sufficiently
decoupled to permit independent treatment in numericaletsod\ccordingly, most of the recent
advances and applications of charge transport solversmpéeselectrostatic solvers to incorpo-
rate electric field effects [34,41,47,48]. At the same tiElg, analyses use simpler bulk material
models alongside full-wave electrodynamic solvers [49].

As device speeds continue to increase in step with decigasitical dimensions, electro-
dynamic effects directly influence high-frequency deviegfgrmance, and analyses that rely on
quasielectrostatic fields lose accuracy [50, 51]. Sinylaak the frequency of stimulating EM
fields increases from the lower microwave range, the assangpinherent to low-frequency ma-
terial models (namely, thatr < 1) lose validity. This prominent interplay between carrigr d
namics and electromagnetic wave dynamics in the sub-THZ Blzdegimes has been the driving
force behind advancements in modeling techniques that icenabcharge transport kernel with a
computational electromagnetic solver, hereafter refetoeas global modeling techniques.

Interest in plasma fusion devices prompted early work intodevelopment of global models.
In 1966, pioneering work by Langdon and Dawson demonstratethe first time the viability
of an EM-particle solver [52]. Buneman’'s 1968 report [53}alled the advantages of time-
integrating Maxwell’s equations using the Yee cell [54].v&al applications of this technique
followed [55-57]. Boris gave a detailed account of the globhadel as it stood in 1970 [58].
Advances in the 1970s addressed self-force [59] and nuai€Clrerenkov instabilities [60, 61].



The global models resulting from these and other advaneedescribed in detail in Refs. [62—
64].

The technique was limited by the computational capabslité the era. EM calculations
exhibited a continual linear increase in noise [65, 66]. fiddally, system timescales varied
too greatly to include major relevant interactions withéarcing a reduced speed of light and
simultaneously increased electron mass. A 1980 review meBuanet al. suggested that a 3D
EM-particle tracking solver could provide qualitative igist, but quantitative results were only
possible for reduced systems [67].

For a number of years after the early 1980s, particle trapkindels and EM solvers advanced
more or less independently. Many of the early EM-particj@orés used electromagnetic models
that were clearly early finite-difference time-domain (HRDyTimplementations. Researchers con-
tinued to advance FDTD; a detailed history is available ifsRd9, 68]. The Monte Carlo tech-
nique had already been of great interest for many years fendiscipline continued to mature in
this time; for a history of the ensemble Monte Carlo (EMChigque see Ref. [69].

The need for greater efficiency and decreased memory reggims drove exploration into al-
ternative global modeling approaches. Hydrodynamicstrart models and drift-diffusion mod-
els have been used successfully in place of EMC in many c&4e3(—79] offering decreased
computational overhead [51]. Numerical simulations carng full-wave electromagnetic so-
lutions via modern FDTD with particle-based transport medea EMC were first reported by
El-Ghazaly, Joshi, and Grondin in 1990 [80]. This work pd®d a more accurate model of sub-
picosecond carrier transport in photoconductive swit¢thaa had previously been available. A
comprehensive review of the global modeling efforts of tB80s and 1990s was conducted by
Grondin, EI-Ghazaly, and Goodnick [51].

Modern improvements in computer processing power havedghgerestrictions on compu-
tational burden in current device and materials simulati@ilowing researchers to use more
computationally intensive techniques such as EMC and FDAjplication of a combined 3D
full-band cellular Monte Carlo device simulator with a 3DIfwave FDTD solver was first

demonstrated in 2003, for modeling the electromagnetic@mment surrounding a simpj@n



diode [81]. This simulator was used to analyze high-fregyenansistor behavior using direct
capture of incident and reflected voltage waves from a falevanalysis of a 3D MESFET de-
vice [82]. Further developments include accurate modekslexftron transport [83, 84] and the
full-wave effects [85] in ultrasubmicrometer-gate, psemarphic, high-electron mobility tran-
sistors (pHEMTS).

1.5 Summary of contributions

This dissertation aimed at developing a multiscale contjutal technique for high-
frequency carrier transport in semiconductors and meflfe technique provides a testbed to
examine the relationship between microscopic properties feequency-dependent conductiv-
ity in bulk materials. In the following, we will describe tlaevelopment of EMC/FDTD/MD
technique. To demonstrate the technique’s capabilitiesprvide the results for the complex
conductivity of doped silicon at room temperature for @rdensities ofl0** — 10! cm=3 at
frequencies of) — 2.5 THz. The work performed for this dissertation has led to taarpal ar-
ticles [44, 86] with two more in preparation, six oral corfece presentations [87-92], and two

poster presentations [93, 94]. The main accomplishmeriteegbroject are described below.

1.5.1 Research accomplishments

(1) First, a comprehensive computational solver has beenaj@»elfor high-frequency charac-
terization of materials with low carrier density. The saleembines the ensemble Monte Carlo
technique for stochastic representation of carrier dynamnder the Boltzmann transport equa-
tion and the finite-difference time-domain technique forxwall’'s curl equations. This work
elucidates the importance of rigorous enforcement of Galess, in order to avoid unphysical
charge buildup and enhance solver accuracy. We have agplietficient technique to calculate
the EMC current density that ensures satisfaction of Galaw in FDTD. This is the first time
this technique has been used in the research communitié&MQ/FDTD methods of materi-

als and device characterization. Previous research refie@peated computationally intensive



solutions to Poisson’s equation to ensure accuracy in thexglng fields [81, 82]. We have com-
pared the predicted conductivity calculated by EMC/FDTBhvgublished experimental data for
the complex conductivity of silicon at, = 5.47 x 10** cm3 [4]. The calculated data show
excellent agreement with the experimental data. This werkahstrates the capability of this
electrodynamic particle solver to accurately predict thiplex conductivity of materials at THz

frequencies.

(2) The multiscale computational technique has been exterwdethterials with high conduc-
tivity, through the addition of the molecular dynamics teicjue for short-range Coulomb inter-
action among carriers and ions. MD calculates interactamneng carriers and ions that occur on
length scales shorter than the FDTD grid cell size. Thesmgtinteractions significantly impact
materials properties for carrier densities ab®0& cm=3. The EMC/FDTD/MD solver calcu-
lates electromagnetic interactions between particlesonybined field calculations from FDTD
and MD. Both FDTD and MD calculate the Coulomb field betweearghd particles. We have
developed a new technique to allow accurate representatifields between these two solvers,
without double counting the Coulomb fields. We have comp#nedredicted conductivity cal-
culated by EMC/FDTD/MD with published experimental data flle complex conductivity of
silicon atny, = 3.15 x 10! cm™3 [4]. The calculated data show excellent agreement with the

experimental data at this moderate doping density.

(3) The final extension that has been made to the technique imi@igs a finite-volume
treatment of electrons and ions in MD. The exchange intenadbetween indistinguishable
electrons can significantly affect bulk materials promsrtfor carrier densities greater than
10*® cm~3 [3,37-39]. The new method describes the exchange interdiséitween indistinguish-
able electrons. EMC/FDTD/MD has also been extended to dhestire finite radius of dopant
ions in the material. EMC/FDTD/MD includes all relevant mwar-phonon interactions, as well
as all relevant electromagnetic effects, and effects fiwerRauli exclusion principle in materials

with high carrier densities. We have used EMC/FDTD/MD toguaeterize the electron and ion
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radii for doped silicon undeic stimulation, and then we have calculated the THz-frequenay
ductivity of silicon forn, = 10'* — 10! cm™. The EMC/FDTD/MD solver is a powerful tool

for prediction of THz-frequency conductivity in materialgth high carrier density.

1.5.2 Organization of chapters

Chapter 2 gives an overview of the three techniques that makiee EMC/FDTD/MD solver.
Section 2.1 describes the ensemble Monte Carlo techniquiiffosive-regime carrier transport
in doped silicon. Section 2.2 describes FDTD for the finiféedence solution to the time-varying
Maxwell’s equations. Details are given on boundary conditreatments and current sourcing
technigues. Section 2.3 describes the molecular dynametsigue. The section outlines the
motivation for using MD instead of a semiclassical scatigrate for carrier-carrier and carrier-
ion interaction.

Chapter 3 describes implementation of EMC/FDTD for 2D asialpf lightly doped silicon.
In Section 3.1, the accuracy requirements of EMC/FDTD amdcerd. The section considers
the impact of impedance mismatch between the EMC/FDTD eulyggion and the pure-FDTD
region. Section 3.2 describes the importance of enforcingsS's law, and provides efficient
techniques to ensure enforcement of Gauss’s law in the EMTIFsolver, without repeated
solutions to Poisson’s equation.

In Chapter 4, the EMC/FDTD technique is extended with MD tealie the short-range
Coulomb interaction among carriers and between carriedsars. Section 4.1 describes a new
technique to combine FDTD and MD fields without double coumthe Coulomb fields. Section
4.2 describes the MD formulation that incorporates exckantgraction between indistinguish-
able electrons, and the finite size of dopant ions. To deteritie appropriate electron and ion
radii, in section 4.2 we compare the knowmconductivity of doped silicon with the calculated
conductivity of doped silicon as a function of the two radis, determined by EMC/FDTD/MD.
The results are tabulated and presented in that section.

In Chapter 5, the conductivity of doped silicon under THeguency stimulation is

given as calculated by EMC/FDTD/MD. First, in Section 5.he tconductivity predicted by



11

EMC/FDTD/MD is compared with available experimental dafBhe technique shows excel-
lent agreement with experiment. In Section 5.2, we exterctiediction to silicon with carrier
densitiesyy = 10 — 10! cm™3.

Appendix A provides thorough detail on implementation of EMDTD/MD, along with ac-
curacy and stability criteria specific to this combined teghe. Appendix B gives derivations of

the equations needed for implementation of the exchangeaiction in MD.
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Regime | Strengths Weaknesses

Microwave | -High sensitivity devices available | -Low resolution
-Good penetration in many materiglsRequire bigger apertures
-Not hazardous -Reflected by metal and

-No contact with the sample absorbed by water

Infrared | -High sensitivity devices available | -Low penetration in the

-2D array devices available materials

-Designs based on optical technigueBackground noise reduces
-Good resolution performance

-Not hazardous

-No contact with the sample

X-Ray | -High sensitivity devices available | -Hazardous

-2D array devices available -Strict maintenance policies
-Highest penetration power -No spectroscopic information
-Excellent resolution

-No contact with the sample

Terahertz | -Good resolution -Low scan time

1%
o

-Good penetration in many materiglsReflected by metal and absorb
-Frequency information available | by liquid water

-Highly sensitive
-Not hazardous

-No contact with the sample

Table 1.1 Comparison of terahertz radiation to other fragueegimes in the context of nonde-
structive topical or subsurface examination of materigédle adapted from Ref. [1]



Table 1.2 Summary of experimental results on doped buléasilunder THz radiation, as obtained from THz-TDS, chrono-
logically ordered. Values in bold were calculated for congan purposes, based on data from the referenced work.abhe t
shows the conductivity model assumed in the original wdrk;hateriablc characteristics including resistivity, doping density,
and mobility; the fitted THz characteristics including dapidensity and mobility; the percent change frdato THz doping
density and mobility values; and the data citation. In mases, both, andyu are taken as fitting parameters; Ref. [2] assumes
known y for all calculations.

Model dc THz Ref.
p(Qem) ng(em™3)  p(em?/Vs) | ng (em™3)  p(ecm?/Vs) | Ang %  Au %
Drude 1.15 4.6<10%° 1302 3.3x10%° 1680 28 -29 | [27]
Drude 8.1 7.0<101 1349 4.2x10" 1820 40 -35 | [22]
Drude 815 5.2x10 1352 | 3.4x10 2340 34 73 | [4]
Drude 0.21 3.2x10'¢ 1083 2.1x101'¢ 1420 34 -31 | [4]
Cole-Davidson 8.15 5.2x10' 1352 4.0x10 2000 23 47 | [4]
Cole-Davidson| 0.21  3.2x10%'® 1083 2.3x10% 1280 28 -18 | [4]
Drude 11 3.810"% 1350 | 4.9x10 1350 -29 0 | 2]
Drude 2.5 1.7 10 1350 1.8x10% 1350 -6 0 [2]
Drude 10.0 4.2<10™ 1350 6.7x10™ 1350 -59 0 [2]
Drude 11 41x10% 1306 | 3.7x10® 1560 12 19 | [24]
Drude 014 4010 1036 | 35x10' 1280 14 17 | [29]

€T
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Chapter 2

Constituent techniques

In this chapter, we provide an overview of the fundamentélsach of the three constituent
techniques — the ensemble Monte Carlo, finite-differenoe4lomain, and molecular dynamics
methods — with details appropriate for the EMC/FDTD/MD noeth We direct the interested

reader to the references for further details.

2.1 Ensemble Monte Carlo (EMC)

Ensemble Monte Carlo (EMC) is a powerful stochastic metheetdufor numerical simula-
tion of carrier transport in semiconductors in the scattggtimited (diffusive) regime [69]. It has
been used for almost four decades to accurately simulateicaansport properties of bulk semi-
conductors and semiconductor-based devices, and it meadenchmark for drift-diffusion and
hydrodynamics equations approaches [34]. EMC techniqgtalslare discussed below; for more
information see Refs. [34,41,47,48,62,69, 95, 96].

On timescales longer than typical relaxation times, EMddgé¢he numerical solution to the
Boltzmann transport equation

of

o U Vif + FVf =

of

e (2.1)

scatter

where f (7, , t) is the semiclassical distribution functiofi,is the carrier velocity, and" is the
total force acting on the carrief.(7, p, t) describes the probability that a carrier exists wittin
of position+ and withind®p of momentumy’ at timet. f(7,p,t) evolves in time according to

Eq. (2.1) as a result of diffusion (included in the secondn)eand carrier drift due to external
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forces (described by the third term). The collision intéddeescribed by the term on the right
hand side of the equation) describes the impact of the natgyecific scattering mechanisms on
the carrier ensemble.

The EMC simulates carrier dynamics in semiconductors liking the evolution of a large
ensemble of particles [typically O(1) through time. Each carrier undergoes a series of scatter-
ing events and free flights. A random number generator is tesedlculate the duration of each
free flight, choose the mechanism for the next scatteringteaad update the particle’s momen-
tum and energy as needed, according to the appropriatstist@tiprobabilities. Momentum is

updated during free flight according to the Lorentz force,
F=q(E+7¥x B), (2.2)

whereq the carrier charge, anél and B are the electric and magnetic fields, respectively. Macro-
scopic quantities of interest (such as charge density aftdvdlocity) may be readily extracted
via ensemble averages.

The majority of EMC implementations employ the quasielestiatic assumption, where the
electromagnetic period of oscillation is sufficiently loogmpared to carrier scattering times that
the field may be considered constant within any time step.n#pkfied flowchart of the general
electrostatic EMC approach, self-consistently couplea Rwisson’s equation solver, is shown in
Fig. 2.1. In this implementation, the Poisson solver caias the grid-based scalar potential that
results from the instantaneous charge density and impaasuht conditions.

In this work, the EMC describes carrier dynamicsintype silicon at room temperature in the
low-field regime. We use the effective mass approximatiah Wist-order nonparabolicity [69].
Acoustic intravalley and zeroth-order intervalley phoseattering are included via semiclassical
scattering rates [97]. All material parameters and constare taken from Ref. [98]. Coulomb
interaction is treated via FDTD and MD, and therefore we dbuse explicit scattering rates to
describe ionized impurity, plasmon, or carrier-carrieatsgring. The Pauli exclusion principle is

enforced for each scattering event with the rejection teglen[69].
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Figure 2.1 Flowchart of the ensemble Monte Carlo transpenrd.
2.2 Finite difference time domain (FDTD)

FDTD is a highly accurate and efficient computational teghaifor modeling electromag-
netic wave interactions with physical structures. Advaniceabsorbing boundary conditions,
dispersive and nonlinear materials modeling, low-nunadispersion schemes, unconditionally
stable schemes, and incident wave source conditions mak® highly attractive tool for elec-
tromagnetic analysis. Some details on these advancesva lggre, and further information is
available in Ref. [49].

FDTD is a direct numerical solution of the time-dependenkMell’s curl equations,

ME:_VXE_M7 (23&)
IE G- (J+cE), (2.3b)
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whereE andH are the electric and magnetic fields, respectively, ando are the permittivity,
permeability, and conductivity of the medium, an@nd )/ are the electric and magnetic source
current densities.

The fully explicit FDTD algorithm is obtained by numericathpproximating the spatial par-
tial derivatives in Egs. (2.3) with centered finite diffeces, and numerically integrating the re-
sulting system of spatial difference equations with respetime via a centered finite-difference
approximation of the temporal partial derivatives. Theygtxing of £ and H in time yields an
efficient leapfrog time-marching scheme wherein all of fi@omponents are updated at time
stepn (corresponding to a physical time of\t) using previously stored data, and then all of
the H components are updated at time step 1/2 using the just computef data.

The grid-based vector quantitiesk; H, .J, and M — are positioned relative to each other
according to the Yee grid cell shown in Fig. 2.2 [54]. Figur2 ilustrates the staggered sampling
of E and H over one grid cell in a 3D Cartesian spatial lattice. Eachtorecomponent of/ is
spatially collocated with the corresponding componentpfi/ and H are similarly collocated.
Position within the discrete grid is defined in terms of gndices(i, j, k). The grid point at
(1,7, k) has physical locatiofx:(i), y(j), z(k)] wherex(i) = iAx, y(j) = jAy, andz(k) = kAz.
The 3D FDTD grid used in this EMC/FDTD/MD implementation fished with cubic grid cells,
whereAzr = Ay = Az.

The FDTD formulation describes time evolution Bfand H according to initial conditions,
sourcing viaJ and M, and domain boundary conditions [49]. The first two of thesiats will
be discussed in detail in Section 3.2. Domain boundarieslmeayeated by any of several tech-
niques, the most popular of which is the perfectly matchgeérngdPML) absorbing boundary
condition [99]. This method defines a continuous gradingrgfedance-matched absorbing ma-
terial properties over the PML region, which occupies atayfegrid cells typically 10-20 grid
cells thick at the boundaries of the FDTD computational gfilere are many variations on the
original PML formulation, designed to attenuate outwardgagating radiation and minimize re-
flections from the domain boundary under various specialioistances [100]. Thus the main

grid is electromagnetically isolated from the grid boung@ermitting finite-grid representation
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Figure 2.2 lllustration of the staggered electric and mégriield components about a single Yee
cell in a 3D space lattice. The axis origin is positioned deix(i, j, k), and the opposite corner
hasindex:+1,j+1,k+1). Each electric field component, on the edge of the cell, isimded
by four circulating magnetic field components. Likewiselemagnetic field component, normal
to the face of the cell, is surrounded by four circulatingtie field components.

of an infinite space. Other boundary conditions, such ag faflecting boundaries or transparent
periodic boundaries, may alternatively be enforced, tbaparticular application [49].

The total-field/scattered-field (TFSF) formulation laueskelectromagnetic energy into the
FDTD grid via sourced equivalent current densities locatethe TFSF boundary [49]. This
boundary is typically a closed double layer of electric analgmetic current densities, which
source electromagnetic fields into the enclosed spacedtakfield region). In the basic imple-
mentation, TESF calculates the desired incident figldsand H,,,. in an auxiliary 1D FDTD grid.
The equivalent current densities are then givewbysr = —7 x Hine and Mrpsp = 7 X Eie,
wheren is the unit vector normal to the TFSF boundary [101]. The TRSmulation applies
these equivalent current densities at the TFSF boundasgrdiag to Egs. (2.3) [101]. As a re-
sult, the fields calculated in the 1D grid are launched asepleawves into the 3D grid total-field
region [49]. Radiated fields, from scattering or other cotrs®urces in the total-field region, prop-
agate through the grid, and pass through the transpareri B&@dary into the scattered-field

region.
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2.3 Molecular dynamics (MD)

In metals and semiconductors with higher doping densitiesstrong Coulomb force between
charged particles significantly impact materials properf85]. The difficulty of accurately incor-
porating the strong Coulomb interaction into computatideehniques is a long-standing prob-
lem [35]. The molecular dynamics (MD) technique has beerrilgsd as the ideal and natural
way to account for charged particle interactions in makgrand, when combined with EMC, it
has predicted materials properties with very high accufa¢yl02, 103]. However, the technique
is very computationally intensive, and for that reason & banerally been avoided in the com-
putational electronics community. Additionally, the fultlassical MD implementation cannot
accurately describe highy materials, where the exchange interaction between indisishable
electrons significantly affects bulk properties [3, 38,39]

Charged particle interactions may instead be treated wactsssical scattering rate formu-
lations. Rates are computed individually for binary cargarrier scattering, collective carrier-
carrier or plasmon scattering, and binary carrier-ion aized impurity scattering [41,42,47,97,
104-106]. The binary carrier-carrier rates have in someshsen extended to describe exchange
interaction [42, 106].

These semiclassical rates are attractive for their smafipedational burden (though not al-
ways; see Ref [42]) and their incorporation of the Pauli egidn principle, but they present their
own difficulties. Both of the binary scattering rates arealiguformulated in the Born approx-
imation, which is recognized to overestimate scatteririg §¥]. Additionally, these two rates
assume that each Coulomb interaction involves only twaglest an assumption that can only
be valid at low particle densities [102, 103, 107]. In ouitdeshe carrier-carrier and carrier-ion
scattering rates overestimate scattering and artificlaiyer calculatedr in the low+, regime
where Coulomb interaction should negligibly impact matisrproperties. It has been shown that
plasmon scattering is well described by the long rangeerafigld interactions included in most
particle-field solvers, so that it need not be addressed avékemiclassical scattering rate in a

simulation that also includes long-range fields [42].
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Molecular dynamics describes the behavior of collectidngasticles according to particle-
particle interaction [108]. For an ensemble of electrorgsians, MD finds the pairwise electro-
static force between each carrier and all other carriersstattbnary ions in the vicinity. In an
ensemble ofV,. electrons anaV,,, ions, the MD prediction for the net Coulomb force acting on

theit" electron is
Nelec 2 Nion

7 q . qQ )
Fi = =57 =57 2.4
Z47T€(Fz‘—Fj)QTﬂL;‘lWE(Ti—W)?m 9

j#i
where() is the ion charges is the static material permittivity;;; = (7; — 7;) /|7 — 75|, and7;
is the position of the'" particle. In the particle solver, the MD forces describefiiieelectro-
static system. The MD technique avoids assumptions aboegising lengths or the number of
particles likely to participate in any particular interact, and it naturally incorporates all collec-
tive ensemble behavior [37,102]. In addition, the MD tecjuei has been extended to describe
exchange interaction between indistinguishable elest{8n38, 39]. Even with small numbers
of particles, the combined EMC/MD solver has been previpuskd to accurately predict low-
frequency behavior in semiconductors and devices [37, 18],

The fundamental MD calculation is conceptually simple bonputationally intensive for
large carrier ensembles, scaling with the number of pasiasN? [47,109]. It is very time
consuming to calculate the force on each particle by itegatinrough the rest of the ensemble.
Efforts to reduce the computational load are described in[R&0]. When the largest interaction
distance between two particles is significantly smallenttiee domain length, the computational
load can be significantly reduced by eliminating calculagiof pairwise interactions over longer
distances than the interaction length.

Previous work describing MD combined with electrostatiddrased field solvers divides the
Coulomb interaction into a short-range component, whicdtdbes interactions between parti-
cles separated by a couple of grid cells, and a long-rang@onent [35,36,103]. The long-range
part of the Coulomb interaction is quickly and accuratelgatibed by the field solver, and the
short-range part is described by MD. The combination of d-geased solver with MD limits
the number of particles involved in each iteration of the M&lcalation, significantly reduc-

ing the computational load. These solvers have shown extaikpresentation afc materials
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properties and semiconductor device characteristics3{85,03]. The novel EMC/FDTD/MD
simulation, presented here, calculates long-range Cdulateraction with FDTD, as described
in Section 3.2, and the short-range interaction with MDegmation of these two field solvers is

detailed in Section. 4.1.
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Chapter 3

EMC/FDTD for 2D analysis of materials with low carrier density

In this section, we explore the use of the EMC/FDTD solvehim ¢ontext of doped bulk sil-
icon materials characterization. In Sec. 3.1 we describesiecific coupled EMC/FDTD solver
used to simulate THz-frequency electromagnetic plane virmegactions with doped bulk sili-
con, and the method we use to extract the frequency-depeatfleative conductivity from the
computed fields and currents. We examine simulation pedoo®a in the context of predicted
conductivity convergence under variation in grid cell sizesemble size, averaging technique,
and impedance mismatch. The following discussion showstipertance of rigorous enforce-
ment of Gauss’s law, in order to avoid unphysical chargedopiland enhance solver accuracy. An
efficient technique to calculate the EMC current density #msures satisfaction of Gauss’s law
in FDTD is described. Finally, we compare the simulationless- that is, the predicted effective

conductivity — with published experimental results for ddsilicon at THz frequencies.

3.1 EMC/FDTD technigue characterization

In the combined EMC/FDTD solver, electric and magnetic 8dtdm FDTD influence EMC
carrier motion according to the Lorentz force, Eq. (2.2).cidscopic currents resulting from
carrier motion in the EMC influence FDTD-computed field valaecording to Maxwell’s curl

equations, Egs. (2.3). A schematic of the coupling betwkersblvers is given in Fig. 3.1.
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EMC > FDTD
simulator < simulator

m
T

Figure 3.1 Flowchart for the combined EMC/FDTD simulationlt The carrier transport solver
acts on field calculations via the spatially-varying cutréensity./. The electrodynamic solver
acts on charge transport calculations via spatially-vayglectric and magnetic fields, H.

3.1.1 Simulation domain

For both EMC and FDTD we use two-dimensional (2D) computeti@lomains defined in
thexzy—plane (Fig. 3.3). The EMC domain is filled with (001) dopedcsih with doping density
no = 107 cm™3. The typical simulation carrier ensemble siz&i§l0°). To permit examination
of the interaction between these carriers and propagatimfiequency electromagnetic plane
waves, we embed the EMC domain into an FDTD domain.

The FDTD simulation testbed is a semi-infinite half spaceapfet! silicon (Regions B and C
in Fig. 3.3) and a semi-infinite half space of air (Region A ig.RB.3). Region A is assigned a
dielectric constant of 1 and zero conductivity. A dielectronstant of 11.8 is assigned to Regions
B and C. Region C is filled with an assumed value for the cootisubulkdc conductivity of
doped silicong. Region B contains the embedded EMC domain.

The EMC formulation accounts for the smooth material irtegfby enforcing specular reflec-
tion of carriers at the left and right boundaries of the doama&he top and bottom boundaries are
given periodic boundary conditions, to allow unrestrictadrier motion in the vertical direction.
Care must be taken at the edges of the coupled region to etiairEMC current density does
not extend beyond the coupled region for any charge assiginsnbeme.

To allow finite-grid representation of an infinite space, weat FDTD domain boundaries
with convolutional perfectly matched layer (CPML) absodpboundary conditions which atten-
uate outward-propagating electromagnetic waves by mame 89 dB [49]. Continuous THz-
frequency plane waves are introduced via the analytic fiesdgpggation total-field/scattered-field

formulation [111]. TE-polarized plane waves, comprisifiy and, components, impinge upon
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the coupled region from the left. The plane waves propadatgdhex—direction, so the domi-
nant force on the carriers is directed alang he periodic boundaries on the top and bottom edges
of the EMC domain and the uniform incident field allow bulk EM{nulation within the finite
domain. To minimize interaction between EMC charges and[B@PML, we define the FDTD
domain to be large enough that the diverging fields that smdaharges in the coupled region
decay significantly before reaching the CPML boundary. To&twn of the TFSF boundary is
arbitrary, so long as it fully encloses the coupled regiod does not intersect with the CPML.
Fig. 3.2 shows the full simulation flowchart for a coupled EMMDTD solver.

Fig. 3.3 shows the 2D spatial distribution of thig phasor amplitude, extracted via fast Fourier
transform (FFT) over several periods of electromagneticenascillation. The field amplitude is
attenuated as a function of depth in both Regions B and C. el decay in region C corre-
sponds to that expected for a dielectric with conductigityNo conductivity is enforced in the
coupled Region B; field decay in this region results from tagier-field interaction, exhibiting

the macroscopic phenomenon of the skin effect.

EMC FDTD
| Define material parameters |
I

! }
Initialize carriers | Calculate AFP-TFSF fields|

\Calculate scattering table }—l{Deﬁne update coefficients|

Update particle momenta \Update all fields |
using Lorentz force
Update plane wave

Carrier drift and sourcing

scattering processes !
Update Jyand J, source
Extract J; and J, data for Exand E)updates
e
yes End

Figure 3.2 Flowchart for the combined EMC/FDTD simulatioadeling tool.
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Noise in theE, phasor amplitude in Region B is caused by thermal electrofiomoFE,,,
J, andJ, also exhibit minor fluctuations in phase and amplitude. Siemt fields, continually
sourced by this noise, propagate to the grid boundary andtseuated in the CPML. Without
high-quality absorbing boundary conditions these sinmatwould suffer from the same contin-
ually increasing noise level that affected the early sirioes described in Chapter 1. To reduce
the impact of this noise on conductivity calculations, wketapatial averages over small regions
surrounding each grid location in the extracted phasor tifies) Increasing the size of the aver-
aging regions decreases phasor quantity noise. The amgreggion size must not be increased
beyond~1/20'" of the smallest electromagnetic feature of interest.

These noise-reduced phasor quantities are used in thdiwdféioear-regime conductivity

calculation, . .

&(w) = M
| E(w)[?

The real part ol corresponds to power dissipation and is evidenced as theoplaanplitude

(3.1)

decay in Fig. 3.3. The imaginary part éfcorresponds to phase shift betwemnd.J resulting

Figure 3.3 Amplitude of, field phasor extracted by FFT over several periods of elewgmnetic
wave oscillation, where white corresponds to high field atagé and black corresponds to low
field amplitude. The materials interface is indicated byueeical gray line. The section of the
domain shown here lies within the AFP-TFSF boundary; arderti plane wave is sourced from
the left boundary. Region B is the EMC/FDTD coupled regiohpge boundary is marked by a
solid gray box, and Regions A and C are pure-FDTD doped silico
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Figure 3.4 Average noise df, in the EMC/FDTD coupled region for several values of elettro
ensemble size and grid cell sizg;°* is calculated ag/(|E,[?) — |(E,)[?> and is normalized by
|E,| at the material interfaceAz,.s ~ 400 nm is a reference grid cell size. Increasing the size of
the ensemble reduces noise, as expected, but increasiggdhell size produces a much larger
improvement.

from the delay in material response to applied fields. As kbet@magnetic oscillation frequency
approaches the carrier scattering rate, we expect the detagterial response to applied fields

to increase.

3.1.2 Exploration of EMC/FDTD accuracy requirements

Fig. 3.4 shows the variance f,| in Region B as a function of electron ensemble sizdor
several grid cell sizeAz. As expected, larger carrier ensembles show decreasedrphemtity
noise, at the cost of an increased computational burden3FElgshows dramatic noise reduction
for increased\z. This improvement directly contrasts the EMC-Poissonesadccuracy require-
ments, which favor smaller grid cells for improved electatis calculations. The EMC/FDTD
solver achieves significant noise reduction for largerby including a larger number of carriers

in each.J, andJ, grid point calculation.



27

S A . TR
1 57 : S
- 0.9
e}
o
% 0.8
e
0.7 ---0= 0.80 |
' —0=0p
----- o= 1.20'0
0.6 0.5 1 1.5 2 2.5

averaging distance (% N)

Figure 3.5 Extracted conductivity with varied averagingioa size, electron ensemble size,
and surrounding bulk conductivityN, is a reference ensemble size, typically10°). Larger
averaging region size leads to convergence.ihevel of impedance mismatch between Regions
B and C, examined through modifiedis associated with line type. See text for discussion.

Fig. 3.5 showsr as a function of phasor quantity averaging region size,dgesal values of
ensemble size and several levels of impedance mismatcleeetRegions B and C. As the aver-
aging regions size is increasedconverges. Increased ensemble size also leads to congergen
in &, indicating correspondence between decreased phasdityunise and convergence i

Finally, Fig. 3.5 allows examination of the impact of impada mismatch between the
EMC/FDTD coupled Region B and the surrounding pure-FDTDi&e€ . In any single test, the
conductivitys defined in Region C may not match the conductivity exhibitgthe EMC/FDTD
coupled region. The resulting impedance mismatch will eamaveguiding and back-reflections
within the coupled region. We tested the effect of theseatfles ong by comparing extracted
conductivity values for several tests wheérevas varied through three values, spanningrig. 3.5
shows the results of this experime#tis insensitive to impedance mismatch between Regions B

and C.
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3.2 EMC/FDTD, with Gauss’s law

Gauss’s law describes the diverging electric fields sumlmgicharges, according to
vﬁ:% (3.2)

wherep is the charge density. These fields are responsible for tio@xb interaction between
particles. A typical quasielectrostatic EMC implemerdatincludes the numerical solution of
Poisson’s equation which satisfies Gauss’s law by definitibncontrast, there is no explicit
solution to Gauss’s law in the FDTD formulation based on EZS).

However, Gauss’s law is implicitly satisfied by FDTD fields 8MC charges if the initial

field distribution satisfies Gauss’s law, and if the contiyjeiquation is enforced [44, 86, 112]:
V-J=——, (3.3)

In the typical quasielectrostatic EMC implementation whiccludes the numerical solution of
Poisson’s equationy and J are spatially collocated on the grid and the continuity ¢igua
Eq. (3.3) is trivially satisfied. In contrast, in the EMC/FDTimulation domain,/ and p are
assigned to two different, spatially staggered grids; sge36.

The combined technique grid cell is defined on a modified Yeagll, that includes charge
densityp at the grid intersections, indicated by the open circlesign 8.6 [63]. All other vector
and material quantities are identical to those of the Yektloat is the basis of FDTD. The small
approximations inherent to the grid assignmentfcxindp in the coupled EMC/FDTD region
can result in a violation of Eq. (3.3). Here, we explicitlyferte Eq. (3.3) by calculating a car-
rier's contribution toJ from its change in position over a time step rather than frekinown
instantaneous velocity. The resultingis assigned to the grid according to the carrier’s spatial
charge profile [112,113]. An important advantage of the iekpgnforcement of the continuity
equation, and thereby the implicit satisfaction of Gauksig is that long-range Coulomb inter-
actions among carriers are automatically accounted fanduhe simulation. This eliminates
the need for repeated solution of Poisson’s equation dutingme and dramatically increases

computational speed.
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Figure 3.6 3D FDTD grid cell that has been extended to descfiarge density at integer grid
locations. Vector field and current density componentsradieated by arrows, andis indicated
by open circles. The vector components are staggered irspatte and time, to give low error in
the finite-differencing scheme for solving Maxwell’s cuduations.
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Figure 3.7 Snapshot of the 2D electrostatic potemtiétolor bar scale is in mV) throughout the
computational domain in the absence of external excitatidre white box encloses the region
in which EMC and FDTD simulations are coupled. varies rapidly within the coupled region
due to random placement of electrons and ions. The blackeddstes indicate the boundaries
between the FDTD-domain on the inside and the convolutipaidéctly-matched-layer absorbing
boundary conditions on the outside. The total-field/scattdield boundary is not shown.
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The simulation domain defined in this section is modified ispmnse to the results of the
previous section, which demonstrated insensitivity of ¢akeulated conductivity to impedance
mismatch between the coupled and pure-FDTD regions. Wealafiwo-dimensional (2D) com-
putational domain in they-plane (Fig. 3.7), with the dielectric constant of silicep £ 11.8) as-
sumed throughout. The coupled EMC/FDTD region is encloggtiéwhite rectangle in Fig. 3.7.
In the region between the white solid and dashed black lifestime evolution of the fields is
governed solely by Maxwell's equations, solved via FDTDhaiio coupling to EMC. In both
regions, we set to zero in the FDTD update equations.

The necessity for proper field initialization is illustrdtie Fig. 3.8, which shows snapshots in
time of ® for a single electron moving from 0 to 28m with constant velocity® is calculated
from line integrals of FDTD electric fields/ is calculated to satisfy Eq. (3.3). In Fig. 3.8a, the
FDTD electric field is initialized to zero. As the electron wes away from the starting position,
diverging fields develop in the computational domain so thatelectron is surrounded by ap-
propriate diverging fields, and the fields for an artificialehare left behind. In Fig. 3.8b, FDTD
electric fields are initialized to satisfy Gauss’s law foe 8tarting position of the electron. As the
electron moves away, the diverging fields follow the elattiod Gauss’s law is always enforced.
Thus, accurate representation of diverging fields in FDT@qumes that the initial fields satisfy

Gauss’s law.

3.2.1 Initialization

The EMC and the electromagnetic solver must interact tHroagcontinuous-to-discrete
spatial mapping. In EMC-Poisson simulations this is callled charge assignment scheme
(CAS) [48,114]. The charge density associated with eaatiecan continuous-space is assigned
to discrete grid locations according to the CAS. The Poissequation solver uses this instan-
taneous charge density, along with the known permittitityfind the grid-based electrostatic
potential. Partial derivatives of the potential produce g¢iid-based electric field, which is then
interpolated in continuous-space to determine the forabeparticle, with interpolation weights
identical to those in the CAS [62,114].
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Figure 3.8 Electrostatic potenti&ldue to the motion of a single electron, calculated from FDTD
electric fields. (a) If the electrostatic field is initialzeéo zero, the electron’s inception point
appears to be charge neutral. As the electron moves, itdeavartificial immobile hole behind.
(b) When the electrostatic fields are initialized accordioghe solution to Poisson’s equation
for the electron’s charge density, FDTD produces approgpgagectrostatic fields for the pointlike
moving particle.
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The charge assignment scheme is the backbone of the sichakatger-field interaction. Im-
plementation of each scheme may be more or less appropegending on local simulation
particulars; inappropriate choice of CAS may lead to noysptal electric fields at contacts and
dielectric interfaces [114]. Inconsistent coupling mays®a nonphysical carrier self-force [48],
where a carrier is acted on by its own potential. Minimizatdthese effects has driven extensive
research in the application of CAS in rectangular-grid EM@sson solvers [48,114-116]. The
conceptual advances resulting from this work have beenuatste in establishing the Ensemble
Monte Carlo technique as the benchmark against which otirapatational electronics methods
are gauged.

EMC/FDTD/MD uses the cloud-in-cell (CIC) charge assigningectheme to assign EMC
charges to the FDTD grid. This scheme gives excellent reptason of the Coulomb inter-
action between charged particles over length scales Idhgara few grid cells [36, 114]. In the
CIC scheme, each carrier’'s charge is assumed to be evetriypdisd over a finite region. In this
implementation we assume cubic charge clouds of wisithand charge density/Ax3, so that
the total charge of each cloud ¢s The CIC scheme assigns a portion of the particle’s charge
density to each of the eightelements at the corners of the EMC/FDTD/MD grid cell shown in
Fig. 3.6. For a particle with positiofx, y, z) within the grid cell, the portion of the total charge

assigned to the component on the' grid cell corner with positioniz,,, y,., z,) is given by

_ |[2n — | Y — Y| |20 — 2|
“’"—(l‘T) (“T) (“Tx)- (34)

The electrostatic potentiab is calculated as the solution to Poisson’s equation for el
charge distributiorp, where® and p are collocated on the grid in Fig. 3.6. Diverging electric

fields are calculated using the gradientiof

3.2.2 Current density calculation

Current continuity is easily satisfied in the typical EMCi$3mn implementation. In that
case,p and.J are calculated at the same locations on the grid, and as k casent continuity

is enforced by using the same weighting scheme for the twatdigs. In the EMC/FDTD/MD
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grid cell shown in Fig. 3.6fandp are assigned to two different, spatially staggered gride T
small approximations inherent to the grid assignmenfahdp in the EMC/FDTD/MD region
can result in a violation of Eq. (3.3).

Early contributions to the description of current assigntrechemes are given in Refs. [53,
58,62, 65]. Several current assignment schemes that elosatecharge conservation have been
developed. Marder presented a modified version of Maxwetigations to prevent violations
of Gauss’s law in numerical tests [117]. Villasenor and Buaa’s method forced exact charge
conservation in the current density calculation for simgiyaped particles [112]. A generalized
charge-conserving current calculation technique, fotiglas of arbitrary shape, was given by
Esirkepov [118]. A 2005 comparison showed no differencehm quality of results between
the Villasenor-Buneman method or the Esirkepov methodifoilar particles [113]. That study
highlighted the necessity of local charge conservatioranige-in-cell codes.

Here, we describe the fundamental EMC/FDTD/MD currentgassient scheme. The method
given below assumes the Villasenor-Buneman [112] curremservation technique. We explicitly
enforce Eq. (3.3) by calculating a carrier's contribution/t from its change in position over a
time step rather than from its known instantaneous velo€itg resultingfis assigned to the grid
according to the carrier’s spatial charge profile in the Cé@esne, to maintain full consistency
between the initial and subsequent field/charge calculsti@4, 86,112]

During one time stepAt, the initialized particle moves frort, y, z) to («/, ¢/, ') , where
starting and ending positions are within the same grid ddiere are four elements df, in the
grid cell shown in Fig. 3.6, with positions given By + 1/2, j, k)Ax, (i + 1/2,j + 1, k)Ax,
(i+1/2,5,k+1)Az,and(i +1/2,5 + 1,k + 1)Ax. Then'" of these,J", is given by

n_ (@ —x) - |Ynal - |2nal
o = At (1 Ax ) (1 Ax ) (3-5)

wherey,, =y, — 0.5(y + '), zna = 2n — 0.5(2 + 2'), and(x,,, y,, 2,,) is the position of/". The

elements of/, and.J, are similarly defined. Motion into the neighboring grid aslitreated by
dividing the path into sections, so that the motion in eadhisé&eated individually.
This definition for.J is fully consistent with the CIC scheme used in the initialian. As

a result, the fields may be found at the positions of the mataiteiers during the time-stepping
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process from interpolation according to the CIC scheme.ce&SFFDTD fields are offset from
the grid intersections, we interpolate the electromagrisgids to center on the grid intersections
prior to second interpolation. This section interpolafions the field at the location of the carrier
usingﬁ andH at the grid cell corners, by interpolating with the weightsdefined in Eq. (3.4).
Because of the consistency between the CIC scheme antiahieulation described above, self-

force is kept to a minimum [112].

3.2.3 Boundary conditions

A second potential source of deviation from Gauss’s law igrispis charge buildup at
the boundary between the coupled EMC/FDTD region and thegading FDTD-only region
(Fig. 3.7). EMC carriers reflect specularly from the left ahd right boundary of the coupled
region (their velocity normal to the boundary is invertad)keeping with the expected zero net
current through each of these boundaries. In contrast,eaddminant force acting on carriers
and the current flow are in the-direction, boundary conditions should allow unrestrictadier
motion and maintain the ensemble momentum in this directidmerefore, carriers are subject
to periodic boundary conditions at the top and bottom bogndathe EMC/FDTD coupled re-
gion: as a carrier exits one side of the region, it is injecethe opposite side with unaltered
momentum. However, the instantaneous vanishing or emeggwrcarriers at the top and bottom
boundaries of the coupled region is in conflict with Maxwse#iquations. As a result, the electro-
static fields associated with that electron before its gisapance remain tethered to the boundary
and act as a residual negative charge. Similarly, as the ségoton is injected at the opposite
boundary and moves into the coupled EMC/FDTD region, arctfie hole’s field is left behind,
similar to what we saw in Fig. 3.8. Therefore, effective geabuilds up on the top and bottom
boundaries, impedes the flow of current alagngnd results in a lower calculatéd To eliminate
this source of error, every time an electron is removed ¢iej#) at the coupled-region boundary,
the electrostatic fields that accompany the electron @difhole) are also removed. To avoid
repetitious runtime computations and maximize efficiemeythe solver initialization phase we

solve Poisson’s equation and calculate the electrostatitsffor a single electron (hole) located
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at a grid intersection along the coupled-region boundauyirigy runtime, we calculate the inter-
cept between the electron trajectory and the boundary aetpwiate the precalculated electron
(hole) electrostatic field. The interpolated field is themoged from the boundary at which the

electron vanishes (emerges).

3.2.4 Comparison with experimental results

In Fig. 3.9, we compare the calculatédor n-type Si doped t6.47 x 104 cm~3 with experi-
mental data obtained by Jeon and Grischkowsky via refle@titgtime-domain spectroscopy [4].
EMC/FDTD results show excellent agreement with experimditite dramatic improvement in
the agreement between the EMC/FDTD results and the expetiower those reported previ-
ously [44,87] results directly from the rigorous enforcernef Gauss’s law, as described above.
The Drude-model conductivity, calculated by using the dgpilensity and the corresponding
low-field mobility, differs significantly from both numeiat and experimental data (Fig. 3.9).
The disagreement is quite pronounced in the imaginary faniecconductivity, which describes
an effective change in the dielectric constant.

In summary, we have presented the THz-regime conductiatyutation for lightly doped
silicon using a combined EMC/FDTD simulation tool. We hawacelated the importance of
strict enforcement of Gauss’s law to avoid artificial chabgéddup and dramatically increase the
solver accuracy. As a result, the calculated conductiatigdeproduce the experimental data to
an outstanding degree. EMC/FDTD is an accurate and effisientlation tool, holding promise

as a highly predictive method for full characterization efrsconductors at THz frequencies.
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Figure 3.9 Frequency-dependent conductivitypf n-type silicon doped t6.47 x 104 cm™3,
Symbols represent the results of the EMC/FDTD numericautation, and the dashed line is an
analytical best fit to the EMC/FDTD data, to guide the eye. $tled curve represents a faithful
analytical fit to the experimental data of Ref. [4]. Condutyi from the Drude model (dotted
curve) is calculated using the known doping density and ¢lheesponding electron mobility.
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Chapter 4

EMC/FDTD/MD for 3D analysis of materials with high carrier
density

In this chapter, we extend the EMC/FDTD technique to desctite short-range Coulomb
interaction via the molecular dynamics (MD) technique thas been extended to describe the
exchange interaction. The EMC/FDTD/MD technique captemkective carrier motion in con-
ductive materials by using MD to describe the Coulomb irteoa between charged particles
separated by distances smaller than the FDTD grid cell [35,Bhis work represented the first
comprehensive computational technique where both strandothb interactions and the Pauli
exclusion principle are included via MD.

In the EMC/FDTD/MD technique, the three solvers interaceuery time step to describe
carrier dynamics under applied electromagnetic stimutatiith full Coulomb interaction among
particles (Fig. 4.1). FDTD electromagnetic fields and MDc#lestatic fields accelerate EMC
carriers through the Lorentz forcé', in Eq. (2.1). EMC carrier motion define§ thereby act-
ing to source FDTD fields in Eqg. (2.3), and instantaneoudearaposition defines MD fields in
Eq. (2.4).

In Chapters 4 and 5 we use the 3D EMC/FDTD/MD solver to exararéer dynamics in
doped silicon under applied electromagnetic fields. We de&fiBD FDTD computational domain
with the dielectric constant of silicon,(= 11.7) specified throughout. Figure 4.2(a) and (b) show
cross-sectional slices of the domain. The EMC/FDTD/MD oaegs embedded within the larger
FDTD domain. It is enclosed by the white rectangle in Fig(&)2This coupled region extends
the full height of the larger FDTD domain, shown in Fig. 42(b
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Figure 4.1 Conceptual flowchart of the simulation proce&¥T B electromagnetic fields and MD
electrostatic fields combine according to the scheme desttin Section. 4.1. The combined
fields accelerate EMC carriers through the Lorentz force. CEddrrier motion sources FDTD
fields viaJ. Instantaneous carrier positions define MD fields.

We drive carrier motion in the coupled region via fields sedrérom the TFSF boundary,
which extends the height of the FDTD grid in All applied fields are held constant in In the
dc tests, the sourcing field amplitude increases monotogicatr time fromﬁinc =0att =0
to Einc = 0.1 kV/cm Z, and this final value is maintained for the duration of theldation. In
theac tests, the same source profile is used with a sinusoidaécavave to launch a TEM plane
wave of the frequency of interest with propagation alentn both casest,,. is z—polarized, so
that the dominant force applied to the carriers is directedg:.

In the open-region simulations discussed here, grid baugslperpendicular té andy are
treated with CPML, not shown in Fig. 4.2 [49, 100]. In orderbtetter represent bulk material,
EMC enforces specular reflection of carriers from the bouedaf the coupled region that are
normal toz andy. The boundaries normal toare treated with periodic boundary conditions in all
three solvers, permitting unrestricted carrier motion aadtinuous electromagnetic interaction

in the Z direction.

4.1 FDTD/MD, without double counting

The CIC technique described in Chapter 3.2 represg&fiisiction charges as finite-volume
charge clouds. The assumption of a finite charge volume imbé when dealing with-function
charges in a grid-based field solver. The nearest-gridtjgoimeme does not require this, and in-

stead assigns eadkfunction of charge to whichever grid point is closest to plagticle, but this
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Figure 4.2 Cross-sectional slices of the initial electtstpotentiakb throughout the computa-
tional domain in the absence of external excitation. Theevhox encloses the region in which
the EMC, FDTD and MD simulations are combineblvaries rapidly within the coupled region
due to random placement of electrons and ions. The blackeddstes indicate the location of
the TFSF boundary. (a) Slice in thegi—plane. The multiphysics region of the computational
domain is surrounded by the TFSF boundary. (b) Slice inctheplane. The multiphysics region
and the TFSF boundary extend the full height of the FDTD domai

results in very noisy fields and abrupt electron motion, drel@IC scheme is usually prefer-
able [114].

As described in Chapter 3, in the CIC scheme an ié+fisnction of charge is smoothly divided
among the eight corners of the cell containing the ion, leetalculation of the grid-based field.
When an electron enters the cell during the simulation titepng process, the CIC scheme
calculates the field at the electron’s position by lineagripolation from the grid-based fields that
are defined on the boundaries of the cell. Figure 4.3 showstigpolated field experienced by an
electron as it is swept through a grid cell that contains araicthe center. The resulting nonzero
force acting on the electron is very smooth in contrast tostineng, rapidly varying Coulomb
force that the electron should experience in this intesactvith an ion. In solvers that combine
a grid-based field calculation with MD, these strong shartge Coulomb fields are described by
MD. When the strong Coulomb field from MD is combined with tlemmrero grid-based field, the

fields are double counted and the resulting force is larger the Coulomb force alone.
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Figure 4.3 Force on an electron sweeping past a stationary i®he ion is located at
r = (i + 1/2)Az. The dashed line shows the force on the electron found fraergolating
the grid-based field according to the CIC scheme. The sal@ldhows the Coulomb force the
electron should experience. Between indicesl and: + 2, the Coulomb force is poorly repre-
sented by the interpolated field.

The corrected-Coulomb scheme defined in Refs. [35, 36] awdidible counting by precal-
culating the field that must be added to the grid-based field®ggult in the proper Coulomb
force. This correcting field is calculated by sweeping a r@oblectron past a stationary charge
at a known location in the grid cell, as was done to produce &8, and subtracting the force
experienced by the electron from the desired Coulomb iotiena [35, 36]. This same correc-
tion, with appropriate sign, can be used to describe interaavith electrons or ions during the
time-stepping process. However, a particle’s contributmthe grid-based field depends on the
particle’s position within the grid cell, [48] and as a rdsalsingle correcting force cannot be
appropriate for interaction with any arbitrarily place@eton or ion.

EMC/FDTD/MD eliminates double counting for any electraminteraction that is calculated
with MD, by subtracting the ion’s contribution to the griéded field prior to interpolating the
field to the electron’s location. The interaction is thenaligged by MD alone, with no grid-based
contribution. Figure 4.4 shows the force on an electronithatvept past a stationary ion, where

the ion is positioned at the center of a grid cell. The MD fdarethe corrected-Coulomb scheme



41

has been calculated using an ion positioned at the centéreofrid cell. Both the corrected-
Coulomb scheme (Fig. 4.4a) and the new scheme (Fig. 4.4biyatety predict the Coulomb
force the electron should experience. Figure 4.5 showsottoe fon an electron that is swept past
a stationary ion, where the ion is positioned at the edgeegtid cell. The corrected-Coulomb
scheme was initialized as in the previous example, and itom@restimates the combined force
on the electron for this offset ion (Fig. 4.5a). The new schawcurately predicts the combined
force, within the portion of the interaction that is caldeldwith MD.

The next few paragraphs provide detail on the new technigMC/FDTD/MD permits MD
interactions between carriers and ions within the sameacellin neighboring cells. In the exam-
ple shown in Fig. 4.3, MD calculates the electron-ion intécan for the three grid cells bounded
by grid indicesi — 1 andi + 2. An ion interacts via MD with every carrier in the surrounglin
3 x 3 x 3 block of cells, and no other carriers. In the new scheme, a8 local grid-based field
contribution within those 27 cells is calculated and staoretthe simulation initialization stage.

Every time the field acting on a carrier is needed, EMC/FDTD/bbpies the field compo-
nents required for interpolation into small auxiliary figJdds. These field components include
contributions from the applied fields as well as the grideob€oulomb fields from other par-
ticles. Before interpolating from the auxiliary grids, EMEDTD/MD subtracts off the stored
grid-based Coulomb fields for every ion within the surroumgdi x 3 x 3 block of cells. We then
use interpolation to find the grid-based electromagnetid &éa carrier’s location according to
the CIC scheme. The resulting interpolated field has zertribotion from the neighboring ions’
grid-based Coulomb fields. When the interpolated field istwoed with the MD field, the entire
carrier-ion interaction is calculated with MD. In additidhe carrier still experiences grid-based
fields not caused by the ions.

The simplest implementation of this scheme contributestsuitially to the computational
burden of the initialization stage, as Poisson’s equatiastrbe solved for the full electron and
ion charge density, as well as for each individual ion to pedthe ions’ local grid-based fields.
We exploit the linearity of Poisson’s equation to elimintdte bulk of the computational burden

of the technique’s initialization. Prior to calculatingetBolution to Poisson’s equation, an ion’s
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Figure 4.4 Coulomb force from the FDTD-MD field calculaticor fan electron passing by a

stationary ion at the center of a grid cell. The electron iz¥eagobalong a straight line that passes
through the ion position. The black line shows the refere@oelomb force, the red dashed
line shows force calculated via the interpolated grid-dassd, the blue dashed line shows the
contribution to the force from MD, and the circles show th&teomputed Coulomb force. (a)

Corrected-Coulomb scheme. The correcting force is caledlfor an ion at the center of the

cubic grid cell. The combined force experienced by the ebects accurate. (b) New scheme.
In this case, the force calculated by the new method is ideiti that of the corrected-Coulomb

scheme.
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Figure 4.5 Coulomb force from the FDTD/MD field calculatioor fan electron passing by a
stationary ion at the edge of a grid cell. The electron is rd@aleng a straight line that passes
through the opposite side of the ion’s grid cell. (a) CordeCoulomb scheme. The correcting
force is calculated for an ion at the center of the cubic géll. cThe technique overestimates
the combined force on the electron for an ion at the edge ofjtltecell. (b) New scheme.
The FDTD/MD force is identical to the Coulomb force, withimetMD-calculated portion of the
interaction.
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charge is divided among the grid points at the corners ofdhé& icubic grid cell with weights
wy,n = {1,2,...,8}, according to Eq. (3.4). We consider instead the matheaiBtiequivalent
case of eight individual particles with chargesq,n = {1,2,...,8}, positioned at each of the
grid cell corners. Given an ion’s position and the Poissdatsm &, for a single charge located
at a grid intersection, the ion’s potentiblis given by the weighted sum of shifted potentiélg

as

8

where®} is @, shifted to center on the grid cellis” corner. The local fields for each ion in the
ensemble are found with a single solution to Poisson’s éguatSince the ions are immobile,
these field values are calculated once for each simulatiba.calculation to find the local grid-
based fields of each ion in the ensemble is significantly exgedd

The only computational burden this scheme adds during roe tesults from subtracting off
the mesh-based field for each carrier-ion interaction. We saynificant computational labor in
each time step by associating the stored arrays with alliioasparticular grid cell rather than
with each ion individually. Instead of subtracting the mésised fields for each ion in a cell,
we subtract them all at once. This technique contributesraignificantly to the computational
burden in the electron-electron MD calculation, sincetetets move continually and the weights
and nearest fields would need frequent recalculation. Atstmee time, our tests have shown
that the exact form of the electron-electron interactiosinénimal impact on the overall material
properties. Thus, for the electron-electron interactiwa,choose the lighter computational load
and stronger approximation of the corrected-Coulomb sehevhere we average the correcting

fields for stationary electrons at many different positiaithin the grid cell.

4.2 Finite electron and ion size
4.2.1 Exchange interaction

MD accurately describes the Coulomb interaction in bulkeriats withn, < 10'® cm=3,

where the carrier interaction is well-represented by afahssical description. Ag, increases,
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the exchange interaction between indistinguishablegestincreasingly impacts materials prop-
erties [3, 38, 39, 106].

The exchange interaction is a geometric consequence ofahk €xclusion principle that
manifests as a reduction in the force between indistingiokehelectrons [3, 38, 39,42]. We adopt
the formulation of Refs. [3, 38, 39] to describe this quantmechanical effect with molecular
dynamics. Carriers are defined as Gaussian wave packeta finite radius-..; the wave function

of the " electron is

72 -
o5, (T5) = (2mr?)~ 3/exp (—4;3 ki - _'-) ) (4.2)
The wave packet amplitude is significant only within a fewof the electron’s assumed position
r; and a fewh/2r. of the assumed momentuph = hEZ-. The equations of motion for th&"

electron in an ensemble of electrons are then given by

di N N
i B oD FXC
J#i J#i
dr; -
ari - _ 00,0, Gij (4.4)
dt —
J#i

whereg; is the spin of the'" electron, is the Kronecker delta function, the summations include
all electrons;j where;j # i, and Fy includes forces from applied fields and the electron-ion

interaction. The new terms are given by

FP =~ 4.
EX Im
FEX — dtet” 4.5b
ij 871'3/267'4 ‘]{7‘ p( ) . € ( )
kre
_ 2,2 t2
Gij = 71_3/2 ’[“27’LL ? —k ’f’c) /0 dte (45C)

wherer = 7; — 77, k= k: ks, anderf(z) is the error function. Appendix B gives the derivation
of these equationsﬂ? is the direct Coulomb force between tiie and ;' electrons defined by
Eq. (4.2). In this formulationFZ-? defines the direct force of interaction between all electyon
regardless of spinFifX describes the “exchange force”, which acts to reduce tleedotion be-

tween indistinguishable electrons as a function of thetedas’ proximity in”andp. G;; behaves
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as a small modification to the carrier effective mass. Akéhterms are calculated numerically at
the start of the simulation and stored in lookup tables.

We determine the scale of from the Hartree-Fock approximation exchange hole pro-
file, [119]

. 2
grE) =19 (smrp ;"Fcosrp) (4.6)

'k
wherery = qpr, qr = (37%n0)'/? is the Fermi wave vector; is the radial distance from the
center of the electron, andr ) describes the possibility that an identical electron castetr .
We fit the normalized Gaussian envelope of our electron wawetion tol — g(rx) to determine

the Hartree-Fock prescribed electron radiugg. This fit produces the following relationship:

logny

Te, HF = €XP <— -+ 17366) , (47)

wheren, is carrier density im—3. Table 4.1 lists the calculated for each doping density of
interest here. For comparison the table also includes the values used in the MD reference,

Ref. [3], as well as the average radius of the volume occubpyed single carrier electron of a

6 1/3
4mng

particular spin,

Table 4.1 r. as a function of,. We compare the Hartree-Fock exchange holg-, with the
carrier radius. \ip of Ref. [3]. The radius of the volume occupied by one electrba particular
spinr, is included for reference.

no €M) | renr(A) | rean(A) | ro(A)
10" 750 1687
10'° 350 782
106 160 7 363
107 75 14 168
10'8 35 16 78
10" 16 17.5 37
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The exchange-hole radius yr predicted in this way is always smaller than the radius of
the sphere occupied by a single electron where we only censldctrons of the same spin. Both
quantities decrease monotonically with increasipgn contrast with the values given by Ref. [3]
which increase with increasing, in the range provided. In Table 4.1 we list the Hartree-Fock
exchange hole. yr and the carrier radius. \ip, but it is not clear that the two actually represent
the same physical quantity. \ip is chosen as a compromise between the desire to maintain the
Coulomb force for most carrier-carrier interactions, whalermitting exchange for very close-
range interactions. By choosimg = 750 A for simulation atn, = 104 cm3, we describe the
carrier-carrier interaction as dominantly quantum meatenrather than treating it classically.

The question of how to choose the value-pofs discussed further, below.

4.2.2 Finite ion radius

A typical MD implementation treats ions as delta functiohsltarge [36]. The bare Coulomb
force surrounding a delta-function ion applies sufficiemicé to electrons that such electrons
routinely reach relativistic speeds, leading to simulati@ccuracy and instability [120]. Instead,
we assume that the dopant ion has a finite radius [42,97]. Wehtlbe dopant ion charge with
a Gaussian profile of characteristic half-width so that the Coulomb force experienced by an
interacting electron is given by a modification of Eq. (4.88)
where we assume an ion of charge The maximum force that may be applied to electrons is
substantially reduced; see Fig. 4.6 In the case of phospbatoped silicon, the approximate
radius of the ion’s outer orbitals is given by the effectiveh radius as 13.8 [43]. Thisis a
very approximate value, and is only generally intended ¥e gi qualitative understanding of the

extent of the electron cloud.
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Figure 4.6 Force between an electron and ion for severaésadii,. This method reduces the
strength of the interaction, where the degree of reductepedds on,.

4.2.3 Determiningr. and ry

To determine the appropriatg andr, for doped silicon, we calculate thke conductivity for
no = 10" — 10 cm=3 as a function of. andr,. As in Chapter 3.2, the effective linear-regime

complex conductivitys is computed as
= = (4.10)

where E(w) and J(w) are the electric-field and current-density phasors in theplea region,
after spatial averaging to reduce noise.

Figure 4.7 shows R& (0) } /o, whereo is the knowndc conductivity of the material [5], as a
function ofr, andr,, for ny = 10%5, 10, 10'7, and10'® cm=3. At low n,, 5(0) does not depend
on eitherr, or r;, as we would expect. We see a moderate dependencgfonn, = 106 cm=3,
and no clear dependencen At ny = 10'® cm=3, 5(0) depends strongly ory. Table 4.2 shows
the resulting values of; overny.

With the dc tests and practical considerations, we have clear values; fior each doping
density. Our tests show that has little influence o (0). The influence of the carrier-carrier
interaction is to relax the ensemble towards a drifted Mdkaveor drifted Fermi-Dirac distri-

bution (depending on doping) without changing the averagemble energy or momentum (the
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Table 4.2 Calculated, values froms(0). Forn, < 10* cm= we usery; = 1A for simulation
stability.

no (cm3) || 104 10 1016 107 10'8 10
ra(A) 1 1 2 3 35 55

electron-electron interaction does not directly impaetd¢bnductivity of the material). The only
situation in which we would expect to impact bulk properties is at very higly when electrons
are forced to interact at close range. In the next sectionexpéores at THz frequencies. To
test the importance of,, we calculated thec conductivity for different values of.. for several
doping densities. The results at loyy showed no dependence on At high ny our results are
noisiest. As a result, the only conclusion we can draw abogiact ofr. on the conductivity

is that any changes ®(w) from r. occur below the level of the noise in Figs. 5.3-5.8, and the
question of how to best choosgremains open. In the THz-frequency calculations describved

the next Chapter, we use = . yr.
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Figure 4.7 R¢s(0)} /0, as a function of-. andr,, for ny = 10%, 106, 1017 and10*® cm3. oy
is the knowndc conductivity of silicon [5]. R¢a(0)}/00=1 for acceptable values of andr.
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Chapter 5
THz conductivity of doped silicon

5.1 Comparison with experimental data

In this section, we compare the effective conductivity akdted by EMC/FDTD/MD with
published experimental results for doped silicon at THgudencies, obtained via reflecting THz-
TDS [4]. The complex conductivity is given for two—type silicon samples withc resistivities
of 8.15Q cm and 0.21Q cm, corresponding ta, = 5.47 x 10* cm™3 andn, = 3.15 x
1016 cm~3, respectively [5]. The analytical best fit of the Cole-Daad model to experimental
data is given by Ref. [4]. The Cole-Davidson fit can be regarae a faithful representation of
the experimental data, especially at the lower doping demdiere the experimental data show
low noise. Figure 5.1 compares the EMC/FDTD/MD doped-silicomplex conductivity to the
experimental results for, = 5.47x 10 cm=3. At this lown,, choice ofr. andr, has little impact
ons. We user, = 426 A, from Eq. (4.7),and; =1 A, for numerical stability (see Appendix A
for details on stability criteria). EMC/FDTD/MD resultseamdicated with open circles and a
dashed line to guide the eye. The numerical prediction fodaativity shows excellent agreement
with experiment. The Drude-model conductivity, calcutabg using the doping density and the
corresponding low-field mobility according to Eq. (1.1)felis significantly from both numerical
and experimental data.

Figure 5.2 shows the complex conductivity calculated by EREZTD/MD in comparison
with the best fit to experimental results for silicon dopecito= 3.15 x 10 cm=3. For the
carrier radius we use, = 110 A, from Eq. (4.7). Choice of-, impactsc at this moderate

ng, but our tests have shown no dependence onThe ion radius is chosen as = 2.5A,
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Figure 5.1 THz conductivity of n-type silicon with, = 5.47 x 10 cm=3.
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In these tests

r. = 426 A andr, = 1 A. The dotted line shows the Drude model prediction for thedztivity,
based on the known doping density and mobility of the mdtefTde solid line indicates the
analytical fit to the experimental datar calculated by EMC/FDTD/MD is shown with open

circles, with a dashed line to guide the eye. The numeridal d@monstrates excellent agreement

with the experimental conductivity. The Drude model pré&ditdiffers significantly from both.
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Figure 5.2 THz conductivity of n-type silicon with, = 3.15 x 10'® cm=3.
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In these tests

r. =110 A andr, = 2.5 A. The dotted line shows the Drude model prediction for thedzmtiv-
ity, based on the known doping density and mobility of theemiat. The solid line indicates the
analytical fit to the experimental data.calculated by EMC/FDTD/MD is shown with open cir-

cles, with a dashed line to guide the eye. Reghows excellent agreement with the experimental

data. Im¢) is much more susceptible to small errors in both the contjpuial and experimental

systems.
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via linear interpolation of; as a function of log)(n) in Table 4.2. EMC/FDTD/MD results
for Re() show excellent agreement with experiment. The numeridailegafor Im(5) do not
agree quite as well with experiment, though the trend of tleeliption is the same as that of the
experimental results. The imaginary part of the condustigiescribes the phase shift between
E and.J, and as a result I is highly susceptible to small errors in both the compotzi
and experimental systems. FDTD numerical dispersion coatdribute to this error. In the
experimental characterization, small inaccuracies imikasured thickness of the sample would
also manifest as error in @) [22].

Our tests have shown that the resultsifigr= 5.47 x 10 cm~3 can be reproduced without
including the short-range Coulomb interaction, by using EMC and FDTD solvers without
MD, as shown in Chapter 3. At the moderate doping density,0f= 3.15 x 106 cm™ the
results for doped silicon require MD for accurate predictad the conductivity. As:, increases,
the short-range Coulomb interaction described by MD becoaven more important to the ac-
curacy of the conductivity prediction. Fap > 10 cm3, the exchange interaction is relevant
as well [3,37-39]. Ideally, we would establish the accuratiEMC/FDTD/MD calculations at
these high doping densities by comparing the predictedwtivity with experimental conduc-
tivity data for silicon withn, > 10'® cm™3, but after extensive searching in the literature we have
not found the necessary data. While, in the absence of empetal data we cannot be entirely
certain that EMC/FDTD/MD is as accurate fog > 10'® cm~2 as it is for lowern,, dc conduc-
tivities are predicted accurately in the high as well as l@opidg density regions, and there is no
reason to suspect inaccuracies in the THz calculations.coh®garison with experimental data
demonstrates the strength of EMC/FDTD/MD as a predictieé fir THz-frequency conductiv-
ity of materials. In the following section, we use EMC/FDMD to calculates(w) for doping

densities where no experimental data exists for THz-fraqueonductivity of silicon.

5.2 Extrapolation to other doping densities

In this section we prese#tcalculated with EMC/FDTD/MD for n-type silicon at room tem-

perature for doping densitieg = 10** — 10! cm~3 andf = 0—2.5 THz. We use-, andr, listed
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Figure 5.3 THz conductivity of n-type silicon with, = 104 cm™3. We have used, = 1A
andr. = 750A. These results required several hundred hours of CPU fithe.resulting data is
represented by the GD model with= 0.03, 5 = 0.84, andr = 0.34 ps, with normalized error
e =1.39 %.

in Section 4.2 for each doping density. These data constitiet EMC/FDTD/MD predictions for
the THz-frequency conductivity of doped silicon.

Each of the Figs. 5.3-5.8 showigw) calculated by EMC/FDTD/MD (open circles) along
with an analytical fit to the data (dashed line) and the Drudelehprediction for the complex
conductivity (solid line). We have used the analytical fiptovide a quantitative representation
of the data, so that the prediction is available for furtlesearch where the THz-conductivity of
silicon is needed. The analytical curve is the best fit of theegalized-Drude (GD) model for
complex conductivity to the EMC/FDTD/MD data, where the GDdrl conductivity is given by

a(0)
1— (iwr)—2)F

UGD(W) = ( (51)
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Figure 5.4 THz conductivity of n-type silicon with, = 10'5 cm™3. We have used, = 1A
andr. = 350A. These results required several hundred hours of CPU fithe.resulting data is
represented by the GD model with= 0.02, 5 = 0.84, andr = 0.34 ps, with normalized error
e =1.37 %.

Here,« andj are positive real numbers 1. The GD model reduces to the Drude model con-
ductivity for« = 0 and = 1. By modifyinga and 3, the response function of the ensemble
no longer exhibits the Drude model characteristics [122].1Phis new form for the conductivity
incorporates a continuous distribution of relaxation smehere the choice of and g deter-
mines the form of that distribution. In the Cole-Cole modelyWhich g = 1 and0 < a < 1)
the distribution ofr values is symmetric itn(7), with a width that increases with [121]. The
Cole-Davidson model (in which = 0 and0 < g < 1) describes an asymmetric distribution of
T values, which is zero far > 7 and decays for < 7 [121]. By permitting bothy and; to vary,

we allow both symmetric and asymmetric components ofrthistribution [121]. We further
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Figure 5.5 THz conductivity of n-type silicon withy, = 10'6 cm=3. We have used, = 2A and
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r. = 160A. These results required several thousand hours of CPU tifhe resulting data is
represented by the GD model with= 0.02, 5 = 0.88, andr = 0.26 ps, with normalized error

e =0.95 %.

permit7 to vary, to allow for the situation in which the peak of theapation time distribution is

not given by the Drudéc relaxation time.
The fitting parameters are given in Table 5.1. For each dogémgityn, (cm~3), Table 5.1
shows the knownilc conductivity of n—type silicono, [5]. Next we show the calculated:

conductivitys(0) from EMC/FDTD/MD, along with the corresponding scattertirge 75 ) cal-

culated according to the Drude model. The fitting parameters;, a, ands — are included for

eachn,. ¢ is also included, as calculated by Eq. (5.2).
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Figure 5.6 THz conductivity of n-type silicon with, = 10'7 cm=3. We have used, = 3A
andr. = 75A. These results required several thousand hours of CPU fiine resulting data is
represented by the GD model with= 0.04, 5 = 0.89, andr = 0.17 ps, with normalized error
e = 1.05 %.

Table 5.1 also includes an error parameter percent, which is the sample standard deviation

normalized ta7(0),

S
¢ = ﬁ _— ;(&Z—(w) — oan(@))? (5.2)
where we assumé data points. There are several sources for the noigéuf). Random noise
comes from finite EMC ensemble size; an ensemblé/gbarticles will have statistical noise
proportional toy/N [34]. This noise can cause spurious heating in the elecmearable [96]. In
addition, at highn, carrier motion is dominated by the strong Coulomb force leetwcharges,

and these strong forces contribute to noisé.ifMhe obvious solution is to use a larger ensemble



59

50 : :
-------- Drude model
260020 o -e-EMC/FDTD/MD
40 o "8:5':6 ............. i
S0q T,
_ Qo
§ 30 T
i ° e S
©) °%
& 20t S
101
0 L
0 0.5 1 2 2.5
f[THz]
30
25 °°,_9-5‘°'°'Qo—o-‘
o.
. o
— 20} &
£ R
9 T e
% 15l ° ec0. o L
o P e
= s
<
= 10 old .......
5 ,'lo
L Drude model
80 -e-EMC/FDTD/MD
O0 0.5 1 15 2 2.5
f[THZ]

Figure 5.7 THz conductivity of n-type silicon with, = 10'® cm=3. We have used, = 3.5A
andr. = 35A. These results required several thousand hours of CPU fiine resulting data is
represented by the GD model with= 0.19, g = 0.82, andr = 0.07 ps, with normalized error
e =1.95%.

in this case, but for high, the computational burden of EMC/FDTD/MD limits the enseenbl
size. Asng increases, bothhx and At decrease, as described in Appendix A, and as a result the
computational load increases for the same duration of sitiam. The data in Figs. 5.3-5.8 were
calculated over several tens of thousands of cpu hours henaajority of that time was spent on
the 10'® and10'® cm™2 calculations.

We observers, > 75 for every ny, so that the peak relaxation time calculated by
EMC/FDTD/MD is consistently longer than that predicted hg Drude model. In addition, for
ny < 107 cm3, a &~ 0 andp is roughly constant. In this case, the GD conductivity redto the

Cole-Davidson model, which describes an asymmetric tigion of scattering times, where the
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Figure 5.8 THz conductivity of n-type silicon with, = 10'° cm~3. We have used,; = 5.5A.
We have used both. = 16A. These results required several thousand hours of CPU fiihe
resulting data is represented by the GD model wita 0.33, 5 = 0.74, andT = 0.03 ps, with
normalized erroe = 25.0 %..

distribution is nonzero fot < 7. Our results for3 do not agree with the predictions of Ref. [4],
which describes increasing monotonically with increasimg for n—type silicon. However, that

paper allowed variation in bothandng, So a direct comparison cannot be made with our fits.
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Table 5.1 For each doping density (cm~3), the table shows the knowit conductivity of
n—type siliconoy, the calculatedic conductivity5(0) from EMC/FDTD/MD, and the corre-
sponding scattering time, ) calculated according to the Drude model. The fitting paranset-
Tat, v, @and s — are included for eachy, as is an estimate of the quality of theditn percent.
Conductivities are in units of S/cm, and times are in ps.

no 0“4 10" 10 10" 10" 10Y
oo | 0023 0223 1.912 11.93 42.37 173.0
5(0) | 0.022 0.219 1.864 11.65 42.17 181.8
Ts0) | 0.209 0.207 0.181 0.110 0.040 0.017
7 | 0.341 0.336 0.264 0.168 0.071 0.032
0.030 0.020 0.023 0.036 0.192 0.331
3 | 0841 0844 0.883 0.890 0.816 0.739
€ 139 137 095 1.05 1.95 250
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Chapter 6
Summary and future work

6.1 Summary of this dissertation

First, a comprehensive computational solver has been aj@»@lfor high-frequency materi-
als characterization, in the low carrier density regimee $hlver combines the ensemble Monte
Carlo technique for stochastic representation of caryaadhics under the Boltzmann transport
equation, with the finite-difference time-domain tech@dar Maxwell’s curl equations and the
molecular dynamics technique for close-range Coulombracten. In Chapter 3 the impor-
tance of rigorous enforcement of Gauss’s law was describgdyas an efficient technique to
calculate the EMC current density that ensures satisfaacfoGauss’s law in FDTD. This is
the first time this technique has been used in the researcimaoaity for EMC/FDTD meth-
ods for materials and device characterization. We comptregredicted conductivity calcu-
lated by EMC/FDTD with published experimental data for thenplex conductivity of silicon at
ny = 5.47 x 10* cm~3 [4]. The calculated data show excellent agreement with xpe@mental
data. This work demonstrated the capabilities of this ebelgihamic particle solver to accurately
predict the complex conductivity of low carrier density er@dls at THz frequencies.

Chapter 4 described incorporating the molecular dynaredstique for short-range Coulomb
interaction among carriers and between carriers and ibasglhy extending the multiscale com-
putational technique to materials with high conductivityD was used to calculate interactions
among carriers and between carriers and ions, which ocdength scales shorter than the FDTD
grid cell size. Materials properties are significantly efézl by these strong interactions for carrier

densities above(0!'® cm—3. The EMC/FDTD/MD solver calculates electromagnetic iat¢ions
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between particles by combined field calculations from FD T BID. Both FDTD and MD cal-
culate the Coulomb field between charged particles, drithegdevelopment of a new technique
to permit accurate representation of fields without doublenting between these two solvers.
We compared the predicted conductivity calculated by ENBO/P with published experimental
data for the complex conductivity of silicon ag = 3.15 x 10'® cm™3 [4]. The calculated data
shows excellent agreement with the experimental data.

The final extension made to the technique incorporated @&firitume treatment of electrons
and ions in MD. This was described in Chapter 4. The exchamigeaction between indistin-
guishable electrons has been shown to significantly affelkt imaterials properties for carrier
densities greater thar)'® cm=3 [3,37—39]. The new method describes the exchange interacti
between indistinguishable electrons with MD. EMC/FDTD/MiIBo describes the finite radius
of dopant ions in the material. In this final EMC/FDTD/MD, a#llevant carrier-phonon interac-
tions are included, as are all relevant electromagnetscesf and effects from the Pauli exclusion
principle in materials with high carrier densities. In Cteap5, we used EMC/FDTD/MD to
parameterize the electron and ion radii for doped silicdd@t and then we calculated the THz-
frequency conductivity of silicon fon, = 10* — 10 cm=3. The EMC/FDTD/MD solver is a
powerful tool for the prediction of the THz-frequency cortuity in materials with high carrier

density.

6.2 Future work

6.2.1 Apply the EMC-FDTD solver to the examination of copperincorporat-
ing surface roughness and copper material characteristics

In the context of metals, the Monte Carlo approach has maatuanly been used to study

the decrease in conductivity that occurs as a result of gghgBical dimension [123-126]. Bulk
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metals are not commonly simulated with the EMC becausemdifields cause only small de-
viations from thermal equilibrium [127], so these systems asually well-described by sim-
pler models like the relaxation time approximation [125]heTnecessity of including the ef-
fects of the Pauli exclusion principle can be addressed ®dydjection technique implemented in
EMC/FDTD/MD [127-130].

A previous representation of metals with Monte Carlo metheged a modified acoustic scat-
tering rate, calculated assuming the wave vector to be Bnlgnt of frequency [127]. This
simulation produced quality results in several limitinges, and indicated the possibility of ap-
plication of this technique to broader parameter rangegngsufficient computing capabilities.

In the THz regime where materials characteristics deviate fthose predicted in theory, a
more comprehensive description of transport is neededs Whrk would develop a model for
carrier transport in metals and incorporate surface saagteallowing for the inclusion of surface
roughness. Results from this numerical study would be coegpaith an experimental surface
roughness study being completed in tandem by ProfessorBladske and Benjamin Yang of the

University of Wisconsin-Madison.

6.2.2 Explore the use of the solver for examination of media kere surface
properties and internal dimensions play a major role in obseved mate-
rial properties

The research described above could be applied to the nuahdescription of systems where
material parameters may not be accurately described bgrdusulk models. Applicability of this
model is not limited to the terahertz frequency range, but e@sily be applied in the microwave
or optical ranges.

An example of such a system is composed of metallic nanapestdispersed in biological
tissue. Observed material characteristics of media engzbdith metal nanoparticles have been
shown not to match with material characteristics beforeatthdition of nanoparticles [131, 132].
Pure FDTD analyses of the material characteristics of giokd tissues embedded with metallic

nanoparticles have suggested that bulk conductivitiesbeaysufficient to describe the properties
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of metal nanoparticles in this context [133]. The EMC/FDWIY solver will allow for full
consideration of carrier effects on fields and power abgmr@t the location of the nanopatrticle,

without the assumptions required by bulk models.
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Appendix A: Implementation details

A.1 Initialization

During the initial calculation of the carrier and ion enséesbh electrons are initialized with
a randomly chosen spin according to whether a random nunsbgreiater or less than 0.5.
EMC/FDTD/MD uses a linked-list scheme to calculate paienilsteractions between carriers.
In the linked-list scheme, MD maintains lists of the padgtlose enough to interact through the
short-range component of the Coulomb force, so that pagrfoices are only calculated between
interacting particles. Associated with each grid cell issadf the particles in that grid cell, so
that interactions among particles within the same cell magdiculated by iterating through the
list, rather than by searching the ensemble for nearbygbesti In the initialization stage, the
electrons in each cell are associated into groups throngRkdilists, as are the ions in each cell.
In order to start the simulation with a realistic carrier@mble, we check the proximity of each
electron to all neighboring ions, to ensure that no eledsanitialized in a position of extremely
high potential energy.

Once the ensembles are established, the charge densityigaes to the grid via the CIC
scheme and Poisson’s equation is solved via an iterativeessive over-relaxation scheme for
the initial charge density. Local grid-based fields for eami are calculated as described in
Section 4.1. The initial diverging electric fields are founoim the gradient ofd (¢ being the
solution to Poisson’s equation). EMC/FDTD/MD calculatés, Fzx, andG;; as functions of?
andk and stores the tabulated results for reference. The efeeteztron MD force is calculated
by averaging solutions to the corrected-Coulomb schemméoty stationary electron positions,

where we usé’, as the reference force, instead of the bare Coulomb force.

A.2 Time-stepping scheme

In our calculation updated/, k and.J are defined on the time step, afdandp are defined

on the half time step. The* time step begins with/"—1, kn=1, En 2 ET-3/2 n=1/2 and
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H". The scheme is shown in Table. A.1.  Note that we H&e'/2=0.5(H""'+H"), and that

Table A.1 The EMC drift/scatter process takes place in Stegsd 2, as carrier momenta and
positions are updated. The current density update in Stepf@rinulated to enforce current
continuity. Step 4 is the MD calculation. Steps 5 and 6 ard-ID&D update.

1. UseE" Y2 andH"~'/2 toupdate k"' — k"

2. Usek" to update pr/2 — prti/2
3. Usep" Y2andpt/2  tofind  J»

4. Usept!/? tofind  El/?

5. UseH" and.J" to update E 2 — Entl?
6. UseEyni/2 to update H" — H"t!

E = Eppro+Eup according to the method described in Sec. 4.1. This timepstg procedure
is adapted from Ref. [134].

In Step 1, FDTD fields are first interpolated to fitland A at integer grid indices, where
His averaged in time as well as space. The field at a carrieursdfoia interpolation according
to the CIC scheme, as described in Section 4.1. After intatiom these grid-based fields are
combined with the MD fields where the MD fields are found fréin and Fizx lookup tables.
The momentum update is then calculated using the followimg-centered update equations

which incorporate the x B rotation [135].

=k 4+ A Al
1 n—-1t o 13 (A.1a)
ey = ki +ky x T (A.1b)
];;3 = El + EQ X § (A].C)
LB
= —A A.l
Fo=Fy+ 20 (A1d)

where

. B
t d At, and 5=
m

The conduction bands of silicon are ellipsoidal. Impleraéinn of the semiclassical scattering

rates requires spherical bands, /s&s maintained the Herring-Vogt frame [41]. It is necessary
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to returnk to the true momentum frame before applying Eqgs. (A.1). Orareiars have been
moved, it is necessary to update the linked lists for anyi@arthat have moved from one grid
cell to another.

Step 2 is calculated including;; as described in Section 4.2. The current density in Step 3
is calculated according to the description in Section 312Step 4, the MD fields are calculated
according to the new positions of carriers and ions. Stepsd3aare the FDTD update. These

steps include use of the TFSF formulation to apply the statmd) fields.

A.3 Accuracy and stability criteria

Accuracy required\r < 0.5\p in the traditional EMC/Poisson. This requirement stemsifro
the need to resolve electrostatic interaction betweencteston distances larger than the screen-
ing length. The addition of MD relaxes this restriction,c@rmparticle interactions are described on
length scales smaller than the grid cell size. We are notdfegid-cell-based accuracy consid-
erations, however. FDTD accuracy requites < \/10 for the shortest wavelengthof interest.
This condition is easily satisfied for most situations. licen with ng = 104 cm=3, ¢, = 11.7
ando, = 0.023 S/cm. When this material is stimulated with radiation ofjisency f,=1 THz,
the wavelength of interest is, ~ 87.6um. A simulation of this material witthz = \/10
would have nearlyi.35 x 10° carriers and ions in a single grid cell. Clearly, the requieat
that Az < \/10 gives a very loose upper bound éxre. For a lower bound, we require that
Az > 4r. andAzx > 4r4, so that the entire profile of the electron and ion is desdribighin the
MD formulation.

We find further restrictions on the minimum grid cell sizettisareasonable for accuracy that
result from the strong forces involved in the carrier-iotenaction. Both FDTD and MD describe
these rapidly-varying fields: MD describes the fields witta 27 grid cells surrounding the ion,
and FDTD describes the rest. As: decreases, less of the interacting field is described with MD
and more is interpolated from the FDTD grid. This interpolaintroduces significant error into
the force for the rapidly-varying Coulomb fields close to ibie. To quantitatively determine an

appropriate lower-bound oAz based on this effect, we examine a single free electronestagt
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from a single stationary ion. The test defines an electroh thiermal initial velocity angled to
interact with the ion with impact parameter= 1 nm (Fig. A.1). For each value dkx, we find
Av, wherev = |7/] is the change in the magnitude of electron velocity as ateétlie interaction.
For Az ~ 70 nm,Av = —0.5%, indicating a 0.5% drop in velocity. The changedmw increases
monotonically with decreasingx. For Ax < 10 nm, the electron velocity decreases by a few
percent with each interaction with the ion, and\at = 3 nm, such as we would use for 3 carriers
per grid cell athg = 10%° cm~3, Av = —12%. Thus, too small of a grid cell size leads to loss of

electron kinetic energy, and eventual trapping around an io

stationary ion o/
> mobile electron

Figure A.1 lllustration of hyperbolic path of an electroedrcircle) scattering from a stationary
ion (black circle). The impact parameteis defined as the shortest distance between the ion and
the electron’s assumed trajectory prior to interactiorwhie ion.

As long as these requirements are satisfied, it is relevargdggractical considerations of the
computational burden of MD to determider. As the grid cell size increases for a given doping
density, the number of particles in each grid cell increaaes the MD computational burden
increases dramatically. Since the traditional accuraasickerations are no longer relevant, we

now calculateAx according ton,

Nce 1/3
Az = ( ”) (A.2)
Ny
where N,.; is the number of carriers in a grid cell. Our simulations tgbly use N..; = 3.

In essence, the criterion for grid cell size selection isrdzfito ensure low MD computational

burden by having few particles (on average) per grid cell.
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The time stepA\t must satisfy the FDTD stability criterion, given by [49]

Ax
At < —— A.3
T V3 (A3)

for a cubic grid cell, where is the speed of light in the material. To give a numerical eplamn
consider again the case of doped silicon wigh= 10'* cm—3, where we allow 3 carriers per grid
cell so thatAz = 315.4 nm. Then, the largest allowablet = 2.08 fs. In this same material,
the plasma frequency, = 3.20 x 10'! rad/s. This satisfies the EMC accuracy and stability

requirement that
E

Wp

Atpar = (A.4)

by several orders of magnitude. Since MD contributes thk biithe computational burden, we
may reasonably reduce computational load by updating thec@ulation every: EMC/FDTD
time steps, where < At,,../At. In our simulations we used this further approximation doly
theny = 10" cm™ tests.

Stability also establishes a lower bound on the dopant sagiuln the electron interaction
with an ion, the electron may change direction over very bdistances and small time scales. If
the characteristic distance of these momentum changesasd the electron’s peak velocity is
v;, the electron motion must be sampled with a time steg. dz/|v;| in order to be accurately
described. The simulation time stéy is formulated to accurately describe propagation over
Az at the speed of light in the material. The highest velocityexpect an electron to obtain
is v; ~ 105 m/s. Then, for thisAt, the shortest distance that can be resolvetriss Ax/100.
We test whether this is enough to describe the electronnit@maction by observing the scattering
angle of an electron that interacts with a stationary iomkitown impact parametérand initial
velocity v;. The Rutherford scattering angldor the interaction is given by

0 = 2tan~! <ﬁ%vfb) , (A.5)
for an electron of mass:* scattering from an ion of charg@. We test the response of the
EMC/FDTD/MD system for interaction of an electron with amidescribed by Coulomb’s law.

Accuracy and stability require that the electron-ion iatgion be well represented for arbitrarily
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small impact parametér We also test the case where the ion is given finite radjus 1.1 A,

the effective Bohr radius of phosphorus in free space. Téateare listed in Table A.2.

Table A.2 Test of the scattering angle for a free electroeratting with a stationary ion, where
the ion may have-function charge or finite volume of radiug = 1.1 A, the effective Bohr
radius of phosphorous in free space. The impact parameted|s is the Rutherford scattering
angle,fc is the scattering angle for thiefunction charge, anép is the scattering angle for the
finite volume charge. All angles are in degrees.

o

b(A) || 670 328 67 34 27 20 13 10 7

o, | 4 4 39 71 83 99 121 134 148
02 | 4 4 39 71 88 110 150 -168 -7

0p 4 4 39 74 89 111 150 164 113

Both 6 andfp give reasonable results féor> 13A. For smaller values of, the §-function
charge produces scattering angles that are completelyreatpwhile the finite-volume charge
accuracy does not degrade substantially. The interpoetagi that the electron reaches speeds
during interaction with thé-function charge that cannot be accurately sampled with\thef the
simulation. The finite-volume charge does not have thislprab In order to resolve interaction
with the §-function charge, we would need to use time-steps smalkder ANt for the electron-ion

MD calculation.
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Appendix B: MD calculation

We describe thé&”" electron in the ensemble with a minimum-uncertainty wavekpg given

by
T_"Q d
05 (73) = (2mr2) ™ texp (_422 ke ) |

[

wherer. is the electron radiug; is the position of the*" electron, and?z- is its momentum. The

Hamiltonian for the electron ensemble is
H=FEx+ Ep+ Exc,

where E is the kinetic energy of the electrongy, is the potential energy from the Coulomb
interaction among electrons and between electrons and amtsE - is the potential energy
from the exchange interaction. The Coulomb potential adistr = |7] away from a particle of

chargey is given by
_ 4
dmer

wheree is the permittivity in the material. The equations of motimn the i** electron in an

ensemble ofV electrons can be calculated from the Hamiltonian, as

dp;

dt v
dr;

— = V;H.
dt Vi

In this case, the equations of motion are given as

di N N
i3 ~D 3 XC
I =Fo+ Y FP+Y 000, Fy)

J#i J#i
P N
dr,  hE; .
& = 2
J#

whereo; is the spin of the'® electron,j is the Kronecker delta symbol, the summations include

all electronsj wherej # i, and F, includes all forces from the Coulomb interaction with ions.



The new terms £ FEX andG

i ;; —are defined as
- 0
D — —
F;j 8fl ‘/Tc (‘Tl x])’

A, (T) = (4mr?) 3 2e=7" /42,

We calculatey;, (7) andV;, (k), and then use the results to defii@, 7, andG;

B.1 V, (%) calculation

Starting with the above definitions, we have that

V@) = [ @2, @)
:/d3 q (47'('7") 3/2 —r2/47"

dme|r + X

=9 (47?7") 3/2/d37‘7€

" 4ye

LetZ =7+ Z. Then¥ = Z — Z, anddr = d~.

(72 /ar?
V.. (%) = 4i€ (4mr2)~ 3/2/d3z7€

7]
—(5—)2 /4r?
=1 ——(47r?)” 3/2/dz df de »* sing <

" 4yre z
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where we have converted to spherical coordinates. In thecoendinate system the radial vari-

able z is always positive. Without loss of generality, we assuimis on thefd = 0 axis. The
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integrand is then constant in

Ve (F) =

c

3/2/d2’ db = sinf e~ 2—2zzcosf+x?)/4r?

o0 s
2 . 5
3/2/ dz z e~ (2% +a?)/4r? / df sinf ezmcos@/2rC
0 0

e 2
3/2/ dz 2 e~ (22422)/4r2 2& <e:cz/2rg i e—xz/Qrg)
0 rz

(4 T ) 3/2 (/ dz e—(z —2xz+a?)/4r2 /OO dz e—(z2+2mz+x2)/4r3) )
€T 0 0

To evaluate these integrals, note that

/OO o~ (az®+bz+e) g, 1\/7 (b?—dac)/dagy.g. L )
. 2V a 2Va

whereefrc is the complementary error function, given by

-3
2_;6) - e <2:f~)}
2

2
= e (4mr2) =32\ /mr erf (; )
/rC

€T

- 4q Z
Vi (Z) = f
&) Amer (27’0)

where we have used the error function

erf<2\/_) f/ Ce " da.

The final form ofV,_(#) has no closed form solution. We solve the integral numdyiéalthe

EMC/FDTD/MD initialization stage.

47r7’
47?7"
47?7"

Thus we have

= qre 2\—3/2
V, (%) = =< (4mr2) 22\ /7r, |erfc

€T




86

B.2 V, (k) calculation
Starting from the definition of,_(k), we have,

‘A/TC(E> — /d37—,»‘v(r—‘)eig-?—r2/4r§

:/d37—,» q eil;-?—r2/47"g
dme

q . ; 242
= — [ dr df rsin fetreesd=r/4r
2e
q o 274,.2 T .
= — dr e /e / d0 sin feikrcos?
2¢ Jo 0
ikr —ikr
q —7‘2/47‘2 € — €
= — drre o
2€ Jo tkr
o0
_ q dr (e—r2/47‘g+ikr . e—r2/47‘g—ikr>
12ke J,
[ee]
— q dr <e—(r/2rc—ikrc)2e—k2rf . e—(r/2rc+ikrc)2€—k2rg)
12ke Jo

— q e—k%g /OO dre—(r/2rc—ikrc)2 . /OO d,,,e—(r/27"0+ikrc)2 )
12ke 0 0

In this procedure we have employed many of the same techsmfube previous section. We let

u = r/2r. F ikr. for the first and second terms, 8o = dr/2r.. Then,

A —. TC _ o0 _ o0 _
Vi (k) = ;]k—ee kg (/k du e —/k du e “2)
qr 2,2 ikcrc 2 c
= ek <2/ due™ )

'ka 0

kre
_ 2q7‘ce_k2rg/ " dt etz
ke 0

where we have used = it in the last equality. To demonstrate that this final formVpcf(E)
converges fokr, > 1, we show a plot o/, (k) as a function ofcr., in Fig. B.1. The upper limit
of the horizontal axis was chosen for the largest relativeeneector we can reasonably expect in

silicon, according to the maximum electron veloeitys 106 m/s.
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Figure B.1 V,_(k) as a function ofcr., for r, = 10 A and k. = 4.4 x 1079 m~!, the highest
reasonable relative wave vector for two interacting etetdrin silicon.

B.3 MD forces with the exchange interaction

Each of the new terms are calculated numerically. The nacgssgjuations are

Eé-’:—mv {_ (s ﬂ

krc
FEX = . dt e
] 871'3/267"4 |]€| ( 0 ¢
1
E

. kre )
T — kzrg) / dt e ]
0

eXp
Gij = 47T3/2€T2h [

wherer = 7, — 7 andk = k; —



