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Modeling light–matter interaction at the nanoscale requires careful and accurate handling of both

the quantum and electromagnetic systems. We have developed and implemented the electromag-

netics piece of the puzzle in a way that is suitable for coupling with quantum-transport solvers, a

field–potential finite-difference time-domain (FiPo FDTD) algorithm, which solves a set of first-

order equations for the electric and magnetic fields, E and H, as well as the magnetic vector

potential A and scalar electric potential φ.

FiPo FDTD has two algorithms, FiPo Basic and FiPo Hybrid. FiPo Basic is similar to conven-

tional FDTD with additional updates for the potentials. FiPo Hybrid is a self-consistent method to

update both field and potentials. We were able to derive and implement a convolutional perfectly

matched layer (CPML) absorbing boundary condition for FiPo equations in order to minimize

reflections in the simulation due the reflective boundary. We show simulation examples for two

versions of the algorithm and analyze the effectiveness of their respective CPMLs.

Potentials A and φ can be used as input for the single-particle electron Hamiltonian in a quan-

tum transport solver. An efficient and accurate quantum-transport solver is needed to characterize

nonlinear optical effects and other quantum behavior in nanostructures. In order to couple these

systems, the current and charge density can be obtained from the quantum solver and input back

into the electromagnetics solver. FiPo FDTD uses current density as an input, but can be sourced

with charge density with the addition of a Poisson solver.

Irena Knezevic
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ABSTRACT

Modeling light–matter interaction at the nanoscale requires careful and accurate handling of both

the quantum and electromagnetic systems. We have developed and implemented the electromag-

netics piece of the puzzle in a way that is suitable for coupling with quantum-transport solvers, a

field–potential finite-difference time-domain (FiPo FDTD) algorithm, which solves a set of first-

order equations for the electric and magnetic fields, E and H, as well as the magnetic vector

potential A and scalar electric potential φ.

FiPo FDTD has two algorithms, FiPo Basic and FiPo Hybrid. FiPo Basic is similar to conven-

tional FDTD with additional updates for the potentials. FiPo Hybrid is a self-consistent method to

update both field and potentials. We were able to derive and implement a convolutional perfectly

matched layer (CPML) absorbing boundary condition for FiPo equations in order to minimize

reflections in the simulation due the reflective boundary. We show simulation examples for two

versions of the algorithm and analyze the effectiveness of their respective CPMLs.

Potentials A and φ can be used as input for the single-particle electron Hamiltonian in a quan-

tum transport solver. An efficient and accurate quantum-transport solver is needed to characterize

nonlinear optical effects and other quantum behavior in nanostructures. In order to couple these

systems, the current and charge density can be obtained from the quantum solver and input back

into the electromagnetics solver. FiPo FDTD uses current density as an input, but can be sourced

with charge density with the addition of a Poisson solver.
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Chapter 1

Introduction

Devices continue to get smaller, on the order of nanometers, and at these scales, quantum

behavior becomes prevalent for device operation [1, 2, 3, 4, 5, 6]. Emerging technology from these

devices will be in electronic and biosensors, communications, and energy harvesting. The quantum

response of these devices to electromagnetic waves is more complex than at larger scales and needs

to be understood [7]. Modeling light–matter interaction at the nanoscale requires methods that can

accurately and efficiently calculate the electromagnetic fields, as well as the quantum response.

Quantum modeling is needed to capture nonlinear optical response from materials and devices

[8]. In modeling radio-frequency bowtie antennas, the metallic patches are assumed to behave as

perfect electrical conductors (PECs); however, in optical nanoantennas, the PEC assumption no

longer holds because optical frequencies of light excite free electrons on the surface of the metal

[9]. This is only one possible source of electronic excitations, called surface plasmons, which

cause the material to exhibit a nonlinear optical response. Additionally, in bowtie nanoantennas, a

plasmon-enhanced field is present in the nanogap [1, 2, 9]. Tunneling of electrons in the nanogap

is enhanced by these plasmonic fields, which is another source of nonlinearity [10]. The nonlinear

optical response from tunneling needs to be calculated by a quantum model. Tunneling in nanos-

tructures has been shown experimentally below 0.3 nm [11], and quantum effects begin to affect

optical response below 1 nm [12].

Two-dimensional (2D) van der Waals (vdW) materials also require electronic-structure calcula-

tion and time-dependent quantum transport. 2D vdW materials also exhibit tunable nonlinearities,

such as in transition metal dichalcoginide (TMD) nanotriangles, where nonlinearities stem from

geometry and number of layers [3]. Other 2D materials have strong light–matter interaction and
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nonlinear susceptibilities and can be used in all-optical signal processing [13]. To accurately model

devices with tunneling or nonlinear optical properties exposed to electromagnetic fields, we need

to couple quantum transport with electromagnetics.

Choosing a quantum transport solver necessitates balancing computational expense and accu-

racy; the choice requires enough accuracy to capture the nonlinear optical response from materials

and devices but must be fast enough to be updated at timesteps like the electromagnetics solver.

Ryu et al. [14] coupled a second-order FDTD to a simple quantum solver, which demonstrates

the concept of coupling, but solving the Schrödinger equation alone is not sufficient for modeling

devices. Time-domain density functional theory (TDDFT) is an atomistic modeling method that

has been used to capture nonlinearities [15, 16, 17, 18, 19]. Although accurate, TDDFT is expen-

sive for many-atom devices, and a multiscale approach to solving quantum and electrodynamics

problems is needed [20]. Nonequilibrium Green’s function (NEGF) also has a high computational

expense and accuracy but is generally not used for time-dependent systems [21, 22, 23]. In larger

structures, modeling can be accurately and efficientely handled by using density matrix (DM) or

Wigner functions techniques [24]. However, these techniques have heretofore not been fully cou-

pled with electrodynamics solvers.

In order to couple quantum transport with electromagnetics, information must be passed be-

tween the two systems. Electromagnetics is governed by Maxwell’s equations, which, in their

common form, describe the relationship between electric field E and magnetic field H [25, 26, 27].

Maxwell’s equations can also be written in terms of magnetic vector potential A and electric scalar

potential φ [26]. The ability to couple electromagnetics with quantum transport is through A and

φ [28, 14, 29, 30, 31, 32, 33]. A and φ enter in the Hamiltonian for a single electron in an electro-

magnetic field, and the Hamiltonian is a key part in any quantum-transport solver. After A and φ

are given to the quantum transport solver, the electromagnetic response from charge carriers in the

system can be modeled in order to find the current density J and charge density ρ. In turn, J and ρ

can be fed back into the electromagnetics solver as sources [14, 34, 35].

In quantum mechanics, the Hamiltonian for a particle in an electromagnetic field is written as

H =
1

2m
(p− qA)2 + qφ, (1.1)
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where m is the mass of the particle, p is the momentum of the particle, and q is the charge of the

particle [36, 37, 38, 39, 40, 41]. This electromagnetic Hamiltonian is derived from the Lagrangian

of a classical particle in an electromagnetic field [38, 41]. Solving for charge transport using this

Hamiltonian will allow for the coupling of electromagnetics with quantum transport. Since p is

an operator, A and φ are the quantities that need to be defined in order to use this Hamiltonian.

A and φ are ways of expressing electromagnetic fields, so the electromagnetic solver needs to

calculate A and φ in order to provide an input for the quantum solver. One challenge in coupling

these systems is that A and φ require a choice of gauge, which will be discussed in 2.2.2, as these

quantities are gauge dependent [42]. Ensuring that gauge dependence is taken into consideration

will be important when coupling a quantum-mechanical solver to an electromagnetics solver.

The finite-difference time-domain (FDTD) method is an intuitive method commonly used to

solve Maxwell’s equations for the electric and magnetic fields for problems with dispersive me-

dia, photonics, and devices [43, 44, 45]. FDTD software ranges from commercial solvers such

as Lumerical [46] to free, editable software such as Meep [47]. Previously, semiclassical trans-

port methods coupled to FDTD electromagnetics solver have been implemented in [48, 49, 50].

Semiclassical transport solvers, such as those based on the Boltzman transport equation (BTE),

are valid at low enough frequencies where electronic transport remains intraband. When light

reaches higher frequenies, the increased energy induces interband or intersubband transitions, and

a quantum-transport picture becomes necessary.

In order to model light–matter interaction at the nanoscale, tunneling and other quantum effects

need to be addressed by modeling and coupled to FDTD [51, 52]. A second-order FDTD for

potentials has been formulated by Ryu et al. [14, 29, 35], which obtains A and φ from J and ρ.

Due to the second-order of these equations, implementation of a perfectly matched layer (PML)

absorbing boundary layer is difficult. The PML calculation presented involves five timesteps of a

single field as well as numerous operations to compute various field values [14]. For this reason,

we aimed to develop a set of first-order equations for FDTD to calculate A and φ and implement

a PML.
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In order to address the electromagnetic aspect of coupling, we developed a field–potential

(FiPo) FDTD algorithm based on a set of first-order update equations. We developed absorbing

boundary layer for potentials in the form of convolutional PML (CPML), a method commonly

used to minimize reflections in FDTD simulations. We test our method in simple examples that

show the FDTD algorithm is working and the PML absorbs well.

1.1 Summary of Results

The development of the FiPo algorithm, as well as the CPML formulation for the method, are

the main contributions of this work. The FiPo algorithm is a new, first-order algorithm to solve for

both fields and potentials. Two versions of the algorithm have been developed: FiPo Basic and FiPo

Hybrid. FiPo Basic is an extension of conventional FDTD that also allows for calculation of the

potentials. FiPo Hybrid is a self-consistent method to solve for fields and potentials. The absorbing

boundary layer developed for FiPo FDTD extends the formalism for CPML for conventional FDTD

to now absorb potentials. This means advancements in the CPML formalism for conventional

FDTD should be able to applied to FiPo FDTD’s CPML. The development of FiPo FDTD with

CPML has laid a groundwork for solving for the potentials using first-order equations, as well as

giving us an intuitive electromagnetic solver that can be coupled to a quantum transport solver.

1.2 Organization of Thesis

Chapter 2 addresses necessary background information in electromagnetics. Maxwell’s equa-

tions (Section 2.1) give the relationship between electromagnetic waves and how they interact

with materials. Electromagnetic waves can be expressed in terms of the vector and scalar poten-

tials (Section 2.2), and Maxwell’s equations can be expressed in terms of these potentials (Sec-

tion 2.2.1). The potentials have a degree of freedom that is limited by a choice of gauge (Sec-

tion 2.2.2). Common examples of gauges are the Coulomb (Section 2.2.2.1) and Lorenz (Section

2.2.2.2) gauges. Potentials can be written in a different gauge by undergoing gauge transformations
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(Section 2.3). A simple analytical example for current density on a square wire loop is analyzed

(Section 2.4).

Chapter 3 covers how to solve for equations on a discrete grid using the FDTD method. Section

3.1 covers how to use finite differences. Section 3.2 discusses discretization of Maxwell’s equa-

tions for FDTD. The Yee grid is explained in Section 3.3 as is how it is used for both fields and

potentials. Lastly, Section 3.4 goes over discretization of more complicated equations using vector

calculus operations, which is needed for discretizing second-order equations.

Chapter 4 introduces the second-order A-φ FDTD from Ryu et al. [14]. The second-order

wave equations (Section 4.1) are written as time-stepping equations (Section 4.2) and discretized

for FDTD (Section 4.3). The equations are also formulated for FDTD on a graded mesh (Section

4.4). Results generated from these equations are presented in Section 4.5. The PML for the second-

order FDTD method is examined in Section 4.6.

Chapter 5 introduces the FiPo FDTD method. Section 5.1 introduces first-order equations for

the algorithm. The equations are discretized in Section 5.2. Simulations for FiPo with reflecting

boundary conditions are shown in Section 5.3.

Chapter 6 explains the development and implementation of the CPML for FiPo FDTD. A for-

malism for stretched coordinates for potentials is developed in Section 6.1. Section 6.2 contains

the derivation for the CPML for the FiPo algorithm. We prove that PML parameters are equal for

fields and potentials (Section 6.3), and we define values for CPML paramters used in simulations

(Section 6.4). Simulations for the FiPo algorithm with a CPML are shown in Section 6.5.
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Chapter 2

Electromagnetic Fields and Potentials

In order to solve for electromagnetic fields, we need a formalism to describe them. Maxwell’s

equations give us this formalism, and we can solve them for the electric and magnetic fields in a

system. In order to handle electromagnetics in quantum transport, using a potential formalism is

useful, so this chapter will cover how to formulate Maxwell’s equations for the potentials. Ad-

ditionally, the vector and scalar potentials require a choice of gauge, so the Coulomb and Lorenz

gauges are discussed, as well as how to transform between them. Finally, an analytical steady-state

example of solving for a vector potential from a current density is presented.

2.1 Maxwell’s Equations for Electromagnetic Fields

Maxwell’s equations are a set of coupled first-order partial differential equations that, together,

describe the physics of electromagnetic waves. The equations describe the relationship between

electromagnetic fields and their sources with the quantities of electric field E, electric displacement

field D, magnetic field H, magnetic flux density B, current density J, and charge density ρ.

The following equations are the differential form of Maxwell’s Equations:

∇ ·D = ρ, (2.1a)

∇ ·B = 0, (2.1b)

∇× E = − ∂

∂t
B, (2.1c)

∇×H =
∂

∂t
D + J. (2.1d)
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Equation (2.1a) is Gauss’s law, Equation (2.1b) is Gauss’s law of magnetism, Equation (2.1c) is

Faraday’s law, and Equation (2.1d) is Ampere’s law.

Information about how materials respond to eletromagnetic waves is reflected in the relation-

ships between D and E and between B and H. We can rewrite Maxwell’s Equations in terms of

only E and H using the constitutive relations

D = εE (2.2a)

and

B = µH, (2.2b)

where the ε is the electric permittivity, and µ is the magnetic permeability is the magnetic perme-

ability of the material. Equations (2.2a) and (2.2b) are valid for isotropic, nondispersive, inho-

mogeneous media. An isotropic medium is one in which ε and µ are the same in every direction

light travels in a material. If the medium is anisotropic, ε and µ can be described by tensors. A

non-dispersive medium is one in which ε and µ are both entirely real, changing the propagation

characteristics but not attenuating the wave. An inhomogeneous medium is one in which ε and µ

vary with respect to position, and inhomogeneity needs to be considered for modeling Maxwell’s

equations, where vector operations act on both the fields and materials properties. It is common to

see Maxwell’s equations in free space with ε = ε0 and µ = µ0 pulled out of the vector operations

because the values are constant, which is accurate in free space, but this is not the most general

form of Maxwell’s equations.

Maxwell’s equations rewritten in terms of E and H are as follows:

∇ · εE = ρ, (2.3a)

∇ · 1

µ
H = 0, (2.3b)

∇× E = −µ ∂
∂t

H, (2.3c)

∇×H = ε
∂

∂t
E + J. (2.3d)
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In these equations, ε and µ cannot be taken out of Equations (2.3c) and (2.3d) due to inhomo-

geneity but can be pulled in front of the time derivative in Equations (2.3a) and (2.3b) since the

material properties are not changing over time.

2.2 Vector and Scalar Potentials

As explained in Section 2.1, electromagnetic waves can be described by Maxwell’s equations

for electromagnetic fields by using E, D, H, and B. Electromagnetic waves can also be described

by potentials.

From the vector identity

∇ · (∇×A) = 0, (2.4)

we can define solenoidal vector field B in terms of the magnetic vector potential A such that the

vector identity matches Equation (2.1b)

B = ∇×A. (2.5)

Using Equation (2.2b) also means H can be calculated using A and µ

H =
1

µ
(∇×A). (2.6)

Equation (2.6) is the definition of the magnetic field in terms of potentials. By substituting Equation

(2.5) into Equation (2.1c), we can find a relation between E and A

∇× E = − ∂

∂t
(∇×A). (2.7)

Since time and position are independent variables, their derivative operators commute, so we can

exchange the order of the time and position variables

∇× E + (∇× ∂

∂t
A) = 0. (2.8)

We can further simplify to

∇× (E +
∂

∂t
A) = 0. (2.9)
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Using the vector identity

∇× (−∇φ) = 0, (2.10)

we can introduce the scalar potential φ into Equation (2.9)

∇× (E +
∂

∂t
A) = ∇× (−∇φ). (2.11)

And we can solve for an equation for E in terms of A and φ

E = − ∂

∂t
A−∇φ. (2.12)

Equation (2.12) is the definition for the electric field in terms of potentials. The addition of φ to

Equation (2.12) is important because, in electrostatics,

E = −∇φ (2.13)

must hold.

2.2.1 Potential Formulation of Maxwell’s Equations

We substitute Equations (2.6) and (2.12) into Equations (2.3a) and (2.3d) to obtain

∇× 1

µ
(∇×A) = ε

∂

∂t
(− ∂

∂t
A−∇φ) + J, (2.14a)

∇ · (−ε ∂
∂t

A− ε∇φ) = ρ. (2.14b)

We simplify to obtain an A-φ formulation of Maxwell’s equations:

∇× 1

µ
(∇×A) = −ε ∂

2

∂t2
A− ε ∂

∂t
∇φ+ J, (2.15a)

− ∂

∂t
∇ · εA−∇ · ε∇φ = ρ. (2.15b)

Maxwell’s equations in terms of E and H are four first-order equations. In both of the curl

equations, Equations (2.3c) and (2.3d), the electric and magnetic fields are coupled. In both of the

second-order equations, Equations (2.15a) and (2.15b), A and φ are coupled.
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2.2.2 Gauge

In order to specify A and φ for the second-order A-φ Maxwell equations, Equations (2.15a)

and (2.15b), we must choose a gauge. A and φ have an extra degree of freedom not present for E

and H. Choosing a gauge fixes A and φ, and a thoughtful choice can simplify difficult problems.

The two most popular gauges are the Coulomb gauge and the Lorenz gauge.

2.2.2.1 The Coulomb Gauge

The Coulomb gauge is given as

∇ ·A = 0. (2.16)

In free space, the Coulomb gauge reduces Equation (2.15b) to Poisson’s equation

−∇2φ =
ρ

ε0
. (2.17)

However, to simplify Equations (2.15a) and (2.15b) for inhomogeneous media, we need a geralized

Coulomb gauge

∇ · εA = 0. (2.18)

The Coulomb gauge is commonly used in quantum mechanics. In free space, the Coulomb gauge

reduces Equation (2.15b) to

−∇ · ε∇φ = ρ, (2.19)

which is Poisson’s equation, a common equation solved by numerical solvers [].

The second equation, however, is not reduced to something as simple. The second equation

ends up as

∇× 1

µ
(∇×A) = −ε ∂

2

∂t2
A− ε ∂

∂t
∇φ+ J. (2.20)

Since the φ term has a gradient operator, it is longitudinal or irrotational, which means it is zero

when the curl is taken, like the identity in Equation (2.10). This implies that the current density

can be written as two terms, the longitudinal/irrotational term and the transverse/solenoidal term

J = Jl + Jt. (2.21)
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This implies the ∇ × Jl = 0 and ∇ · Jt = 0. The benefit of this, is that this separates Equation

(2.20) into

∇× 1

µ
(∇×A) + ε

∂2

∂t2
A = Jt, (2.22a)

ε
∂

∂t
∇φ = Jl. (2.22b)

Equation (2.22a) is an inhomogeneous wave equation for A. The second equation is a combination

of Equation (2.19) and the continuity equation for electromagnetics, which is

∂

∂t
ρ = −∇ · J. (2.23)

2.2.2.2 The Lorenz Gauge

The Lorenz gauge is given as

∇ ·A +
1

c
∂tφ = 0. (2.24)

The main benefit of the Lorenz gauge is that it aims to handle A and φ in similar ways. It also

Lorentz invariant, which means it is independent of coordinate system. Using the Lorenz gauge

separates Equations (2.15a) and (2.15b) in free space into two second-order inhomogeneous wave

equations, one for A, one for φ,

∇2A− 1

c2

∂2

∂t2
A = −µ0J (2.25a)

∇2φ− 1

c2

∂2

∂t2
φ = − ρ

ε0
(2.25b)

where they are coupled by the electromagnetic continuity equation relating J and ρ

∇ · J +
∂ρ

∂t
= 0. (2.26)

The generalized Lorenz gauge has also been used, such as in [53] and [14], and is written as

ε−1∇ · εA = −µε ∂
∂t
φ (2.27)

The generalized Lorenz gauge separates Equations (2.15a) and (2.15b) into the inhomogeneous

wave equations in inhomogeneous media

∇ · ε∇φ− ε2µ ∂
2

∂t2
φ = −ρ (2.28)
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and

−∇× 1

µ
(∇× A)− ε ∂

2

∂t2
A + ε∇ε−2µ−1∇ · εA = −J. (2.29)

Equations (2.28) and (2.29) are again coupled by the continuity equation, Equation (2.26). It

is important to note that the standard Lorenz gauge does not separate the inhomogeneous wave

equations for inhomogeneous media — this is why we need the generalized Lorenz gauge.

2.3 Gauge Transformation

Gauge transformations can be used to switch from one gauge to another. As given in [26], a

magnetic vector potential A in one gauge can be transformed to A′ in another gauge using

A′ = A +∇Λ. (2.30)

Here, Λ is an arbitrary scalar field. The same can be done to transform electric potential φ into the

value φ′ in another gauge

φ′ = φ− 1

c
∂tΛ. (2.31)

For potentials in the Lorenz gauge, there is an additional restriction on the value for Λ:

∇2Λ− 1

c2
∂2
t Λ = 0. (2.32)

Most math for potentials is given in free space or homogenous materials rather than in inhomo-

geneous materials, which means the relations for gauge transformations may be different for the

inhomogeneous wave equations in inhomogeneous materials.

2.4 Analytical Solution for a Square Current Loop

The vector potential can be calculated in the Coulomb gauge by integrating the current density

using

A(x) =
1

c

∫
dx′

J(x′)

|x− x′|
(2.33)

from [26]. For an anylytical solution for a vector potential, we can solve this equation given a

current density J. One easy way to do this is to define a current density as a delta function. For



13

a realistic system that could be represented by a delta function current density, we can model a

square wire loop in the z = z0 plane with the current density

Jx(x, y, z) = J0δ(y − ya)δ(z − z0), x ∈ (xa, xb), (2.34a)

Jy(x, y, z) = J0δ(x− xb)δ(z − z0), y ∈ (ya, yb), (2.34b)

Jx(x, y, z) = −J0δ(y − yb)δ(z − z0), x ∈ (xa, xb), (2.34c)

Jy(x, y, z) = −J0δ(x− xa)δ(z − z0), y ∈ (ya, yb), (2.34d)

where J0 is the magnitude of current in Amps. The postive current density Jx runs along a wire at

y = ya for x ∈ (xa, xb), a positive current density Jy runs along a wire at x = xb for y ∈ (ya, yb),

a negative current density Jx runs along a wire at y = yb for x ∈ (xa, xb), and a negative current

density Jy runs along a wire at x = xa for y ∈ (ya, yb), forming a closed current loop. A square

loop is more natural for a rectangular grid than the circular loop even though the circular loop has

a simpler expression for current density. Evaluating the delta function parts of the integral for the

definition of A gives us

A(x) =
J0

c
(

∫ xb

xa

dx′
x̂√

(x− x′)2 + (y − ya)2 + (z − z0)2

+

∫ yb

ya

dy′
ŷ√

(x− xb)2 + (y − y′)2 + (z − z0)2

−
∫ xb

xa

dx′
x̂√

(x− x′)2 + (y − yb)2 + (z − z0)2

−
∫ yb

ya

dy′
ŷ√

(x− xa)2 + (y − y′)2 + (z − z0)2
), (2.35)

or

Ax(x) =
J0

c
(

∫ xb

xa

dx′
1√

(x− x′)2 + (y − ya)2 + (z − z0)2

−
∫ xb

xa

dx′
1√

(x− x′)2 + (y − yb)2 + (z − z0)2
), (2.36)

Ay(x) =
J0

c
(

∫ yb

ya

dy′
1√

(x− xb)2 + (y − y′)2 + (z − z0)2

−
∫ yb

ya

dy′
1√

(x− xa)2 + (y − y′)2 + (z − z0)2
), (2.37)
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written in components of A. Evaluating these integrals leads us to

A(x) =
J0

c
(x̂ tanh−1

(
−x+ x′√

(x− x′)2 + (y − ya)2 + (z − z0)2

)∣∣∣xb
xa

+ ŷ tanh−1

(
−y + y′√

(x− xb)2 + (y − y′)2 + (z − z0)2

)∣∣∣yb
ya

− x̂ tanh−1

(
−x+ x′√

(x− x′)2 + (y − yb)2 + (z − z0)2

)∣∣∣xb
xa

− ŷ tanh−1

(
−y + y′√

(x− xa)2 + (y − y′)2 + (z − z0)2

)∣∣∣yb
ya

), (2.38)

which can be expanded to

A(x) =
J0

c
(x̂(tanh−1

(
−x+ xb√

(x− xb)2 + (y − ya)2 + (z − z0)2

)

− tanh−1

(
−x+ xa√

(x− xa)2 + (y − ya)2 + (z − z0)2

)

− tanh−1

(
−x+ xb√

(x− xb)2 + (y − yb)2 + (z − z0)2

)

+ tanh−1

(
−x+ xa√

(x− xa)2 + (y − yb)2 + (z − z0)2

)
)

+ ŷ(tanh−1

(
−y + yb√

(x− xb)2 + (y − yb)2 + (z − z0)2

)

− tanh−1

(
−y + ya√

(x− xb)2 + (y − ya)2 + (z − z0)2

)

− tanh−1

(
−y + yb√

(x− xa)2 + (y − yb)2 + (z − z0)2

)

+ tanh−1

(
−y + ya√

(x− xa)2 + (y − ya)2 + (z − z0)2

)
)). (2.39)

Equation 2.39 is plotted in Figure 2.1 for a domain of x ∈ (−1, 3), y ∈ (−1, 3), and z = 0

where xa = 0, xb = 2, ya = 0, and yb = 2.
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Figure 2.1: Colorized plots of the components of the vector potential (Ax in the top left panel and

Ay in the top right panel) and its magnitude squared (bottom center) for a square current loop with

the current density given in Eqs. (2.34).
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Chapter 3

Equations on a Discrete Grid with the Finite-Difference Time-
Domain Method

In order to solve Maxwell’s equations presented in Section 2.1, we will use the finite-difference

time-domain (FDTD) method. Conventional FDTD solves Maxwell’s equations using updates for

the electric and magnetic fields on a spatial Yee grid over time. In order to solve Maxwell’s

equations on a grid, first, we must discretize the equations such that field values are defined and

updated on a discrete grid. FDTD is a well-develped and widely used technique [44], and is a

basis of several open-source [47] and commercial computational electromagnetic tools [Lumerical

etc]. Since we are developing a new FDTD method for potentials, in this chapter we first carefully

examine the key concepts that underlie standard FDTD. We will also discuss how these concepts

relate to potentials and a more rigorous formalism for finite differences for more complex FDTD

equations.

3.1 Finite Differences

Finite differences are a way to approximate a derivative using values of a function at specific

points. For FDTD, the specific points will be located on a grid. The finite difference for the partial

derivative of x on a value f located at the spatial point (i, j, k) on a grid can be defined as

(∂xf)i,j,k =
fi+ 1

2
,j,k − fi− 1

2
,j,k

∆x

. (3.1)

In this equation, the partial derivative with respect to x for f at a point is calculated using values

for f a half-step forward and behind the point as well as the spatial separation in x between the

two points ∆x. With knowledge of finite differences, we can discretize Maxwell’s equations, the
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equations for the conventional FDTD method. A more detailed formalism for finite differences

and other vector calculus operations are presented in Section 3.4.

3.2 Conventional Finite-Difference Time-Domain Method

FDTD is a time-domain method, meaning that the algorithm is solved over time. For FDTD,

this means the update equations need to march field values forward in time. The FDTD method

is typically used in situations in which there is no spatial accumulation of free charge, meaning

∇·E = 0. The E and H fields have no divergence, implying that both electric and magnetic fields

are purely solenoidal. From Maxwell’s equations, the curl equations solve for these solenoidal

fields and also tell us about the change in the fields over time,

µ∂tH = −∇× E, (3.2a)

ε∂tE = ∇×H− J. (3.2b)

We can write these component-wise as

ε∂tEx = ∂yHz − ∂zHy − Jx, (3.3a)

ε∂tEy = ∂zHx − ∂xHz − Jy, (3.3b)

ε∂tEz = ∂xHy − ∂yHx − Jz, (3.3c)

µ∂tHx = ∂zEy − ∂yEz, (3.3d)

µ∂tHy = ∂xEz − ∂zEx, (3.3e)

µ∂tHz = ∂yEx − ∂xEy. (3.3f)

From this form, we can discretize Maxwell’s equations using finite-differences; however, we need

to know where these values are located on a grid and at what timestep they are updated. From

our knowledge of finite differences, we know a derivative will spatially offset a value by a half-

step. In order to solve Maxwell’s equations in FDTD, we need to solve these equations for a

future timestep. Say that the E field is defined at timestep n. This means, the partial derivative

with respect to t can relate to the next timestep, n + 1 For a time derivative located at n + 1
2
, the
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derivative can be written as

(∂tEx)
n+ 1

2 =
En+1
x − En

x

∆t

. (3.4)

The tricky part of these equations is knowing where these values are spatially defined. For

instance, Equation (3.3a) tells us that Ex is located a half-step offset in z from Hy and y from Hz

but at the same position for x, Equation (3.3b) tells us Ey is located a half-step offset in z from

Hx and x from Hz but at the same position for y, and Equation (3.3c) tells us Ez is located a

half-step offset in y from Hx and x in Hy but at the same position for z. Let us assume that, in the

coordinate direction E components are not spatially offset from components of H, components of

E are located at a half-step. This assumption leads us to first making each term of Equation (3.3a)

have consistent coordinate positions

εi+ 1
2
,j,k(∂tEx)

n+ 1
2

i+ 1
2
,j,k

= (∂yHz)
n+ 1

2

i+ 1
2
,j,k
− (∂zHy)

n+ 1
2

i+ 1
2
,j,k
− Jn+ 1

2

x i+ 1
2
,j,k
. (3.5)

Making sure positions of fields are consistent with each other is important for the stability of

FDTD. Not just any finite difference can be taken, the finite difference must be taken so that the

points in the simulation are consistent in the equation. When expanded, Equation (3.5) gives us

the full update including the positions of the fields

εi+ 1
2
,j,k

En+1
x i+ 1

2
,j,k
− En

x i+ 1
2
,j,k

∆t

=
Hn+1
z i+ 1

2
,j+ 1

2
,k
−Hn

z i+ 1
2
,j− 1

2
,k

∆y

−
Hn+1
y i+ 1

2
,j,k+ 1

2

−Hn
y i+ 1

2
,j,k− 1

2

∆z

− Jn+ 1
2

x i+ 1
2
,j,k
. (3.6)

Using J = σE for a lossy medium, we can expand all fields to get the update equations for

conventional FDTD

En+1
x i+ 1

2
,j,k

= CAi+ 1
2
,j,kE

n
x i+ 1

2
,j,k

+ CBi+ 1
2
,j,k

[
1

∆y

(H
n+ 1

2

z i+ 1
2
,j+ 1

2
,k
−Hn+ 1

2

z i+ 1
2
,j− 1

2
,k

) +
1

∆z

(H
n+ 1

2

y i+ 1
2
,j,k− 1

2

−Hn+ 1
2

y i+ 1
2
,j,k+ 1

2

)], (3.7a)

En+1
y i,j+ 1

2
,k

= CAi,j+ 1
2
,kE

n
y i,j+ 1

2
,k

+ CBi,j+ 1
2
,k

[
1

∆x

(H
n+ 1

2

z i− 1
2
,j+ 1

2
,k
−Hn+ 1

2

z i+ 1
2
,j+ 1

2
,k

) +
1

∆z

(H
n+ 1

2

x i,j+ 1
2
,k+ 1

2

−Hn+ 1
2

x i,j+ 1
2
,k− 1

2

)], (3.7b)
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Variable Value σ = 0

CAi,j,k
1−

σi,j,k∆t
2εi,j,k

1+
σi,j,k∆t
2εi,j,k

1

CBi,j,k

∆t
εi,j,k

1+
σi,j,k∆t
2εi,j,k

∆t

εi,j,k

Table 3.1: Update coefficients for E in Equations (3.7)

En+1
z i,j,k+ 1

2

= CAi,j,k+ 1
2
En
z i,j,k+ 1

2
+ CBi,j,k+ 1

2

[
1

∆x

(H
n+ 1

2

y i+ 1
2
,j,k+ 1

2

−Hn+ 1
2

y i− 1
2
,j,k+ 1

2

) +
1

∆y

(H
n+ 1

2

x i,j− 1
2
,k+ 1

2

−Hn+ 1
2

x i,j+ 1
2
,k+ 1

2

)]. (3.7c)

where the coeffiecients are given in Table 3.1.

H
n+ 1

2

x i,j+ 1
2
,k+ 1

2

= H
n− 1

2

x i,j+ 1
2
,k+ 1

2

+
∆t

µ0

[
1

∆y

(En
z i,j,k+ 1

2
− En

z i,j+1,k+ 1
2
) +

1

∆z

(En
y i,j+ 1

2
,k+1
− En

y i,j+ 1
2
,k

)], (3.8a)

H
n+ 1

2

y i+ 1
2
,j,k+ 1

2

= H
n− 1

2

y i+ 1
2
,j,k+ 1

2

+
∆t

µ0

[
1

∆x

(En
z i+1,j,k+ 1

2
− En

z i,j,k+ 1
2
) +

1

∆z

(En
x i+ 1

2
,j,k
− En

x i+ 1
2
,j,k+1

)], (3.8b)

H
n+ 1

2

z i+ 1
2
,j+ 1

2
,k

= H
n− 1

2

z i+ 1
2
,j+ 1

2
,k

+
∆t

µ0

[
1

∆x

(En
z i,j,k+ 1

2
− En

z i,j+1,k+ 1
2
) +

1

∆y

(En
y i,j+ 1

2
,k+1
− En

y i,j+ 1
2
,k

)]. (3.8c)

The positions of these fields are located on the so-called Yee grid or Yee lattice discussed in

Section 3.3 [54]. Figure 3.1 shows components of E and H for conventional FDTD.

3.3 Yee Grid for Fields and Potentials

In Section 3.2, we discretized Maxwell’s equations by looking at the indices of finite differ-

ences and ensuring the field positions were consistent with each other. The grid these field positions
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Figure 3.1: Representation of the Yee cell for fields E and H. Components of E and H are located

on two boxes offset from each other in both time and space.
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Figure 3.2: Locations of a set of fields and potentials on the Yee cell (bottom). All fields and

potentials are shown for the ∆z plane for integer-steps in z (top left) as well as for the ∆z+ 1
2

plane

for half-steps in z (top right).
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are located on is called the Yee grid or Yee lattice [54]. The Yee lattice can be further divided into

smaller repeating components, or Yee cells. Yee cells make up the Yee lattice in a similar to the

way to how unit cells make up a crystal lattice.

As discussed in Section 2.2, potentials can also be used to describe fields in electromagnetics.

As we defined in Equations (2.6) and (2.12),

E = −∂tA−∇φ, (3.9a)

H =
1

µ
(∇×A). (3.9b)

From these equations, we can see that A is located at the same spatial positions as E but is offset in

time. We can also see φ is spatially offset from E in the direction corresponding to each component

but is at the same timestep. Table 3.2 gives each field and potential location within the Yee cell.

Figure 3.2 shows the locations of fields and potentials in the Yee cell. φ and E are updated

at one time step while H and A are updated at a half-timestep offset. The slices of the ∆z and

∆z + 1
2

planes show the positions of values in the full cell. The standard Yee cell is sometimes

described as two intersecting cubes, where one cube contains E and one contains H, that are offset

by a half-step in all positions and time. This description does not work well with the addition of

potentials because A would the colocated with E but is offset in time, and φ is a scalar field that is

best described as being located on the corners of the E cube.

Values around points in the Yee cell can be used in the calculation of the central point, which

results in the leapfrogging behavior of FDTD updates on the Yee grid. In the ∆z plane, you can

see that values of Ex and Ey or Ax and Ay surround Hz. Using both planes, we can see that Ex

and Ez or Ax and Az surround Hy and Ey and Ez or Ay and Az surround Hx. This is consistent

with conventional FDTD and gives us an understanding of how an FDTD for potentials would be

updated. For example, φ is surrounded by values for E and A, so those values could be good

values to use to update φ, while H is not located in a beneficial place for the update. The value for

Ax, for example, could be updated from Ex, φ, Hy or Hz.
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Value t-index x-index y-index z-index

φ n i j k

Ex n i+ 1
2

j k

Ey n i j + 1
2

k

Ez n i j k + 1
2

Ax n+ 1
2

i+ 1
2

j k

Ay n+ 1
2

i j + 1
2

k

Az n+ 1
2

i j k + 1
2

Hx n+ 1
2

i j + 1
2

k + 1
2

Hy n+ 1
2

i+ 1
2

j k + 1
2

Hz n+ 1
2

i+ 1
2

j + 1
2

k

Table 3.2: Timestep and positions for each field and potential value in the Yee cell.
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3.4 Discrete Vector Calculus Formalism

In order to discretize calculus operations using finite differences, we need a written formalism.

Generally, when evaulating finite differences for FDTD, a rigorous formalism isn’t required to

ensure the calculated value is at the central position. Due to the first-order nature of the equations

in conventional FDTD, finite-differences can usually be evaluated by inspection. However, second-

order equations are much more difficult due to evaulate due to multiple vector calculus operations

acting on the same variable. In order to use second-order update equations, we must understand

how they are discretized. In 1994, Chew originally discussed discretization of electromagnetic

equations on a lattice; the details can be found in [55].

3.4.1 Finite Differences

A finite difference is a key building block for discrete vector calculus, and is a discrete ap-

proximation for taking the derivative. When taking the discrete derivative at a point, the derivative

can be taken either in reference to a point ahead or behind the original; this matters for the loca-

tion of the calculated derivative. Ensuring the location of the calculated value is consistent with

the equations is important for stability. A finite difference operation on a spatial grid calculates

the numerical derivative at a central point using the value at two points and the distance between

those points. Say fm = f(m∆x) where ∆x corresponds to the grid length. We define a forward

difference as

gm+ 1
2

= ∂̃xfm =
fm+1 − fm

∆x

, (3.10)

and we define a backward difference as

gm− 1
2

= ∂̂xfm =
fm − fm−1

∆x

. (3.11)

Notice that both finite differences are located at half steps, where one is ahead of the initial

point and one is behind. This spatial offset needs to be taken into account when taking multiple

finite differences on the same variable, such as in second-order update equations.
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3.4.2 Discrete Gradient

Since we defined the finite-difference operator, we can extend the definition to multiple dimen-

sions with the gradient operator. Say a vector g = ∇f . The forward gradient can be written using

forward differences as

g̃mnp = ∇̃fmnp = x̂∂̃xfmnp + ŷ∂̃yfmnp + ẑ∂̃zfmnp (3.12)

or

g̃mnp = x̂
fm+1,n,p − fm,n,p

∆x

+ ŷ
fm,n+1,p − fm,n,p

∆y

+ ẑ
fm,n,p+1 − fm,n,p

∆z

. (3.13)

Notice that g̃mnp has an x-component located at (m+ 1
2
, n, p), y-component located at (m,n+ 1

2
, p),

and z-component located at (m,n, p + 1
2
). Each component is located a half-step forward in the

corresponding direction.

Similarly, the backward gradient can be written using backward differences as

ĝmnp = ∇̂fmnp = x̂∂̂xfmnp + ŷ∂̂yfmnp + ẑ∂̂zfmnp (3.14)

or

ĝmnp = x̂
fm,n,p − fm−1,n,p

∆x

+ ŷ
fm,n,p − fm,n−1,p

∆y

+ ẑ
fm,n,p − fm,n,p−1

∆z

. (3.15)

Each component is located a half-step backward in the corresponding direction.

3.4.3 Fore- and Back-Vectors

A fore-vector is defined as a vector with components a half-step in front of the corresponding

direction. Fore-vector g̃mnp can be rewritten as

g̃mnp = x̂gm+ 1
2
,n,p + ŷgm,n+ 1

2
,p + ẑgm,n,p+ 1

2
(3.16)

where gm+ 1
2
,n,p is defined at point (m + 1

2
, n, p). This means that the x̂, ŷ, and ẑ components of

ĝmnp are defined at different points on the grid.

A back-vector is defined as a vector with components a half-step behind the corresponding

direction. Back-vector ĝmnp can be written as

ĝmnp = x̂gm− 1
2
,n,p + ŷgm,n− 1

2
,p + ẑgm,n,p− 1

2
. (3.17)
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3.4.4 Discrete Divergence

In order to calculate divergence, we need to define a fore- and a back-vector to operate on. We

define fore-vector F̃mnp as

F̃mnp = x̂fx
m+ 1

2
,n,p

+ ŷf y
m,n+ 1

2
,p

+ ẑf z
m,n,p+ 1

2
. (3.18)

and back-vector F̂mnp as

F̂mnp = x̂fx
m− 1

2
,n,p

+ ŷf y
m,n− 1

2
,p

+ ẑf z
m,n,p− 1

2
. (3.19)

In order for the divergence to be located around the central position of (m,n, p), the divergence

of a fore-vector must be taken using backward differences. Similarly, the divergence of a back-

vector must be taken using forward differences. The divergence of a fore-vector can be taken

as

∇̂ · F̃mnp = ∂̂xf
x
m+ 1

2
,n,p

+ ∂̂yf
y

m,n+ 1
2
,p

+ ∂̂z ẑf
z
m,n,p+ 1

2
(3.20)

or

∇̂ · F̃mnp =
fx
m+ 1

2
,n,p
− fx

m− 1
2
,n,p

∆x

+
f y
m,n+ 1

2
,p
− f y

m,n− 1
2
,p

∆y

+
f z
m,n,p+ 1

2
,n,p
− f z

m,n,p− 1
2

∆z

. (3.21)

The divergence of a back-vector can be taken as

∇̃ · F̂mnp = ∂̃xf
x
m− 1

2
,n,p

+ ∂̃yf
y

m,n− 1
2
,p

+ ∂̃z ẑf
z
m,n,p− 1

2
(3.22)

or

∇̃ · F̂mnp =
fx
m+ 1

2
,n,p
− fx

m− 1
2
,n,p

∆x

+
f y
m,n+ 1

2
,p
− f y

m,n− 1
2
,p

∆y

+
f z
m,n,p+ 1

2
,n,p
− f z

m,n,p− 1
2

∆z

. (3.23)

Equations (3.21) and (3.23) show that the discrete divergence turns out to be the same in both

cases.

3.4.5 Discrete Curl

Unlike the gradient and divergence, the process of taking the discrete curl causes forward and

backward differences to operate on values located at whole rather than half steps. The result of
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taking the curl is either a fore- or back-vector located at half-spatial step offset in all directions.

The curl of a fore-vector is expanded as

B̂m+1
2
,n+1

2
,p+1

2
= ∇̃ × F̃m,n,p (3.24)

= x̂

(
f z
m,n+1,p+ 1

2

− f z
m,n,p+ 1

2

∆y

−
f y
m,n+ 1

2
,p+1
− f y

m,n+ 1
2
,p

∆z

)

+ ŷ

(
fx
m+ 1

2
,n,p+1

− fx
m+ 1

2
,n,p

∆z

−
f z
m+1,n,p+ 1

2

− f z
m,n,p+ 1

2

∆z

)

+ ẑ

(
f y
m+1,n+ 1

2
,p
− f y

m,n+ 1
2
,p

∆x

−
fx
m+ 1

2
,n+1,p

− fx
m+ 1

2
,n,p

∆y

)
.

We can see that (m,n + 1
2
, p + 1

2
) is the location of the x-component, (m + 1

2
, n, p + 1

2
) is the

location of the y-component, and (m + 1
2
, n + 1

2
, p) is the location of the z-component. These

components show us that our new vector is located at (m + 1
2
, n + 1

2
, p + 1

2
) and the index related

to the component is located a half-step backward, indicating the result is a back-vector.

The curl of a back-vector is expanded as

B̃m−1
2
,n−1

2
,p−1

2
= ∇̂ × F̂m,n,p (3.25)

= x̂

(
f z
m,n,p− 1

2

− f z
m,n−1,p− 1

2

∆y

−
f y
m,n− 1

2
,p
− f y

m,n− 1
2
,p−1

∆z

)

+ ŷ

(
fx
m− 1

2
,n,p
− fx

m− 1
2
,n,p−1

∆z

−
f z
m,n,p− 1

2

− f z
m−1,n,p− 1

2

∆z

)

+ ẑ

(
f y
m,n− 1

2
,p
− f y

m−1,n− 1
2
,p

∆x

−
fx
m− 1

2
,n,p
− fx

m− 1
2
,n−1,p

∆y

)
.

We can see that (m,n − 1
2
, p − 1

2
) is the location of the x-component, (m − 1

2
, n, p − 1

2
) is the

location of the y-component, and (m − 1
2
, n − 1

2
, p) is the location of the z-component. These

components show us that our new vector is located at (m− 1
2
, n− 1

2
, p− 1

2
) and the index related

to the component is located a half-step forward, indicating the result is a fore-vector.

Taking the backward curl of a fore-vector or the forward curl of a back-vector would result in

the values within the components of the vector not being located at a single point. For example,

for the backward curl of a fore-vector, the x-component would have values located at both (m,n−
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1
2
, p + 1

2
) and (m,n + 1

2
, p − 1

2
). Values being located at consistent positions are important for

stability of finite-difference schemes.
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Chapter 4

Second-Order Field-Potential Finite-Difference Time-Domain

An existing FDTD formulation has been developed that solves the second-order inhomoge-

neous wave equations for potentials [14]. This method uses J and ρ as sources in order to update

A and φ. The difficulty of this method lies in the second-order nature of the equations.

Second-order equations make implementation of an absorbing boundary layer difficult. Ab-

sorbing boundary layers are necessary to reduce computational domain size, and therefore compu-

tational resources, while also minimizing reflections.

4.1 Second Order Wave Equations

Maxwell’s equations can be rewritten using the definitions of A and φ found in Section 2.2

in addition to a choice of gauge that can be found in Section 2.2.2. If we choose the generalized

Lorenz Gauge generalized for inhomogeneous media, we can convert Maxwell’s four first-order

equations into two second-order equations, the inhomogeneous wave equations. The generalized

Lorenz gauge is written as

ε−1∇ · εA = −µε ∂
∂t
φ (4.1)

and can be further generalized to

∇ · εA = −χ ∂
∂t
φ (4.2)

where χ = αε2µ and α = 1.

We can insert Equation (4.1) into Equations (2.15a) and (2.15b) to obtain the A-φ formulation

of Maxwell’s equations, the inhomogenous wave equations for A and φ. The inhomogenous wave
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equations are

∇ · ε∇φ− ε2µ ∂
2

∂t2
φ = −ρ (4.3)

and

−∇× 1

µ
(∇×A)− ε ∂

2

∂t2
A + ε∇ε−2µ−1∇ · εA = −J. (4.4)

The first equation only depends on φ and ρ while the other is only in terms of A and J, making

the equations appear separated; however, ρ and J are coupled via the electromagnetic continuity

equation

∇ · J +
∂ρ

∂t
= 0. (4.5)

4.2 Time-Stepping Equations for of A-φ Formalism

The inhomogeneous wave equations in the generalized Lorenz gauge and the electromagnetic

continuity equation will serve as update equations for the second-order A-φ FDTD. In order to

time-update these equations, we need to separate the term with time-derivative for each equation.

The form of the update equations are given as

∂ρ

∂t
= −∇ · J, (4.6a)

ε2µ
∂2

∂t2
φ = ∇ · ε∇φ+ ρ, (4.6b)

and

ε
∂2

∂t2
A = ε∇ 1

ε2µ
∇ · εA−∇× 1

µ
(∇×A) + J. (4.6c)

When we discretize these equations, the time-derivatives will allow us to update the next time

step in the algorithm. First-order derivatives will require one previous timestep of the update

field, while second-order derivatives will require two. This means, for simulation-domain update

equations, both A and φ update equations will require two previous timesteps stored in the memory,

while J and ρ require just one.
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4.3 Discretization of Vector Potential Formulation of Maxwell’s Equations

Since the set of Equations (4.6a)-(4.6c) are continuous, we now need to discretize them. As-

suming that all vectors are fore-vectors and all calculus operators are discrete, we can write Equa-

tions (4.6a)-(4.6c) using the rules from Section 3.4 as

∂tρ = −
(
∇̂ · J̃n+ 1

2
i,j,k

)
, (4.7)

∂2
t φ

n
i,j,k = ε−2

i,j,kµ
−1
i,j,k

(
∇̂ · εi,j,k∇̃φni,j,k + ρni,j,k

)
, (4.8)

and

∂2
t Ã

n+ 1
2

i,j,k = ε−1
i,j,k

(
−∇̂ × µ−1

i+ 1
2
,j+ 1

2
,k+ 1

2

(
∇̃ × Ãn

i,j,k

)
+ εi,j,k∇̃ε−2

i,j,kµ
−1
i,j,k∇̂ · εi,j,kÃ

n
i,j,k + J̃ni,j,k

)
.

(4.9)

All fore-vectors and scalar values are located at point (i, j, k). The time-step are a half-step offset

for A and J at n compared to φ and ρ at n + 1
2
. The details of spatial-steps and timesteps can be

found in Section 3.3.

Next, we add the discretization of the time derivative, the first-order derivative is a forward-

difference while the second-order time derivative is central difference. Expanding the time deriva-

tive in Equations (4.7)-(4.9) gives

ρni,j,k = ρn−1
i,j,k −∆t

(
∇̂ · J̃ni,j,k

)
, (4.10)

φn+1
i,j,k = 2φni,j,k − φn−1

i,j,k + ∆2
t ε
−2
i,j,kµ

−1
i,j,k

(
∇̂ · εi,j,k∇̃φni,j,k + ρni,j,k

)
, (4.11)

and

Ãn+1
i,j,k = 2Ãn

i,j,k − Ãn−1
i,j,k

+ ∆2
t ε
−1
i,j,k

(
−∇̂ × µ−1

i+ 1
2
,j+ 1

2
,k+ 1

2

(
∇̃ × Ãn

i,j,k

)
+ εi,j,k∇̃ε−2

i,j,kµ
−1
i,j,k∇̂ · εi,j,kÃ

n
i,j,k + J̃ni,j,k

)
. (4.12)

The next sections are devoted to expanding the vector calculus operations in these equations.

The second-nature of these equations makes the expansion of these equations nontrivial.
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4.3.1 Expansion of ρ Update Equation

Using vector calculus definitions, we can expand Equation (4.10) into finite-differences of the

values of current density. Writing out the discrete divergence in terms of backward differences and

components of the current density gives us

ρn+1
i,j,k = ρni,j,k −∆2

t

(
∂̂xJ

n+ 1
2

x i+ 1
2
,j,k

+ ∂̂yJ
n+ 1

2

y i,j+ 1
2
,k

+ ∂̂zJ
n+ 1

2

z i,j,k+ 1
2

)
. (4.13)

By evaluating the backward differences on the fore-vector, we obtain

ρn+1
i,j,k = ρni,j,k −∆2

tJn+ 1
2

x i+ 1
2
,j,k
− Jn+ 1

2

x i− 1
2
,j,k

∆x

+
J
n+ 1

2

y i,j+ 1
2
,k
− Jn+ 1

2

y i,j− 1
2
,k

∆y

+
J
n+ 1

2

z i,j,k+ 1
2

− Jn+ 1
2

z i,j,k− 1
2

∆z

 . (4.14)

Since this equation is first-order, this is the most simple update equation for the A-φ formalism.

4.3.2 Expansion of φ Update Equation

We can expand Equation (4.11) into finite-differences where φ updates in time from its own

past values as well as a ρ source. First, we expand the gradient from Equation (4.11) into forward

differences

φn+1
i,j,k = 2φni,j,k − φn−1

i,j,k + ∆2
t ε
−2
i,j,kµ

−1
i,j,k(
∇̂ · εi,j,k

(
x̂∂̃xφ

n
i,j,k + ŷ∂̃yφ

n
i,j,k + ẑ∂̃zφ

n
i,j,k

)
+ ρni,j,k

)
. (4.15)

Next, we can expand the forward differences into different values of φ

φn+1
i,j,k = 2φni,j,k − φn−1

i,j,k + ∆2
t ε
−2
i,j,kµ

−1
i,j,k(

∇̂ · εi,j,k
(
x̂
φni+1,j,k − φni,j,k

∆x
+ ŷ

φni,j+1,k − φni,j,k
∆y

+ ẑ
φni,j,k+1 − φni,j,k

∆z

)
+ρni,j,k

)
. (4.16)
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The divergence can be separated into backward difference operators

φn+1
i,j,k = 2φni,j,k − φn−1

i,j,k + ∆2
t ε
−2
i,j,kµ

−1
i,j,k((

∂̂x

(
εi,j,k

φni+1,j,k − φni,j,k
∆x

)
+ ∂̂y

(
εi,j,k

φni,j+1,k − φni,j,k
∆y

)
+

∂̂z

(
εi,j,k

φni,j,k+1 − φni,j,k
∆z

))
+ ρni,j,k

)
. (4.17)

The backward difference can be taken on the entire expression

φn+1
i,j,k = 2φni,j,k − φn−1

i,j,k + ∆2
t ε
−2
i,j,kµ

−1
i,j,k((

1

∆x

((
εi,j,k

φni+1,j,k − φni,j,k
∆x

)
−
(
εi−1,j,k

φni,j,k − φni−1,j,k

∆x

))
+

1

∆y

((
εi,j,k

φni,j+1,k − φni,j,k
∆y

)
−
(
εi,j−1,k

φni,j,k − φni,j−1,k

∆y

))
+

1

∆z

((
εi,j,k

φni,j,k+1 − φni,j,k
∆z

)
−
(
εi,j,k−1

φni,j,k − φni,j,k−1

∆z

)))
+ ρni,j,k

)
. (4.18)

After taking the backward difference, ε varies by position within the update equation. The as-

sumption of inhomogeniety in the original equation is important because these values appear in

discretization. Terms can be sorted by a coefficient times a value of φ

φn+1
i,j,k = 2φni,j,k − φn−1

i,j,k + ∆2
t ε
−2
i,j,kµ

−1
i,j,k((

εi,j,k
∆2
x

φni+1,j,k −
εi,j,k − εi−1,j,k

∆2
x

φni,j,k +
εi−1,j,k

∆2
x

φni−1,j,k

)
+

(
εi,j,k
∆2
y

φni,j+1,k −
εi,j,k − εi,j−1,k

∆2
y

φni,j,k +
εi,j−1,k

∆2
y

φni,j−1,k

)
+

(
εi,j,k
∆2
z

φni,j,k+1 −
εi,j,k − εi,j,k−1

∆2
z

φni,j,k +
εi,j,k−1

∆2
z

φni,j,k−1

)
+ρni,j,k

)
. (4.19)

4.3.3 Expansion of A Update Equation

We can expand Equation (4.12) by first separating the equation into mutliple terms. Say Equa-

tion (4.12) is now

Ã
n+ 3

2
i,j,k = 2Ã

n+ 1
2

i,j,k − Ã
n− 1

2
i,j,k + ∆2

t ε
−1
i,j,k

(
A
n+ 1

2
term1 + A

n+ 1
2

term2 + J̃
n+ 1

2
i,j,k

)
(4.20)
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where

A
n+ 1

2
term1 = −∇̂ × µ−1

i+ 1
2
,j+ 1

2
,k+ 1

2

(
∇̃ × Ã

n+ 1
2

i,j,k

)
(4.21)

and

A
n+ 1

2
term2 = εi,j,k∇̃ε−2

i,j,kµ
−1
i,j,k∇̂ · εi,j,kÃ

n+ 1
2

i,j,k . (4.22)

4.3.3.1 Expansion of Aterm1

Starting with Equation (4.21),

A
n+ 1

2
term1 = −∇̂ × µ−1

i+ 1
2
,j+ 1

2
,k+ 1

2

(
∇̃ × Ã

n+ 1
2

i,j,k

)
, (4.23)

we can evaulate the first curl as

∇̃ × Ã
n+ 1

2
i,j,k = x̂

(
∂̃yA

n+ 1
2

z i,j,k+ 1
2

− ∂̃zA
n+ 1

2

y i,j+ 1
2
,k

)
+

ŷ
(
∂̃zA

n+ 1
2

x i+ 1
2
,j,k
− ∂̃xA

n+ 1
2

z i,j,k+ 1
2

)
+

ẑ
(
∂̃xA

n+ 1
2

y i,j+ 1
2
,k
− ∂̃yA

n+ 1
2

x i+ 1
2
,j,k

)
(4.24)

which gives us the first term as

A
n+ 1

2
term1 = −∇̂ × µ−1

i+ 1
2
,j+ 1

2
,k+ 1

2x̂
An+ 1

2

z i,j+1,k+ 1
2

− An+ 1
2

z i,j,k+ 1
2

∆y

−
A
n+ 1

2

y i,j+ 1
2
,k+1
− An+ 1

2

y i,j+ 1
2
,k

∆z

+

ŷ

An+ 1
2

x i+ 1
2
,j,k+1

− An+ 1
2

x i+ 1
2
j,k

∆z

−
A
n+ 1

2

z i+1,j,k+ 1
2

− An+ 1
2

z i,j,k+ 1
2

∆x

+

ẑ

An+ 1
2

y i+1,j+ 1
2
,k
− An+ 1

2

y i,j+ 1
2
,k

∆x

−
A
n+ 1

2

x i+ 1
2
,j+1,k

− An+ 1
2

x i+ 1
2
,j,k

∆y


 . (4.25)

Taking the curl of this equation requires evaulating finite-differences for all components. We will

simplify this again by separating the full expression into simpler terms.
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In general, the curl can be written as

−∇̂ ×A = −x̂
(
∂̂yaz − ∂̂zay

)
− ŷ

(
∂̂zax − ∂̂xaz

)
− ẑ

(
∂̂xay − ∂̂yax

)
(4.26)

This means the components of Aterm1 can be written as

A
n+ 1

2
x term1 = −

(
∂̂yaz − ∂̂zay

)
, (4.27a)

A
n+ 1

2
y term1 = −

(
∂̂zax − ∂̂xaz

)
, (4.27b)

and

A
n+ 1

2
z term1 = −

(
∂̂xay − ∂̂yax

)
(4.27c)

where

ax =

µ−1
i+ 1

2
,j+ 1

2
,k+ 1

2

An+ 1
2

z i,j+1,k+ 1
2

− An+ 1
2

z i,j,k+ 1
2

∆y

−
A
n+ 1

2

y i,j+ 1
2
,k+1
− An+ 1

2

y i,j+ 1
2
,k

∆z


 , (4.28a)

ay =

µ−1
i+ 1

2
,j+ 1

2
,k+ 1

2

An+ 1
2

x i+ 1
2
,j,k+1

− An+ 1
2

x i+ 1
2
j,k

∆z

−
A
n+ 1

2

z i+1,j,k+ 1
2

− An+ 1
2

z i,j,k+ 1
2

∆x


 , (4.28b)

and

az =

µ−1
i+ 1

2
,j+ 1

2
,k+ 1

2

An+ 1
2

y i+1,j+ 1
2
,k
− An+ 1

2

y i,j+ 1
2
,k

∆x

−
A
n+ 1

2

x i+ 1
2
,j+1,k

− An+ 1
2

x i+ 1
2
,j,k

∆y


 . (4.28c)

Writing each term separately shows which component of finite differences need to be evaulated

on each term

A
n+ 1

2
x term1 =

− ∂̂y

µ−1
i+ 1

2
,j+ 1

2
,k+ 1

2

An+ 1
2

y i+1,j+ 1
2
,k
− An

y i,j+ 1
2
,k

∆x

−
A
n+ 1

2

x i+ 1
2
,j+1,k

− An
x i+ 1

2
,j,k

∆y


+

∂̂z

µ−1
i+ 1

2
,j+ 1

2
,k+ 1

2

An+ 1
2

x i+ 1
2
,j,k+1

− An
x i+ 1

2
j,k

∆z

−
A
n+ 1

2

z i+1,j,k+ 1
2

− An
z i,j,k+ 1

2

∆x


 , (4.29a)
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A
n+ 1

2
y term1 =

− ∂̂z

µ−1
i+ 1

2
,j+ 1

2
,k+ 1

2

An+ 1
2

z i,j+1,k+ 1
2

− An+ 1
2

z i,j,k+ 1
2

∆y

−
A
n+ 1

2

y i,j+ 1
2
,k+1
− An+ 1

2

y i,j+ 1
2
,k

∆z


+

∂̂x

µ−1
i+ 1

2
,j+ 1

2
,k+ 1

2

An+ 1
2

y i+1,j+ 1
2
,k
− An+ 1

2

y i,j+ 1
2
,k

∆x

−
A
n+ 1

2

x i+ 1
2
,j+1,k

− An+ 1
2

x i+ 1
2
,j,k

∆y


 , (4.29b)

and

A
n+ 1

2
z term1 =

− ∂̂x

µ−1
i+ 1

2
,j+ 1

2
,k+ 1

2

An+ 1
2

x i+ 1
2
,j,k+1

− An+ 1
2

x i+ 1
2
j,k

∆z

−
A
n+ 1

2

z i+1,j,k+ 1
2

− An+ 1
2

z i,j,k+ 1
2

∆x


+

∂̂y

µ−1
i+ 1

2
,j+ 1

2
,k+ 1

2

An+ 1
2

z i,j+1,k+ 1
2

− An+ 1
2

z i,j,k+ 1
2

∆y

−
A
n+ 1

2

y i,j+ 1
2
,k+1
− An+ 1

2

y i,j+ 1
2
,k

∆z


 . (4.29c)

Evaluating finite differences leads to doubling the number of field values within a term, giving the

final expressions for the components of A
n+ 1

2
term1 as

A
n+ 1

2
x term1 =

− 1

∆y


µ−1

i+ 1
2
,j+ 1

2
,k+ 1

2

An+ 1
2

y i+1,j+ 1
2
,k
− An+ 1

2

y i,j+ 1
2
,k

∆x

−
A
n+ 1

2

x i+ 1
2
,j+1,k

− An+ 1
2

x i+ 1
2
,j,k

∆y


−

µ−1
i+ 1

2
,j− 1

2
,k+ 1

2

An+ 1
2

y i+1,j− 1
2
,k
− An+ 1

2

y i,j− 1
2
,k

∆x

−
A
n+ 1

2

x i+ 1
2
,j,k
− An+ 1

2

x i+ 1
2
,j−1,k

∆y





+
1

∆z

µ−1
i+ 1

2
,j+ 1

2
,k+ 1

2

An+ 1
2

x i+ 1
2
,j,k+1

− An+ 1
2

x i+ 1
2
j,k

∆z

−
A
n+ 1

2

z i+1,j,k+ 1
2

− An+ 1
2

z i,j,k+ 1
2

∆x

−
µ−1
i+ 1

2
,j+ 1

2
,k− 1

2

An+ 1
2

x i+ 1
2
,j,k
− An+ 1

2

x i+ 1
2
j,k−1

∆z

−
A
n+ 1

2

z i+1,j,k− 1
2

− An+ 1
2

z i,j,k− 1
2

∆x


 , (4.30a)



37

A
n+ 1

2
y term1 =

− 1

∆z

µ−1
i+ 1

2
,j+ 1

2
,k+ 1

2

An+ 1
2

z i,j+1,k+ 1
2

− An+ 1
2

z i,j,k+ 1
2

∆y

−
A
n+ 1

2

y i,j+ 1
2
,k+1
− An+ 1

2

y i,j+ 1
2
,k

∆z

−
µ−1
i+ 1

2
,j+ 1

2
,k− 1

2

An+ 1
2

z i,j+1,k− 1
2

− An+ 1
2

z i,j,k− 1
2

∆y

−
A
n+ 1

2

y i,j+ 1
2
,k
− An+ 1

2

y i,j+ 1
2
,k−1

∆z




+
1

∆x

µ−1
i+ 1

2
,j+ 1

2
,k+ 1

2

An+ 1
2

y i+1,j+ 1
2
,k
− An+ 1

2

y i,j+ 1
2
,k

∆x

−
A
n+ 1

2

x i+ 1
2
,j+1,k

− An+ 1
2

x i+ 1
2
,j,k

∆y

−
µ−1
i− 1

2
,j+ 1

2
,k+ 1

2

An+ 1
2

y i,j+ 1
2
,k
− An+ 1

2

y i−1,j+ 1
2
,k

∆x

−
A
n+ 1

2

x i− 1
2
,j+1,k

− An+ 1
2

x i− 1
2
,j,k

∆y


 , (4.30b)

and

A
n+ 1

2
z term1 =

− 1

∆x

µ−1
i+ 1

2
,j+ 1

2
,k+ 1

2

An+ 1
2

x i+ 1
2
,j,k+1

− An+ 1
2

x i+ 1
2
j,k

∆z

−
A
n+ 1

2

z i+1,j,k+ 1
2

− An+ 1
2

z i,j,k+ 1
2

∆x

−
µ−1
i− 1

2
,j+ 1

2
,k+ 1

2

An+ 1
2

x i− 1
2
,j,k+1

− An+ 1
2

x i− 1
2
j,k

∆z

−
A
n+ 1

2

z i,j,k+ 1
2

− An+ 1
2

z i−1,j,k+ 1
2

∆x




+
1

∆y

µ−1
i+ 1

2
,j+ 1

2
,k+ 1

2

An+ 1
2

z i,j+1,k+ 1
2

− An+ 1
2

z i,j,k+ 1
2

∆y

−
A
n+ 1

2

y i,j+ 1
2
,k+1
− An+ 1

2

y i,j+ 1
2
,k

∆z

−
µ−1
i+ 1

2
,j− 1

2
,k+ 1

2

An+ 1
2

z i,j,k+ 1
2

− An+ 1
2

z i,j,k+ 1
2

∆y

−
A
n+ 1

2

y i,j+ 1
2
,k+1
− An+ 1

2

y i,j+ 1
2
,k

∆z


 . (4.30c)

4.3.3.2 Expansion of Aterm2

Starting with Equation (4.22),

A
n+ 1

2
term2 = εi,j,k∇̃ε−2

i,j,kµ
−1
i,j,k∇̂ · εi,j,kÃ

n+ 1
2

i,j,k , (4.31)
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we can expand the first divergence into backward differences

∇̂ · εi,j,kÃ
n+ 1

2
i,j,k = ∂̂xεi,j,kA

n+ 1
2

x i+ 1
2
,j,k

+ ∂̂yεi,j,kA
n+ 1

2

y i,j+ 1
2
,k

+ ∂̂zεi,j,kA
n+ 1

2

z i,j,k+ 1
2

. (4.32)

The backward differences can be evaluated to obtain

∇̂ · εi,j,kÃ
n+ 1

2
i,j,k =

1

∆x

(
εi,j,kA

n+ 1
2

x i+ 1
2
,j,k
− εi−1,j,kA

n+ 1
2

x i− 1
2
,j,k

)
+

1

∆y

(
εi,j,kA

n+ 1
2

y i,j+ 1
2
,k
− εi,j−1,kA

n+ 1
2

y i,j− 1
2
,k

)
+

1

∆z

(
εi,j,kA

n+ 1
2

z i,j,k+ 1
2

− εi,j,k−1A
n+ 1

2

z i,j,k− 1
2

)
. (4.33)

Next, we can take the backward gradient of Equation (4.33) to obtain the next part of A
n+ 1

2
term2

∇̃ε−2
i,j,kµ

−1
i,j,k∇̂ · εi,j,kÃ

n
i,j,k = ∇̃(

1

∆x
ε−2
i,j,kµ

−1
i,j,k

(
εi,j,kA

n+ 1
2

x i+ 1
2
,j,k
− εi−1,j,kA

n+ 1
2

x i− 1
2
,j,k

)
+

1

∆y
ε−2
i,j,kµ

−1
i,j,k

(
εi,j,kA

n+ 1
2

y i,j+ 1
2
,k
− εi,j−1,kA

n+ 1
2

y i,j− 1
2
,k

)
+

1

∆z
ε−2
i,j,kµ

−1
i,j,k

(
εi,j,kA

n+ 1
2

z i,j,k+ 1
2

− εi,j,k−1A
n+ 1

2

z i,j,k− 1
2

))
. (4.34)

Since we know the gradient is the last operation, we can divide A
n+ 1

2
term2 into components to evaluate

each separately

A
n+ 1

2
term2 = Ax term2x̂+ Ay term2ŷ + Az term2ẑ . (4.35)

The components are

A
n+ 1

2
x term2 = εi,j,k∂̃x

(
1

∆x

ε−2
i,j,kµ

−1
i,j,k

(
εi,j,kA

n+ 1
2

x i+ 1
2
,j,k
− εi−1,j,kA

n+ 1
2

x i− 1
2
,j,k

)
+

1

∆y

ε−2
i,j,kµ

−1
i,j,k

(
εi,j,kA

n+ 1
2

y i,j+ 1
2
,k
− εi,j−1,kA

n+ 1
2

y i,j− 1
2
,k

)
+

1

∆z

ε−2
i,j,kµ

−1
i,j,k

(
εi,j,kA

n+ 1
2

z i,j,k+ 1
2

− εi,j,k−1A
n+ 1

2

z i,j,k− 1
2

))
, (4.36a)
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A
n+ 1

2
y term2 = εi,j,k∂̃y

(
1

∆x

ε−2
i,j,kµ

−1
i,j,k

(
εi,j,kA

n+ 1
2

x i+ 1
2
,j,k
− εi−1,j,kA

n+ 1
2

x i− 1
2
,j,k

)
+

1

∆y

ε−2
i,j,kµ

−1
i,j,k

(
εi,j,kA

n+ 1
2

y i,j+ 1
2
,k
− εi,j−1,kA

n+ 1
2

y i,j− 1
2
,k

)
+

1

∆z

ε−2
i,j,kµ

−1
i,j,k

(
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2
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2

))
, (4.36b)

and

A
n+ 1

2
z term2 = εi,j,k∂̃z

(
1

∆x
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i,j,kµ
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i,j,k

(
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2
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2
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2
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2

z i,j,k− 1
2

))
. (4.36c)

After evaluating the forward differences, the components become

A
n+ 1

2
x term2 = εi,j,k

((
1

∆x

ε−2
i+1,j,kµ
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∆z

ε−2
i+1,j,kµ

−1
i+1,j,k

(
εi+1,j,kA

n+ 1
2

z i+1,j,k+ 1
2

− εi+1,j,k−1A
n+ 1

2

z i+1,j,k− 1
2
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2
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2

)))
/∆x, (4.37a)
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A
n+ 1

2
y term2 = εi,j,k
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2
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2
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2
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/∆y, (4.37b)

and

A
n+ 1

2
z term2 = εi,j,k
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)
+

1
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)
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2
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2
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−(
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(
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+
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(
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)))
/∆z. (4.37c)

4.3.3.3 A Update Equation - All Terms

The final A update equations by component are as follows:

A
n+ 3

2
x i,j,k = 2A

n+ 1
2

x i,j,k − A
n− 1

2
x i,j,k + ε−1

i,j,k

(
A
n+ 1

2
x term1 + A

n+ 1
2

x term2 + J
n+ 1

2
x i,j,k

)
, (4.38a)

A
n+ 3

2
y i,j,k = 2A

n+ 1
2

y i,j,k − A
n− 1

2
y i,j,k + ε−1

i,j,k

(
A
n+ 1

2
y term1 + A

n+ 1
2

y term2 + J
n+ 1

2
y i,j,k

)
, (4.38b)

and

A
n+ 3

2
z i,j,k = 2A

n+ 1
2

z i,j,k − A
n− 1

2
z i,j,k + ε−1

i,j,k

(
A
n+ 1

2
z term1 + A

n+ 1
2

z term2 + J
n+ 1

2
z i,j,k

)
(4.38c)



41

where the components of A
n+ 1

2
term1 are

A
n+ 1

2
x term1 =

1
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2
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2
,k
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2
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2
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2
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
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 , (4.39a)
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y term1 =
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 , (4.39b)
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and
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and the components of A
n+ 1
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term2 are
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/∆y, (4.40b)

and
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/∆z. (4.40c)

4.4 Discretization of Vector Potential Formulation of Maxwell for Graded Mesh

To implement a graded mesh for this system, the distance between points needs to be indexed.

Here, I show how to write the second-order equations for a graded mesh. This is nontrivial due to

the index now corresponding to location of difference.

By defining the index for the graded mesh at position i to be the difference of the positions a

half-step in either direction,

∆xi = xi+ 1
2
− xi− 1

2
(4.41)
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we can discretize Equations (4.10)-(4.12) for a graded mesh.

There are multiple ways of looking at the problem of an inhomogeneous mesh. One important

consideration is computational resources; increasing the number operations required can increase

computational cost for each time-step. Conversely, an incorrectly graded mesh can lead to inaccu-

racy and instability in the FDTD algorithm. Cost and accuracy factors must be considered when

implementing a graded mesh.

4.4.1 Expansion of ρ Update Equation for Graded Mesh

First, we again take the discrete divergence of Equation (4.10) to obtain

ρni,j,k = ρn−1
i,j,k −∆t

(
∂̂xJ

n
x i+ 1

2
,j,k

+ ∂̂yJ
n
y i,j+ 1

2
,k

+ ∂̂zJ
n
z i,j,k+ 1

2

)
. (4.42)

Now, by altering the vector calculus definitions to have the spatial offset vary by position, we can

take the backward difference for the result for a graded mesh

ρni,j,k = ρn−1
i,j,k −∆t(

Jn
x i+ 1

2
,j,k
− Jn

x i− 1
2
,j,k

∆xi
+
Jn
y i,j+ 1

2
,k
− Jn

y i,j− 1
2
,k

∆yj
+
Jn
z i,j,k+ 1

2

− Jn
z i,j,k− 1

2

∆zk

)
. (4.43)

4.4.2 Expansion of φ Update Equation for Graded Mesh

Starting with Equation (4.11), we evaluate the forward gradient to get

φn+1
i,j,k = 2φni,j,k − φn−1

i,j,k + ∆2
t ε
−2
i,j,kµ

−1
i,j,k(
∇̂ · εi,j,k

(
x̂∂̃xφ

n
i,j,k + ŷ∂̃yφ

n
i,j,k + ẑ∂̃zφ

n
i,j,k

)
+ ρni,j,k

)
. (4.44)

The forward differences can be evaluated on the graded mesh as

φn+1
i,j,k = 2φni,j,k − φn−1

i,j,k + ∆2
t ε
−2
i,j,kµ

−1
i,j,k(

∇̂ · εi,j,k

(
x̂
φni+1,j,k − φni,j,k

∆xi+ 1
2

+ ŷ
φni,j+1,k − φni,j,k

∆yj+ 1
2

+ ẑ
φni,j,k+1 − φni,j,k

∆zk+ 1
2

)
+ρni,j,k

)
. (4.45)
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Expanding the backward divergence into backward differences gives

φn+1
i,j,k = 2φni,j,k − φn−1

i,j,k + ∆2
t ε
−2
i,j,kµ

−1
i,j,k(

∂̂x

(
εi,j,k

φni+1,j,k − φni,j,k
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2

)
+ ∂̂y

(
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2

)
+ ∂̂z

(
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2

)
+ρni,j,k

)
. (4.46)

From here, there are two different ways to evaulate the backward difference. Either the finite

differences can be evaluated with the original fields in the equation or, in order to simplify, assume

each term already evaluated with a finite difference is located at its average point. By taking the

finite difference of each value, the expression we obtain for φ update with a graded index is

φn+1
i,j,k = 2φni,j,k − φn−1

i,j,k + ∆2
t ε
−2
i,j,kµ

−1
i,j,k(

1

∆xi+ 1
2

((
εi,j,k

φni+1,j,k − φni,j,k
∆xi+ 1

2

)
−

(
εi−1,j,k

φni,j,k − φni−1,j,k

∆xi− 1
2

))
+

1

∆yj+ 1
2

((
εi,j,k

φni,j+1,k − φni,j,k
∆yj+ 1

2

)
−

(
εi,j−1,k

φni,j,k − φni,j−1,k

∆yj− 1
2

))
+

1

∆zk+ 1
2

((
εi,j,k

φni,j,k+1 − φni,j,k
∆zk+ 1

2

)
−

(
εi,j,k−1

φni,j,k − φni,j,k−1

∆zk− 1
2

))
+ ρni,j,k

)
. (4.47)

The more computationally inexpensive version for a φ update with simpliying assumptions about

the graded mesh would be

φn+1
i,j,k = 2φni,j,k − φn−1

i,j,k + ∆2
t ε
−2
i,j,kµ

−1
i,j,k(

1

∆x2
i+ 1

2

((
εi,j,k

(
φni+1,j,k − φni,j,k

))
−
(
εi−1,j,k

(
φni,j,k − φni−1,j,k

)))
+

1

∆y2
j+ 1

2

((
εi,j,k

(
φni,j+1,k − φni,j,k

))
−
(
εi,j−1,k

(
φni,j,k − φni,j−1,k

)))
+

1

∆z2
k+ 1

2

((
εi,j,k

(
φni,j,k+1 − φni,j,k

))
−
(
εi,j,k−1

(
φni,j,k − φni,j,k−1

)))
+ ρni,j,k

)
. (4.48)
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Equation (4.48) requires fewer operations than Equation (4.47) to compute values on a graded

mesh; however, Equation (4.47) does not make simplifying assumptions about the distance be-

tween values, thus is more accurate. Since φ only has a single update equation, we implemented

Equation (4.47) for increased accuracy and stability.

4.4.3 Expansion of A Update Equation for Graded Mesh

Assume again

Ã
n+ 3

2
i,j,k = 2Ã

n+ 1
2

i,j,k − Ã
n− 1

2
i,j,k + ∆2

t ε
−1
i,j,k

(
A
n+ 1

2
term1 + A

n+ 1
2

term2 + J̃
n+ 1

2
i,j,k

)
(4.49)

where

A
n+ 1

2
term1 = −∇̂ × µ−1

i+ 1
2
,j+ 1

2
,k+ 1

2

(
∇̃ × Ã

n+ 1
2

i,j,k

)
(4.50)

and

A
n+ 1

2
term2 = εi,j,k∇̃ε−2

i,j,kµ
−1
i,j,k∇̂ · εi,j,kÃ

n+ 1
2

i,j,k . (4.51)

4.4.3.1 Expansion of Aterm1 for Graded Mesh

Starting with Equation (4.50), evaluate the discrete curl

∇̃ × Ãn
i,j,k = x̂

(
∂̃yA

n
z i,j,k+ 1

2
− ∂̃zAny i,j+ 1

2
,k

)
+

ŷ
(
∂̃zA

n
x i+ 1

2
,j,k
− ∂̃xAnz i,j,k+ 1

2

)
+

ẑ
(
∂̃xA

n
y i,j+ 1

2
,k
− ∂̃yAnx i+ 1

2
,j,k

)
(4.52)

and the forward differences

∇̃ × Ãn
i,j,k = x̂

(
An
z i,j+1,k+ 1

2

− An
z i,j,k+ 1

2

∆yj+ 1
2

−
An
y i,j+ 1

2
,k+1
− An

y i,j+ 1
2
,k

∆zk+ 1
2

)
+

ŷ

(
An
x i+ 1

2
,j,k+1

− An
x i+ 1

2
j,k

∆zk+ 1
2

−
An
z i+1,j,k+ 1

2

− An
z i,j,k+ 1

2

∆xi+ 1
2

)
+

ẑ

(
An
y i+1,j+ 1

2
,k
− An

y i,j+ 1
2
,k

∆xi+ 1
2

−
An
x i+ 1

2
,j+1,k

− An
x i+ 1

2
,j,k

∆yj+ 1
2

)
. (4.53)
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Putting this term back into the entire term

A
n+ 1

2
term1 = −∇̂ × µ−1

i+ 1
2
,j+ 1

2
,k+ 1

2(
x̂

(
An
z i,j+1,k+ 1

2

− An
z i,j,k+ 1

2

∆yj+ 1
2

−
An
y i,j+ 1

2
,k+1
− An

y i,j+ 1
2
,k

∆zk+ 1
2

)
+

ŷ

(
An
x i+ 1

2
,j,k+1

− An
x i+ 1

2
j,k

∆zk+ 1
2

−
An
z i+1,j,k+ 1

2

− An
z i,j,k+ 1

2

∆xi+ 1
2

)
+

ẑ

(
An
y i+1,j+ 1

2
,k
− An

y i,j+ 1
2
,k

∆xi+ 1
2

−
An
x i+ 1

2
,j+1,k

− An
x i+ 1

2
,j,k

∆yj+ 1
2

))
(4.54)

Simplify the term by separating into components,

−∇̂ ×A = −x̂
(
∂̂yaz − ∂̂zay

)
− ŷ

(
∂̂zax − ∂̂xaz

)
− ẑ

(
∂̂xay − ∂̂yax

)
, (4.55)

where

Ax term1 = −
(
∂̂yaz − ∂̂zay

)
, (4.56a)

Ay term1 = −
(
∂̂zax − ∂̂xaz

)
, (4.56b)

Az term1 = −
(
∂̂xay − ∂̂yax

)
, (4.56c)

and

ax =

(
µ−1
i+ 1

2
,j+ 1

2
,k+ 1

2

(
An
z i,j+1,k+ 1

2

− An
z i,j,k+ 1

2

∆yj+ 1
2

−
An
y i,j+ 1

2
,k+1
− An

y i,j+ 1
2
,k

∆zk+ 1
2

))
, (4.57a)

ay =

(
µ−1
i+ 1

2
,j+ 1

2
,k+ 1

2

(
An
x i+ 1

2
,j,k+1

− An
x i+ 1

2
j,k

∆zk+ 1
2

−
An
z i+1,j,k+ 1

2

− An
z i,j,k+ 1

2

∆xi+ 1
2

))
, (4.57b)

az =

(
µ−1
i+ 1

2
,j+ 1

2
,k+ 1

2

(
An
y i+1,j+ 1

2
,k
− An

y i,j+ 1
2
,k

∆xi+ 1
2

−
An
x i+ 1

2
,j+1,k

− An
x i+ 1

2
,j,k

∆yj+ 1
2

))
. (4.57c)

Here are Aterm1 components

Ax term1 =

− ∂̂y

(
µ−1
i+ 1

2
,j+ 1

2
,k+ 1

2

(
An
y i+1,j+ 1

2
,k
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y i,j+ 1
2
,k
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2

−
An
x i+ 1

2
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− An
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2
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2
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+

∂̂z

(
µ−1
i+ 1

2
,j+ 1

2
,k+ 1

2

(
An
x i+ 1

2
,j,k+1

− An
x i+ 1

2
j,k

∆zk+ 1
2

−
An
z i+1,j,k+ 1

2

− An
z i,j,k+ 1

2

∆xi+ 1
2

))
, (4.58a)
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Ay term1 =

− ∂̂z

(
µ−1
i+ 1

2
,j+ 1

2
,k+ 1

2

(
An
z i,j+1,k+ 1

2

− An
z i,j,k+ 1

2

∆yj+ 1
2

−
An
y i,j+ 1

2
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2
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2
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+
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(
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2
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2
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2

(
An
y i+1,j+ 1

2
,k
− An
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2
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2

−
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2
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− An
x i+ 1

2
,j,k

∆yj+ 1
2

))
, (4.58b)

and

Az term1 =

− ∂̂x

(
µ−1
i+ 1

2
,j+ 1

2
,k+ 1

2

(
An
x i+ 1

2
,j,k+1

− An
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2
j,k
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2

−
An
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2
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2
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(
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2
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2
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2

(
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z i,j+1,k+ 1

2
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2
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2

−
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2
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y i,j+ 1
2
,k

∆zk+ 1
2

))
. (4.58c)

Since each equation contains 8 terms, taking the backward difference of each term will result

in a total of 16 terms per component. The most detailed grated grid evaluation of finite differ-

ence would require 3 different grid differences while the most simple would require 1. Due to

the number of operations already present of each component, we evaluate the grated grid as the

most simple version. Here are Aterm1 components in the most simple evaluation of the backward

difference

Ax term1 =

− 1

∆yj

((
µ−1
i+ 1

2
,j+ 1

2
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2

(
An
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2
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2
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2
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2
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2
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−
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2
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2
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2
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2
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z i+1,j,k− 1

2
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2
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2

))
, (4.59a)



49

Ay term1 =

− 1
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, (4.59b)

Az term1 =

− 1
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2

(
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2
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. (4.59c)

Notice these update equations still contain a large number of operations. These equations need

to be updated every timestep, so keeping the number of operations is small is important.

4.4.3.2 Expansion of Aterm2 for Graded Mesh

Starting from Equation (4.51), evaluate divergence term

∇̂ · εi,j,kÃn
i,j,k = ∂̂xεi,j,kA

x
i+ 1

2
,j,k

+ ∂̂yεi,j,kA
y

i,j+ 1
2
,k

+ ∂̂zεi,j,kA
z
i,j,k+ 1

2
(4.60)
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and evaluate backward difference

∇̂ · εi,j,kÃn
i,j,k =

1

∆xi

(
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n
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2
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2

)
. (4.61)

The entire term can be written as

∇̃ε−2
i,j,kµ

−1
i,j,k∇̂ · εi,j,kÃ
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. (4.62)

Divide into components

Ax term2 = εi,j,k∂̃x
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Ay term2 = εi,j,k∂̃y
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, (4.63b)
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. (4.63c)
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Make the same assumption to simplify the graded mesh that was made for Aterm1 and evaluate the

forward difference

Ax term2 = εi,j,k

((
1
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4.4.3.3 A Update Equations for Graded Mesh - All Terms

The A update equations for a graded mesh are given below.

Ã
n+ 3

2
i,j,k = 2Ã

n+ 1
2

i,j,k − Ã
n− 1

2
i,j,k + ∆2

t ε
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(
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2
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(4.65)

where

A
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2
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2
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2
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(4.66)

and

A
n+ 1

2
term2 = εi,j,k∇̃ε−2

i,j,kµ
−1
i,j,k∇̂ · εi,j,kÃ

n+ 1
2

i,j,k . (4.67)
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Each update term contains many operations even with the simplifying assumptions about the

graded mesh. The equations for the first term are

Ax term1 =

1

∆yj

((
µ−1
i+ 1

2
,j− 1

2
,k+ 1

2

(
An
y i+1,j− 1

2
,k
− An

y i,j− 1
2
,k

∆xi+ 1
2

−
An
x i+ 1

2
,j,k
− An

x i+ 1
2
,j−1,k

∆yj+ 1
2

))
−(

µ−1
i+ 1

2
,j+ 1

2
,k+ 1

2

(
An
y i+1,j+ 1

2
,k
− An

y i,j+ 1
2
,k

∆xi+ 1
2

−
An
x i+ 1

2
,j+1,k

− An
x i+ 1

2
,j,k

∆yj+ 1
2

)))

+
1

∆zk

(
µ−1
i+ 1

2
,j+ 1

2
,k+ 1

2

(
An
x i+ 1

2
,j,k+1

− An
x i+ 1

2
j,k

∆zk+ 1
2

−
An
z i+1,j,k+ 1

2

− An
z i,j,k+ 1

2

∆xi+ 1
2

)
−

µ−1
i+ 1

2
,j+ 1

2
,k− 1

2

(
An
x i+ 1

2
,j,k
− An

x i+ 1
2
j,k−1

∆zk+ 1
2

−
An
z i+1,j,k− 1

2

− An
z i,j,k− 1

2

∆xi+ 1
2

))
, (4.68a)
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The equations for the second term are
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4.5 Simulation Results

We have implemented the discretized equations for a uniform mesh (Sections 4.3.2 and 4.3.3.3)

and for a graded mesh (Sections 4.4.2 and 4.4.3.3). The simulation was on a 90× 100× 110 grid

in free space. We give our simulation a current source, a dipole source with a wavelength of 940

nm. The source is located at the center of the simulation.

Jz

(
imax

2
,
jmax

2
,
kmax

2

)
= 1− cos(ωt). (4.70)
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The graded mesh has varying values of grid spacing but still must not violate the Courant

stability condition

∆t <
1

c
√

∆−2
x min + ∆−2

y min + ∆−2
z min

, (4.71)

where ∆i min is the minimum mesh separation in the i-direction. We use

∆t =
0.99

c
√

∆−2
x min + ∆−2

y min + ∆−2
z min

. (4.72)

The timestep is calculated to be ∆t = 0.090 fs, and ∆i min = λ
20

for standard grid sampling.

The E and H fields can be obtained by discretization of the definitions from A and φ. This

is useful if someone wanted to compare values to conventional FDTD or visually confirm the

behavior of the electromagnetic fields is not unexpected. The values for A and φ are less intuitive

than the standard E and H fields.

4.5.1 Uniform Mesh

Figure 4.1 shows field values for A and φ as well as E and H for t = 50∆t or t = 4.4805 fs.

Figure 4.1a gives values of A and φ calculated directly from the simulation. Figure 4.1b gives

values of E and H calculated from the discretized definitions of E and H in terms of A and φ.

We observe a circular wave propagating outwards from the center for the z-components, as well

as φ, as expected. Other components appear symmetric about the origin and seem to have stable

propagation characteristics. One thing to note is that the values appear smooth along the wavefront;

this indicates a stable simulation.

Figure 4.2 shows field values for A and φ as well as E and H for t = 500∆t or t = 44.805 fs.

Figure 4.2a and Figure 4.2b are calculated in the same way as in Figure 4.1. These results appear

a little rough. I think this is due to lack of consideration of edges of the simulation. The benefit

is that, in coding, all updates were evaluated in one loop, speeding up computation time. This

differs from conventional FDTD because the second-order update equations are uncoupled, so the

previous values only depend on prior timesteps, not the position-dependent values of another field

at the same timestep. However, if I were to work on this simulation again, I would put ρ, φ, and A
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(a) Values for A and φ calculated from the second-order A-φ FDTD at t = 4.4805 fs
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(b) Field values E and H calculated from A and φ in the second-order A-φ FDTD at t = 4.4805 fs

Figure 4.1: Shows A, φ, H, and E values calculated from the second-order A-φ FDTD at t =

50∆t = 4.4805 fs for a dipole current source Jz in Equation (4.70).
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(a) Values for A and φ calculated from the second-order A-φ FDTD at t = 44.805fs
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(b) Field values E and H calculated from A and φ in the second-order A-φ FDTD at t = 44.805 fs

Figure 4.2: Shows A, φ, H, and E values calculated from the second-order A-φ FDTD at t =

500∆t, t = 44.805 fs for a dipole current source Jz in Equation (4.70).
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in separate update loops with appropriate indices for grid termination. Iteration through multiple

loops would be more computationally expensive, but it would allow for the creation of a symmetric

domain. Another method to create a symmetric domain and minimize loops could be by creating a

second loop with just the boundary value updates. How to determine boundaries for FDTD loops

is covered in a later section for the development of FiPo.

4.5.2 Nonuniform Mesh

The nonuniform mesh is defined at both half and whole steps for each coordinate. We consider

a graded mesh where the size of the cell varies linearly with position. The slope of the grading is

found by

slope =
gradeScale ∗∆x min

imax −mid
(4.73)

and spatial steps calculations for the first half of the grid (1 to mid) are defined as

∆x = −slope ∗ (ii−mid) + ∆x min (4.74a)

∆x = −slope ∗ (ii−mid + 0.5) + ∆x min (4.74b)

The equations for the second half of the grid (mid to imax) are calculated in the same way except

with a slope of the opposite sign. We defined a mesh grading scale gradeScale of 0.10 that changes

how quickly the spatial variation of the grid changes. We chose a value of 0.10 in order to not vary

too much and make the simulation unstable but also have a nonnegligible spatial variation. The

value mid is the center point of the simulation.

Figure 4.3 shows field values for A and φ as well as E and H for t = 50∆t or t = 4.4805 fs for

a nonuniform mesh. Figure 4.3a gives values of A and φ calculated directly from the simulation.

Figure 4.3b gives values of E and H calculated from the discretized definitions of E and H in

terms of A and φ. Similar to the uniform simulation, we observe a circular wave propagating

outwards from the center for the z-components as well as φ, as expected. However, φ now has both

positive and negative values and there are now differences for the now non-negligible components

for Ax and Ay. There appears to be some roughness at the edge of Ex and Ey that could be due to
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(a) Values for A and φ calculated from the second-order A-φ FDTD with nonuniform mesh at

t = 4.4805 fs
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(b) Field values E and H calculated from A and φ in the second-order A-φ FDTD with nonuniform

mesh at t = 4.4805 fs

Figure 4.3: A, φ, H, and E values calculated from the second-order A-φ FDTD with nonuniform

mesh at ∆t = 50, t = 4.4805 fs for a dipole current source Jz.
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(a) Values for A and φ calculated from the second-order A-φ FDTD with nonuniform mesh at

t = 44.805 fs
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(b) Field values E and H calculated from A and φ in the second-order A-φ FDTD with nonuniform

mesh at t = 44.805 fs

Figure 4.4: A, φ, H, and E values calculated from the second-order A-φ FDTD with nonuniform

mesh at ∆t = 500, t = 44.805 fs for a dipole current source Jz.
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instabilities arising from the nonuniform mesh. The results have some differences from Figure 4.3

that could be a result of error from the nonuniform mesh.

Conventional first-order FDTD can be troublesome to implement if not careful of the indices;

the second-order equations are much worse in this regard. I ended up implementing the operations

in code rather than opting for writing out individual values because when I tried, they were ex-

tremely prone to error. This method of programming operations, however, results in unsimplified

equations and increases overall compuatational cost. It would be better to simplify in terms of

coefficients and field values of the same position and timestep. The problem is that there are so

many different field values for a single update equation that the solution is a mess. As you could

see in the derivation, I divided the A update equation into multiple terms where each term was

complicated with many different values. Details of implementation were not included in Ryu et

al. [14], but due to the complexity of this method, the amount of work necessary to recreate the

FDTD is impractical for use of those who are not well-versed in FDTD.

4.6 Discussion of PML for Second-Order Equations

The A-φ FDTD works well enough for a sample simulation; however, to use this method for

device simulation, absorbing boundary conditions need to be implemented. This section will go

over the PML implemented in Ryu et al. [14]. We have already discussed the impractical nature

of the second-order update equations, but the complexity of the second-order update equations

really shines in PML implementation. We can demonstrate the difficulty of PML implementation
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by looking at the update equation for A
n+ 1

2
x , given as

∂yH
n− 1

2
z − 2∂yH

n− 3
2

z + ∂yH
n− 5

2
z

∆2
t

+
σz
ε

∂yH
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2
z − ∂yH

n− 5
2

z

2∆t

− ∂zH
n− 1

2
y − 2∂zH

n− 3
2

y + ∂zH
n− 5

2
y

∆2
t

− σy
ε

∂zH
n− 1

2
y − ∂zH

n− 5
2

y

2∆t

+ ε
A
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2
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2
x − 4A

n− 5
2
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2
x

∆4
t

+ (σy + σz)
1
2
A
n+ 1

2
x − An−

1
2

x + A
n− 5

2
x − 1

2
A
n− 7

2
x

∆3
t

+
σyσz
ε

A
n− 1

2
x − 2A

n− 3
2

x + A
n− 5

2
x

∆2
t

− ε [∇sf ]
n− 1

2
x − 2[∇sf ]

n− 3
2

x + [∇sf ]
n− 5

2
x

∆2
t

− (σy + σz)
[∇sf ]

n− 1
2

x − [∇sf ]
n− 5

2
x

2∆t

− σyσz
ε

[∇sf ]
n− 3

2
x

=
J
n− 1

2
x − 2J

n− 3
2

x + J
n− 5

2
x

∆2
t

(4.75)

Note, the original paper appears to contain a typo where there is a multiplication of the [∇sf ]
n− 5

2
x

term rather than addition — this term is altered here. Notice that in the form given, the update

equation still needs to be solved for A
n+ 1

2
x in order to update the next timestep. By inspection,

we can tell this equation is the update equation for A
n+ 1

2
x because there is only one value at the

n + 1
2

timestep, whereas the rest are at n − 1
2

or lower. We can see from the indices listed on

the values in the update equation, that we will need to store four previous timesteps of values in

addition to the value being updated. Storing five fields for one variable at once is a notable concern

for computational demand. The benefit of first-order FDTD is that only one previous timestep is

stored for simulation updates, resulting in two total. For the second-order FDTD simulation region,

two previous timesteps are required to be stored, three total. With the addition of the PML, the

second-order method requires storage of five total timesteps for a single variable. Table 4.1 shows

how many timesteps are required for each variable.

In the simulation domain for the A-φ FDTD, only ρ, φ, and A are updated. J should be

provided and stored in the simulation as a source. In this update equation, on top of the extra

timesteps, we now have the additional values of H and [∇sf ]. H and [∇sf ] appear as simple

values, but their calculation is also somewhat involved.

In the paper, Ryu et al. [14] claims

H = µ−1∇s ×A, (4.76)
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Variable Requires Timesteps Number of Stored Timesteps

Ax n+ 1
2
, n− 1

2
, n− 3

2
, n− 5

2
, n− 7

2
5

Hy n− 1
2
, n− 3

2
, n− 5

2
3

Hz n− 1
2
, n− 3

2
, n− 5

2
3

[∇f ]x n− 1
2
, n− 3

2
, n− 5

2
3

Jx n− 1
2
, n− 3

2
, n− 5

2
3

Table 4.1: Shows variables required for update of Equation (4.75), the timesteps that require

storage, and the number of stored timesteps per variable.
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which takes the definition of H in terms of the vector potential A and changes the curl operator

to be a stretched-coordinate operator. The occurence of the stretched-coordinate operator in this

definition seems logical but, due to the lack of a time-derivative in the equation, may not necessarily

hold in terms of physics. I will discuss the presence of the stretched-coordinate operator in this

equation in a later derivation in this thesis.

The calculation of H is not just a simple calculation from A, however. The authors of [14]

claim the calculation of one component of H takes 3 variables, such that Hx = Hsx,x + Hsy ,x +

Hsz ,x. where Hsy ,x and Hsz ,x can be calculated by solving

A
n− 1

2
y (i+ 1, j + 1

2
, k)− An−

1
2

y (i, j + 1
2
, k)

∆x

= µH
n− 1

2
sx,z +

σxµ

ε

(
n−1∑
m=1

H
m− 1

2
sx,z +

1

2
H
n− 1

2
sx,z

)
∆t (4.77)

and

−
A
n− 1

2
z (i+ 1, j, k + 1

2
)− An−

1
2

z (i, j, k + 1
2
)

∆x

= µH
n− 1

2
sx,y +

σxµ

ε

(
n−1∑
m=1

H
m− 1

2
sx,y +

1

2
H
n− 1

2
sx,y

)
∆t.

(4.78)

No equation is given for Hsx,x; I assume it is included in the equation for completeness, but does

not actually exist due to the nature of the derivation and how the components come from the curl..

From these equations, H
n− 1

2
sx,z can be calculated from A

n− 1
2

y and H
n− 1

2
sx,y can be calculated from A

n− 1
2

z

for the Ax PML. One important thing to note here is that the integration of the component of H is

over all timesteps. This means that, for every timestep, an integration variable must be stored in

addition to the stretched-component field value.

Similar to the calculation of H, f can be calculated as f = fsx + fsy + fsz . f
n− 1

2
sx can be found

from A
n− 1

2
x by solving

f
n− 1

2
sx +

σx
ε

(
n−1∑
m=1

f
m− 1

2
sx +

1

2
f
n− 1

2
sx

)
∆t =

1

µε2
ε(i+ 1

2
, j, k)A

n− 1
2

x − ε(i− 1
2
, j, k)A

n− 1
2

x

∆x

. (4.79)

This equation looks similar to the H update and requires the storage of integration variables as

well as values for fsx,y,z . f only has a single component instead of three like H, but we also need

to update the gradient for this value for the PML update equation. In order to update the value for
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the gradient, we need to solve

fn−
1
2 (i+ 1, j, k)− fn− 1

2 (i, j, k)

∆x

= [∇sf ]
n− 1

2
x +

σx
ε

(
n−1∑
m=1

[∇sf ]
m− 1

2
x +

1

2
[∇sf ]

n− 1
2

x

)
∆t. (4.80)

There is another typo in this equation that was changed here; [14] uses n instead of m for the

index of the [∇sf ]x in the sum. Again, this equation will require the storage of components and

integration variables.

A summary of update equations, update variables required, and integration variables required

can be found in Table 4.2. For the update of the Ax PML alone, 17 variables are required to

be stored for direct calculation. Integration variables and intermediate update variables require

additional memory for storage. The equations to update intermediate variables as well as the update

equation contain many operations. Second-order PML is computationally expensive, memory

intensive, and nonintuitive, and this is why we chose to develop a new method rather than to

use the method that has already been developed. We do not know how well this PML performs

because, unlike most papers on PML implementation, no data was given in Ryu et al. [14] to show

PML performance [56].
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Update Equation Required Update Variables Required Integration Variables

Hsx,y Az Hsx,y

Hsx,z Ay Hsx,z

Hsy ,z Ax Hsy ,z

Hsy ,x Az Hsy ,x

Hsz ,x Ay Hsz ,x

Hsz ,y Ax Hsz ,y

Hx Hsx,x, Hsy ,x, Hsz ,x None

Hy Hsx,y, Hsy ,y, Hsz ,y None

Hz Hsx,z, Hsy ,z, Hsz ,z None

fsx Ax fsx

fsy Ay fsy

fsz Az fsz

f fsx , fsy , fsz None

[∇f ]x f [∇f ]x

[∇f ]y f [∇f ]y

[∇f ]z f [∇f ]z

Table 4.2: Required update equations for the PML for second-order A-φ FDTD, the variables

required for the update equation, and variables that require integration.
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Chapter 5

Field–Potential FDTD Method

We have established that second-order FDTD for potentials is not a very practical method. The

update equations have many variables to store and operations to perform, and the PML is even

worse in that regard. The second-order nature of the equations makes the method complicated.

When you look at conventional FDTD, update equations are first order and easier to handle, and

the formalism has already been extensively developed. We wanted a method to solve for potentials

that would be able to use the advancements already made for conventional FDTD, like a PML, and

that requires a first-order method.

5.1 First-Order Equations

5.1.1 A New Set of Update Equations

In order to develop first-order equations, we need to look at possible FDTD update equations

for the potentials. FDTD update equations utilize discretization of the time derivative in order to

march a variable update forward in time. From the definitions, we see

E = −∂tA−∇φ (5.1)

is a good candidate for an A update equation. We can rewrite the update equation as

∂tA = −E−∇φ (5.2)

and see that the time update for A requires values for E and φ.

The tricky term in Equation (5.2) is φ because the definition for E in Equation (5.1) is the only

place φ appears in the field definitions. The only other equation that could contain φ is potentially
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the choice of gauge. This means that the restriction for the gauge must mean it would ideally have

a time-derivative of φ in order to be an update equation.

Luckily, a common gauge, the Lorenz gauge, contains a time derivative of φ. Since our domain

for FDTD is likely to be an inhomogeneous material, we can choose our update equation as the

generalized Lorenz gauge for inhomogeneous media [32, 53]

εµ∂tφ = −ε−1∇ · (εA). (5.3)

Other than requiring φ, Equation (5.2) also requires E. This is convenient because we know

that conventional FDTD already is able to solve for E. From conventional FDTD, we have an

update equation for E

ε∂tE = ∇×H− J, (5.4)

which requires H as well as a current source J. Since J is often given as a source in simulations,

this just leaves the update for H.

H is also updated in conventional FDTD, so a previous update equation exists, but H is also

defined in terms of potential A. This gives a couple options for updating H. The update equation

from conventional FDTD is

µ∂tH = −∇× E. (5.5)

This equation uses E to update H. To obtain H from potentials we can use the definition

µH = ∇×A. (5.6)

This equation uses A to update H. An important note here is that there is no time-derivative for

the calculation of H in this equation.
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5.1.2 Update Order for New Equations

We have gathered four equations to calculate values we need to update the potentials. The

equation to update H is a choice we will discuss. The five possibilities of update equations are

∂tA = −E−∇φ, (5.7a)

ε2µ∂tφ = −∇ · (εA), (5.7b)

ε∂tE = ∇×H− J, (5.7c)

µH = ∇×A, (5.7d)

µ∂tH = −∇× E. (5.7e)

From Equation (5.7a) and our knowledge of the Yee grid (see Section 3.3), we can tell A is

located a half timestep from E and φ and that E and φ are updated at the same timestep. E and

H fields should be consistent with the conventional Yee grid. From Equation (5.7d), it is obvious

from the lack of time derivative that H and A are located at the same timestep. This means E and

φ should be updated in one timestep, and H and A should be updated in another. The update order

of which set first should not matter but requires a choice. Since the update equation for E contains

a source, it makes sense to update it first, so that the result of adding a source can be present in the

entire timestep. This means we place E and φ are at timestep n, and H and A are at timestep n+ 1
2
.

In terms of update order, whether E and φ are first should not matter since they do not depend on

each other. The update for A, however, must come before H for the Equation (5.7d), so we will

update H after A in the FDTD algorithm. The ordered set of equations is:

ε2µ∂tφ = −∇ · (εA), (5.8a)

ε∂tE = ∇×H− J, (5.8b)

∂tA = −E−∇φ, (5.8c)

µH = ∇×A, (5.8d)

µ∂tH = −∇× E. (5.8e)
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FiPo - Basic

(a) FiPo Basic

FiPo - Hybrid

(b) FiPo Hybrid

Figure 5.1: Diagram of φ, E, A, and H update positions at respective timesteps for the FiPo

algorithm. Field updates are given in blue on the left, and potential updates are pink on the right.

Arrows show the progression of field values through the update equations.

Since Equations (5.8a)-(5.8e) update both fields and potentials, we can start to develop what we

call Field-Potential (FiPo) FDTD. Equations (5.8d) and (5.8e) present two different methods for

updating H. The algorithm using Equation (5.8e) as the H update is called FiPo Basic since this

method is conventional FDTD with the addition of update equations for potentials. The downside

of this method is that information from A or φ is not fed back into the update equations for E and

H. The algorithm using Equation (5.8d) as the H update is called FiPo Hybrid since this equation

self-consistently updates all field and potential values, creating a hybrid method of conventional

FDTD with new update equations for potentials. Figure 5.1 shows the FiPo Basic and FiPo Hybrid

algorithms and follows the updated values for a single timestep.

Figure 5.1 shows the update algorithm for both FiPo Hybrid and FiPo Basic. The center rep-

resents a single timestep for integer step n and half-integer step n + 1
2
; the top and bottom are

grey and represent the previous and next timesteps, respectively. Each labelled box with gives the

variable being updated as well as those needed to do the update. Arrows show the progression of

updates in the order of the algorithm. φ is first updated from the previous A. Next, E is updated
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from the previous H, as well as a source J. Moving to the half timestep, A is updated from E

and φ. Finally, H is updated differently in each algorithm — from E in FiPo Basic and A in FiPo

Hybrid. Values from H and A are then used in the next timestep to move forward in time. The

fields (blue) and potentials (pink) are differentiated by color in order to show the exchange of infor-

mation between the two sets of variables. Notice information only moves to the right, from fields

to potentials, in FiPo Basic, but information moves from potentials back to fields in FiPo Hybrid.

You can see conventional FDTD represented in Figure 5.1a by looking at blue-box quantities and

arrows with solid lines.

To explicitly write out the update equations, the FiPo Basic update equations are

ε2µ∂tφ = −∇ · (εA), (5.9a)

ε∂tE = ∇×H− J, (5.9b)

∂tA = −E−∇φ, (5.9c)

µ∂tH = −∇× E, (5.9d)

and the FiPo Hybrid update equations are

ε2µ∂tφ = −∇ · (εA), (5.10a)

ε∂tE = ∇×H− J, (5.10b)

∂tA = −E−∇φ, (5.10c)

µH = ∇×A. (5.10d)

Notice that FiPo Basic and FiPo Hybrid are the same except for the update equation for H. Each

of these sets of equations has four equations now instead of the total five we have been working

with because there are two options for H updates, and we split the H update options into two

different methods, FiPo Basic and FiPo Hybrid.
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These equations written component-wise are

ε2µ∂tφ = −(∂x(εAx) + ∂y(εAy) + ∂z(εAz)), (5.11a)

ε∂tEx = ∂yHz − ∂zHy − Jx, (5.11b)

ε∂tEy = ∂zHx − ∂xHz − Jy, (5.11c)

ε∂tEz = ∂xHy − ∂yHx − Jz, (5.11d)

∂tAx = −Ex − ∂xφ, (5.11e)

∂tAy = −Ey − ∂yφ, (5.11f)

∂tAz = −Ez − ∂zφ, (5.11g)

µHx = ∂yAz − ∂zAy, (5.11h)

µHy = ∂zAx − ∂xAz, (5.11i)

µHz = ∂xAy − ∂yAx, (5.11j)

µ∂tHx = ∂zEy − ∂yEz, (5.11k)

µ∂tHy = ∂xEz − ∂zEx, (5.11l)

µ∂tHz = ∂yEx − ∂xEy. (5.11m)

The first two variables updated in FiPo, φ and E, are interchangable in update order. One reason

we chose the order φ-E-A-H was due to the symmetry of updating a potential first and then the

field in a single half-timestep, so the algorithm updates potential-field-potential-field. However,

arbitrary update orders are not allowed for all variables in FiPo. The main restriction is which

fields are at n and which are at n + 1
2
. After the timestep update consideration, we must then

consider if a variable depends on a value updated at the same timestep. For this reason, H must

be updated before A in FiPo Hybrid, and it makes sense to keep the update order the same for the

same variables in both FiPo algorithms. However, in FiPo Basic, the update order for H and A is

interchangable just as φ and E are in both FiPo algorithms. The update for the simulation source

appears in the update equation for E, but the same timestep for φ only receives information from

the simulation source at the next timestep. φn+1 updates from An+ 1
2 , An+ 1

2 comes from En and

φn, En receives information from the source Jn−
1
2 , so φn+1 receives information from Jn−

1
2 when
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it updates. Note, the second-order update equation for φ, Equation (4.19), updates φn+1 from ρn.

The discretized continuity equation would act as an update equation for ρn from Jn−
1
2 . The FiPo

update for φ comes from an equivalent source as the update for φ in Ryu et al. [14].

5.2 Discretization

FiPo’s first-order update equations are much simpler to discretize than the second-order equa-

tions in Section 4.3. The update equation for discretized φ is

φn+1
i,j,k = φni,j,k −

∆t

ε2i,j,kµi,j,k

((
εi+ 1

2
,j,kA

n+ 1
2

x i+ 1
2
,j,k
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2
,j,kA
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2

x i− 1
2
,j,k

)
+
(
εi,j+ 1

2
,kA
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2

y i,j+ 1
2
,k
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2
,kA
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2

y i,j− 1
2
,k

)
+
(
εi,j,k+ 1

2
A
n+ 1

2

z i,j,k+ 1
2

− εi,j,k− 1
2
A
n+ 1

2

z i,j,k− 1
2

))
. (5.12)

The update equations for discretized E components are

En+1
x i+ 1

2
,j,k

= CAi+ 1
2
,j,kE

n
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2
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2
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, (5.13a)
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2
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. (5.13c)

where the coeffiecients are given in Table 5.1.

The update equations for discretized A components are

A
n+ 1

2

x i+ 1
2
,j,k

= A
n− 1

2

x i+ 1
2
,j,k
−∆t

(
En
x i+ 1

2
,j,k

+
1

∆x

(
φni+1,j,k − φni,j,k

))
, (5.14a)
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Variable Value Value with σ = 0

CAi,j,k
1−

σi,j,k∆t
2εi,j,k

1+
σi,j,k∆t
2εi,j,k

1

CBi,j,k

∆t
εi,j,k

1+
σi,j,k∆t
2εi,j,k

∆t

εi,j,k

Table 5.1: Update coefficients for E in Equations (5.13)

A
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2
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2
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2
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2
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The update equations for discretized H components for FiPo Basic are

H
n+ 1

2

x i,j+ 1
2
,k+ 1

2

= H
n− 1

2

x i,j+ 1
2
,k+ 1

2

+
∆t

µ0[
1

∆y

(
En
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2
− En

z i,j+1,k+ 1
2

)
+

1

∆z

(
En
y i,j+ 1

2
,k+1
− En

y i,j+ 1
2
,k

)]
, (5.15a)
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En
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En
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− En
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En
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− En
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The update equations for discretized H components for FiPo Hybrid are

H
n+ 1

2

x i,j+ 1
2
,k+ 1

2

=
1

µ0

[
1

∆y

(
A
n+ 1

2

z i,j+1,k+ 1
2

− An+ 1
2

z i,j,k+ 1
2

)
+

1

∆z

(
A
n+ 1

2

y i,j+ 1
2
,k
− An+ 1

2

y i,j+ 1
2
,k+1
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,

(5.16a)
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1
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2
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2
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2
,j,k

)]
, (5.16b)
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A
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A
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(5.16c)

5.3 Results

In order to test the FiPo a algorithm, we simulated a differentiated Gaussian pulse in free space

(εr = 1, σ = 0). The z-component of the current density is located at the center of the simulation

and can be expressed as

Jz(t) = −J0
t− t0
tw

e−
t−t0
tw

2

(5.17)

where t0 adjusts pulse start time, tw adjusts the duration the pulse, and the coefficient J0 is an

adjustment to the magnitude of the current-density source.

For this simulation, we chose a pulse width that corresponds to a 6 GHz bandwidth tw =

(πbandwidth)−1 = 0.053052 ns and t0 = 4tw ≈ 0.21 ns. The simulation was run on a 300×300×

300 grid with ∆x = ∆y = ∆z = 1 mm for a total of 2000 timesteps with dt calculated to be smaller

than the stability condition as ∆t = 0.9/(c
√

(∆−2
x + ∆−2

y + ∆−2
z )) ≈ 1.73 ps. J0 is defined as

2.0 × 10−3, where the factor of two comes from the differentiation of the Gaussian. Since Jz is

a source for Ez, our main magnetic field components should be in Hx and Hy. Additionally, we

should see the largest A values for Az, the same directional component as E field, and φ. Figure

5.2 shows pulse for these fields and potentials at t = 300∆t ≈ 0.52 ns for FiPo Basic. Results for

FiPo Basic and FiPo Hybrid appear the same for the simulation with reflective boundaries.

In Figure 5.2, we can see the propagation characteristics are the same for both FiPo Basic and

FiPo Hybrid simulations. For both simulations, the wave propagates symmetrically outwards from

the source in the center of the simulation. Since the results for the simualtions are identical for both

methods, Figure 5.3 shows a later timestep of only the FiPo Basic simulation after the wavefront

has reached and reflected from the outer boundary of the simulation. The simulation appears to

remain stable after reflection, indicating field indices at the boundary are implemented correctly.

These results show our set of first order equations propagate waves as expected.
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(a) FiPo Basic
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Figure 5.2: Spatial profile of (top row) Ex, Hx, and Hy, as well as (bottom row) Az and φ for a

differentiated Gaussian current source from Eq. (5.17) at time t = 0.52 ns (300∆t or 9.801tw)

after start of the simulation.
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Figure 5.3: Spatial profile of (top row) Ex, Hx, and Hy, as well as (bottom row) Az and φ for a

differentiated Gaussian current source from Eq. (5.17) at time t = 0.87 ns (500∆t or 16.335tw)

after start of the FiPo Basic simulation.
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5.4 Implementation

One difficulty with implementation is knowing where to define fields and potentials. We know

spatially where they are located on the Yee grid, but we also need to know how to properly ter-

minate our simulation boundary with our defined fields. A table with fields and potentials with

respective positions on the Yee grid, update timestep, array size, and range of updates for the

variable are given in Table 5.2.

Correctly defining the boundary is important. We choose the values on the boundary such

that integer indices are located on the boundary. This has implications for defining array sizes.

Anything with an integer index will have ni grid points. Anything with a half-integer index will

have ni − 1 grid points since they lie in between integer grid points, and integer grid points are on

the boundary.

A variable with a integer-index in a direction will be on the boundary for that direction, and is

set to zero for reflecting boundary conditions. In a direction of an integer-index, the updates are

restricted to 2 : ni − 1 to avoid rewriting the boundary. For the variable φ, all indices are integers,

so it is defined from 1 : ni in all directions and updates inside the boundary from 2 : ni. For Ei,

the dimension for i is a half-integer, so we will can use the range 1 : ni in the i-direction without

overwriting our boundary condition. However, if we take into account array size since it’s a half-

integer, it is only defined for 1 : ni − 1, so those are our update bounds. For the rest, we need to

avoid updating beyond the boundary, so they are 2 : ni − 1. Since A is defined at the same grid

points as E, the update ranges are the same. For H, we follow the same pattern, but two indices

are half-integers and one is integer and on the boundary.
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Field Array Size Update Range

φni,j,k nx, ny, nz 2 : nx − 1, 2 : ny − 1, 2 : nz − 1

En
x i+ 1

2
,j,k

nx − 1, ny, nz 1 : nx − 1, 2 : ny − 1, 2 : nz − 1

En
y i,j+ 1

2
,k

nx, ny − 1, nz 2 : nx − 1, 1 : ny − 1, 2 : nz − 1

En
z i,j,k+ 1

2

nx, ny, nz − 1 2 : nx − 1, 2 : ny − 1, 1 : nz − 1

A
n+ 1

2

x i+ 1
2
,j,k

nx − 1, ny, nz 1 : nx − 1, 2 : ny − 1, 2 : nz − 1

A
n+ 1

2

y i,j+ 1
2
,k

nx, ny − 1, nz 2 : nx − 1, 1 : ny − 1, 2 : nz − 1

A
n+ 1

2

z i,j,k+ 1
2

nx, ny, nz − 1 2 : nx − 1, 2 : ny − 1, 1 : nz − 1

H
n+ 1

2

x i,j+ 1
2
,k+ 1

2

nx, ny − 1, nz − 1 2 : nx − 1, 1 : ny − 1, 1 : nz − 1

H
n+ 1

2

y i+ 1
2
,j,k+ 1

2

nx − 1, ny, nz − 1 1 : nx − 1, 2 : ny − 1, 1 : nz − 1

H
n+ 1

2

z i+ 1
2
,j+ 1

2
,k

nx − 1, ny − 1, nz 1 : nx − 1, 1 : ny − 1, 2 : nz − 1

Table 5.2: Update ranges for FDTD loops and array sizes for fields and potentials updated at the

specified time and position on the Yee grid.
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Chapter 6

Perfectly Matched Layer Absorbing Boundary Conditions

In order to simulate structures in a finite domain, absorbing boundary conditions are necessary

to minimize reflection error. Reflection error happens when waves travel to the boundary of the

simulation and reflect back into the simulation domain. A perfectly matched layer (PML) absorb-

ing boundary layer is a layer of cells generally placed next to the boundary of the simulation that

acts as a material that ”matches” the one in the simulation domain but is designed to absorb waves.

This ”matching” paired with gradual varying of the material properties in the PML allows the

wave to enter and be absorbed without the reflections associated with an abrupt change of material

properties.

Many PML methods have been formulated for FDTD since the original formulation of PML in

Berenger’s split-field PML method [57, 58, 59, 60, 44]. Chew and Weedon formulated a stretched-

coordinate formalism for PML, which is a compact formalism to write Berenger’s split-field [61].

Uniaxial PML (UPML) [62, 63], another common method, has been shown to have equivalent

reflection error to Berenger’s split-field PML [44, 64]. The convolutional PML (CPML) method

has lower reflection error and is more efficient than the above methods [44]. CPML uses the

recursive convolution (RC) technique to handle convolution, and is widely used and efficient, so

we will implement a CPML for our first order equations [56, 65, 44]. Both the auxiliary differential

equation (ADE) [66, 67] and piecewise linear recursive convolution (PLRC) [68, 69] are similar

methods capable of handling the convolution and are used to model dispersive media [44]. Higher-

order CPML, a CPML with additional auxiliary variables, is able to reduce the error with respect

to the original CPML formulation and could be used to lower reflection error as an extension to

CPML [70].
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6.1 Stretched Coordinate Derivation

Stretched coordinates are a common formalism to describe how PMLs absorb [61, 71]. Intro-

ducing a stretched coordinate allows us to have Maxwell’s equations within a PML medium but

have them look like standard Maxwell’s equations just in a complex coordinate system. In order to

introduce this formalism for potentials, we start with the frequency-domain update equations for

both FiPo Hybrid and FiPo Basic

jωε2µφ = −∇ · (εA), (6.1a)

jωεE = ∇×H, (6.1b)

jωA = −E−∇φ, (6.1c)

jωµH = −∇× E, (6.1d)

µH = ∇×A. (6.1e)

Notice that in Equations (6.1a)-(6.1a), no current density has been introduced yet. In order for

fields and potentials to decay in the PML, our system must contain a physical mechanism for fields

and potentials to be absorbed. Electric current density JE contains information about how electric

charges move over time. These charges regulate how the electric field is absorbed and decays.

In order for the PML to cause fields to decay, we must introduce analagous ficticious charges for

both fields and potentials, meaing we must introduce terms for current densities for these charges.

We include the real electric current density JE and the commonly used, but ficticious, magnetic

current density M = JH . Here, we introduce the idea of two additional ficticious quantities: the

magnetic vector potential current density JA and electric potential current density Jφ. We do not

add a ficticious current density to the H update equation for FiPo Hybrid, Equation (6.1e), since

JH contains information about how the ficticious magnetic charges move over time, and there is

no time derivative acting on H.
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jωε2µφ = −∇ · (εA)− Jφ, (6.2a)

jωεE = ∇×H− JE, (6.2b)

jωA = −E−∇φ− JA, (6.2c)

jωµH = −∇× E− JH , (6.2d)

µH = ∇×A. (6.2e)

Next, we need to split fields into components for stretched coordinates sx, sy, sz like in [61].

This is done in order for absorption in each direction to be handled separately. The components

added together should return the original field

φ = φsx + φsy + φsz , (6.3a)

E = Esx + Esy + Esz , (6.3b)

A = AE + Asxx̂+ Asy ŷ + Asz ẑ, (6.3c)

H = Hsx + Hsy + Hsz , (6.3d)

H = Hsx + Hsy + Hsz . (6.3e)

Notice that Equation (6.3c) contains the extra term AE . This difference is due to Equation (6.2c)

containing a term with E with no derivative. Stretched coordinates act with the derivative operator,

and with no operator present, the coordinate cannot be stretched. Equation (6.3c) is unique in ing

this term because A and E are offset in time but not position, so the value for E doesn’t need to

be stretched since it is colocated with A on the lattice. This concept could also be considered in

terms of thinking of current densities as movement of charges over time. Since the value for E and

A are located at the same position, the charges are not moving, meaning the part of A related to E

doesn’t contain information on moving charges.
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Using the components from Equations (6.3a)-(6.3e), the component-separated Equations (6.2a)-

(6.2e) can be written as

jωε2µφsx = −∂x(εAx)− Jφsx , (6.4a)

jωε2µφsy = −∂y(εAy)− Jφsy , (6.4b)

jωε2µφsz = −∂z(εAz)− Jφsz , (6.4c)

jωεEsx = ∂xx̂×H− JEsx , (6.4d)

jωεEsy = ∂yŷ ×H− JEsy , (6.4e)

jωεEsz = ∂zẑ×H− JEsz , (6.4f)

jωAE = −E, (6.4g)

jωAsx = −∂xφ− JAsx , (6.4h)

jωAsy = −∂yφ− JAsy , (6.4i)

jωAsz = −∂zφ− JAsz , (6.4j)

jωεHsx = −∂xx̂× E− JHsx , (6.4k)

jωεHsy = −∂yŷ × E− JHsy , (6.4l)

jωεHsz = −∂zẑ× E− JHsz , (6.4m)

µHsx = ∂xx̂×A, (6.4n)

µHsy = ∂yŷ ×A, (6.4o)

µHsz = ∂zẑ×A. (6.4p)

Since we now have information in the equations on how the charges move in each direction of

the PML, we can introduce how they decay. Electric conductivity represents material absorption of

electric field, we can use this property to introduce a lossy medium and absorb the field. We need

analogous material properties for the all fields and potentials in order to absorb them as well. Here

we introduce a lossy medium with conductivity σE , magnetic loss σH , magnetic vector potential

loss σA, and electric potential loss σφ such that ~JE = σE ~E, ~M = ~JH = σH ~H , ~JA = σA ~A, and
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Jφ = σφφ. We can put these relations into Equations (6.4a)-(6.4p) to obtain

jωε2µφsx = −∂x(εAx)− σφxφsx , (6.5a)

jωε2µφsy = −∂y(εAy)− σφyφsy , (6.5b)

jωε2µφsz = −∂z(εAz)− σφzφsz , (6.5c)

jωεEsx = ∂xx̂×H− σEx Esx , (6.5d)

jωεEsy = ∂yŷ ×H− σEy Esy , (6.5e)

jωεEsz = ∂zẑ×H− σEz Esz , (6.5f)

jωAE = −E, (6.5g)

jωAsx = −∂xφ− σAxAsx , (6.5h)

jωAsy = −∂yφ− σAy Asy , (6.5i)

jωAsz = −∂zφ− σAz Asz , (6.5j)

jωεHsx = −∂xx̂× E− σHx Hsx , (6.5k)

jωεHsy = −∂yŷ × E− σHy Hsy , (6.5l)

jωεHsz = −∂zẑ× E− σHz Hsz , (6.5m)

µHsx = ∂xx̂×A, (6.5n)

µHsy = ∂yŷ ×A, (6.5o)

µHsz = ∂zẑ×A. (6.5p)

In order to give the stretched coordinate a similar form in all equations, we introduce values

of κK where K = E,H,A, or φ. For E and H these values have physical meanings - κE is the

relative electric permittivity and κH is the relative magnetic permeability. The analogous values

we introduce for A and φ don’t have the same direct physical meaning but are denoted κA and

κφ. Values of κK written in terms of materials properties are ε = ε0κ
E , µ = µ0κ

H , 1 = κA, and

ε2µ = ε20µ0κ
φ. We know that the physically, higher values of relative permittivity κE slow the

propagation of the electric field in a material. Higher values for the relative permeability κH also

slow the propagation of the magnetic field in a material. This tells us that increases in κK , as a
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material property, slows the propagation of the wave for the value it corresponds to. In the PML,

defining a κK is beneficial because by slowing the wave, the wave spends more time in the lossy

region in which the wave decays. However, if κK changes abruptly, there is risk of reflections at

the boundary. We can simplify Equations (6.5a)-(6.5p) by moving the conductivity term to the left
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side and introducing κ

ε20µ0jω

(
κφx +

σφx
jωε20µ0

)
φsx = −∂x(εAx), (6.6a)

ε20µ0jω

(
κφy +

σφy
jωε20µ0

)
φsy = −∂y(εAy), (6.6b)

ε20µ0jω

(
κφz +

σφz
jωε20µ0

)
φsz = −∂z(εAz), (6.6c)

ε0jω

(
κEx +

σEx
jωε0

)
Esx = ∂xx̂×H, (6.6d)

ε0jω

(
κEy +

σEy
jωε0

)
Esy = ∂yŷ ×H, (6.6e)

ε0jω

(
κEz +

σEz
jωε0

)
Esz = ∂zẑ×H, (6.6f)

jωAE = −E, (6.6g)

jω

(
κAx +

σAx
jω

)
Asx = −∂xφ, (6.6h)

jω

(
κAy +

σAy
jω

)
Asy = −∂yφ, (6.6i)

jω

(
κAz +

σAz
jω

)
Asz = −∂zφ, (6.6j)

µ0jω

(
κHx +

σHx
jωµ0

)
Hsx = −∂xx̂× E, (6.6k)

µ0jω

(
κHy +

σHy
jωµ0

)
Hsy = −∂yŷ × E, (6.6l)

µ0jω

(
κHz +

σHz
jωµ0

)
Hsz = −∂zẑ× E, (6.6m)

µHsx = ∂xx̂×A, (6.6n)

µHsy = ∂yŷ ×A, (6.6o)

µHsz = ∂zẑ×A. (6.6p)

Here, we introduce the definition for stretched coordinate. The variable terms for sEν include

the electric permittivity and the conductivity.
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sφν = κφν +
σφν

jωε20µ0

, ν = x, y, z, (6.7a)

sEν = κEν +
σEν
jωε0

, ν = x, y, z, (6.7b)

sAν = κAν +
σAν
jω
, ν = x, y, z, (6.7c)

sHν = κHν +
σHν
jωµ0

, ν = x, y, z. (6.7d)

Now, we introduce the stretched coordinate into our equations and move the stretched coordi-

nate term to the side with the spatial derivative.
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ε2µjωφsx = − 1

sφx
∂x (εAx) , (6.8a)

ε2µjωφsy = − 1

sφy
∂y (εAy) , (6.8b)

ε2µjωφsz = − 1

sφz
∂z (εAz) , (6.8c)

εjωEsx =
1

sEx
∂xx̂×H, (6.8d)

εjωEsy =
1

sEy
∂yŷ ×H, (6.8e)

εjωEsz =
1

sEz
∂zẑ×H, (6.8f)

jωAE = −E, (6.8g)

jωAsx = − 1

sAx
∂xφ, (6.8h)

jωAsy = − 1

sAy
∂yφ, (6.8i)

jωAsz = − 1

sAz
∂zφ, (6.8j)

εjωHsx = − 1

sHx
∂xx̂× E, (6.8k)

εjωHsy = − 1

sHy
∂yŷ × E, (6.8l)

εjωHsz = − 1

sHz
∂zẑ× E, (6.8m)

µHsx = ∂xx̂×A, (6.8n)

µHsy = ∂yŷ ×A, (6.8o)

µHsz = ∂zẑ×A. (6.8p)

From here, we can recombine the field components into the full fields in terms of the stretched

coordinate. We want to see this form of the stretched coordinate because all operators 1
sKi

are

paired with a spatial derivate ∂i. In this form, applying the stretched coordinate is like making an

adjustment to the spatial derivate operator.
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ε2µjωφ = − 1

sφx
∂x(εAx)−

1

sφy
∂y(εAy)−

1

sφz
∂z(εAz), (6.9a)

εjωEsx =
1

sEx
∂xx̂×H +

1

sEy
∂yŷ ×H +

1

sEz
∂zẑ×H, (6.9b)

jωAE = −E− 1

sAx
∂xφ−

1

sAy
∂yφ−

1

sAz
∂zφ, (6.9c)

εjωHsx = − 1

sHx
∂xx̂× E− 1

sHy
∂yŷ × E− 1

sHz
∂zẑ× E, (6.9d)

µHsx = ∂xx̂×A + ∂yŷ ×A + ∂zẑ×A. (6.9e)

We can define a streched coordinate form of the operater∇ as

∇K
s =

1

sKx
∂xx̂ +

1

sKy
∂yŷ +

1

sKz
∂zẑ. (6.10)

This leaves us with FiPo equations with stretched coordinate operators in the frequency domain

jωε2µφ = −∇φ
s · (εA), (6.11a)

jωεE = ∇E
s ×H, (6.11b)

jωA = −E−∇A
s φ, (6.11c)

jωµH = −∇H
s × E, (6.11d)

µH = ∇×A. (6.11e)

From here, we can introduce the stretched coordinate used in [56]. A shift in the frequency-

dependent pole was introduced by [72] and aids in the absorption of evanescent waves. Evanescent

waves are a source of numerical error in the PML [73]. We introduce an α in our stretched coordi-

nates for each quantity
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sφν = κφν +
σφν

αφ + jωε20µ0

, ν = x, y, z, (6.12a)

sEν = κEν +
σEν

αE + jωε0
, ν = x, y, z, (6.12b)

sAν = κAν +
σAν

αA + jω
, ν = x, y, z, (6.12c)

sHν = κHν +
σHν

αH + jωµ0

, ν = x, y, z. (6.12d)

We can simplify the above to the complex frequency-shifted (CFS) tensor coefficient [60, 56,

44],

sKν = κKν +
σ̄ν

K

ᾱK + jω
, ν = x, y, z, (6.13)

where we define bar values as

σ̄ν
φ =

σφν
ε20µ0

, (6.14a)

σ̄ν
E =

σEν
ε0
, (6.14b)

σ̄ν
H =

σHν
µ0

, (6.14c)

σ̄ν
A = σAν , (6.14d)

ᾱν
φ =

αφν
ε20µ0

, (6.14e)

ᾱν
E =

αEν
ε0
, (6.14f)

ᾱν
H =

αHν
µ0

, (6.14g)

ᾱν
A = αAν . (6.14h)

A PML using the CFS tensor coefficient in the stretched coordinate is typically called a CFS-PML.

One thing to also note is that FiPo Hybrid equations imply the following vector identity:

∇K
s · ∇ ×A = 0. (6.15)
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The identity in Equation (6.15) should hold because we can expand this relation to be

1

sK
(∇ · ∇ ×A) = 0 (6.16)

where∇ · ∇ ×A = 0 is a known vector identity.

6.2 Convolutional Perfectly Matched Layer (CPML) Derivation

Since we understand how coordinate stretching relates to our new FDTD update equaions,

we are able to derive a PML absorbing boundary layer to attenuate the fields and potentials. We

will derive the update equations for a convolutional PML (CPML) [56]. The CPML in [56] was

originally formulated for fields, but we show that this method can also be applied to potentials.

The stretched coordinate for a CFS-PML in frequency-domain is given in Equation (6.13) as

sKν = κKν +
σ̄ν

K

ᾱK + jω
, ν = x, y, z, (6.17)

where K denotes which field or potential E,H,A, or φ the values κ, σ̄, and ᾱ relate to. Taking the

inverse Fourier transform, as in [56], we can utilize Laplace transform theory to obtain

s̄Kν (t) =
δ(t)

κKν
− σ̄Kν

(κKν )2
exp

[
−
(
σ̄Kν
κKν

+ ᾱKν

)
t

]
u(t), (6.18)

which we can write as

s̄Kν (t) =
δ(t)

κKν
+ ξKν (t), (6.19)

where u(t) is a Heaviside step function and δ(t) is the Dirac delta function, also referred to as the

impulse function.

We can start from Equations (6.11a)-(6.11e), the FiPo update equations in the frequency-

domain,

jωε2µφ = −∇φ
s · (εA), (6.20a)

jωεE = ∇E
s ×H, (6.20b)

jωA = −E−∇A
s φ, (6.20c)

jωµH = −∇H
s × E, (6.20d)

µH = ∇×A. (6.20e)
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For the CPML derivation, we will look only at the x-component for vector-valued fields and

potentials. We can transform Equations (6.20a)-(6.20e) back into the time domain where ~ denotes

a convolution

ε2µ∂tφ = −
(
s̄φx ~ ∂x (εAx) + s̄φy ~ ∂y (εAy) + s̄φz ~ ∂z (εAz)

)
, (6.21a)

ε∂tEx + σEx = s̄Ey ~ ∂yHz − s̄Ez ~ ∂zHy, (6.21b)

∂tAx = −Ex − s̄Ax ~ ∂xφ, (6.21c)

µ∂tHx = s̄Hz ~ ∂zEy − s̄Hy ~ ∂yEz, (6.21d)

µHx = ∂yAz − ∂zAy. (6.21e)

By applying the definition for s from Equation (6.19) to Equations (6.21a)-(6.21e) gives

ε2µ∂tφ = −
(

1

κφx
∂x (εAx) +

1

κφy
∂y (εAy) +

1

κφz
∂z (εAz) (6.22a)

+ ξφx ~ ∂x (εAx) + ξφy ~ ∂y (εAy) + ξφz ~ ∂z (εAz)

)
,

ε∂tEx + σEx =
1

κEy
∂yHz −

1

κEz
∂zHy (6.22b)

+ ξEy ~ ∂yHz − ξEz ~ ∂zHy,

∂tAx = −Ex −
1

κAx
∂xφ− ξAx ~ ∂xφ, (6.22c)

µ∂tHx =
1

κHz
∂zEy −

1

κHy
∂yEz (6.22d)

+ ξHz ~ ∂zEy − ξHy ~ ∂yEz,

µHx = ∂yAz − ∂zAy. (6.22e)

In order to discretize our equations containing the convolution, we need to define the discrete

impulse response of ξν as

ZK
ν (m) =

∫ (m+1)∆t

m∆t

ξν(τ)dτ, (6.23a)

= − σ̄ν
K

(κKν )2

∫ (m+1)∆t

m∆t

exp

[
−
(
σ̄ν

K

κKν
+ ᾱKν

)
τ

]
dτ, (6.23b)

= aν exp

[(
σ̄ν
κν

+ ᾱν

)
m∆t

]
, (6.23c)
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where

aKν =
σ̄Kν

σ̄Kν κ
K
ν + (κKν )2ᾱKν

(
exp

[
−
(
σ̄Kν
κKν

+ ᾱKν

)
∆t

]
− 1.0

)
. (6.24)

Note that Equation (6.22e) contains no convolution, so we will drop it out of the derivation.

Using Equations (6.23c) and (6.24), we can discretize Equations (6.22a)-(6.22d) as

ε2µ

∆t

(φn+1
i,j,k − φ

n
i,j,k) = (6.25a)

−
(

1

κφx∆x

∂x

(
εi+ 1

2
,j,kA

n+ 1
2

x i+ 1
2
,j,k
− εi− 1

2
,j,kA

n+ 1
2

x i− 1
2
,j,k

)
+

1

κφy∆y

∂y

(
εi,j+ 1

2
,kA

n+ 1
2

y i,j+ 1
2
,k
− εi,j− 1

2
,kA

n+ 1
2

y i,j− 1
2
,k

)
+

1

κφz∆z

∂z

(
εi,j,k+ 1

2
A
n+ 1

2

z i,j,k+ 1
2

− εi,j,k− 1
2
A
n+ 1

2

z i,j,k− 1
2

)
+

N−1∑
m=0

Zφ
x (m)

1

∆x

(
εi+ 1

2
,j,kA

n−m+ 1
2

x i+ 1
2
,j,k
− εi− 1

2
,j,kA

n−m+ 1
2

x i− 1
2
,j,k

)
+

N−1∑
m=0

Zφ
y (m)

1

∆y

(
εi,j+ 1

2
,kA

n−m+ 1
2

y i,j+ 1
2
,k
− εi,j− 1

2
,kA

n−m+ 1
2

y i,j− 1
2
,k

)
+

N−1∑
m=0

Zφ
z (m)

1

∆z

(
εi,j,k+ 1

2
A
n−m+ 1

2

z i,j,k+ 1
2

− εi,j,k− 1
2
A
n−m+ 1

2

z i,j,k− 1
2

))
,

εrε0
∆t

(
En+1
x i+ 1

2
,j,k
− En

x i+ 1
2
,j,k

)
+
σ

2

(
En+1
x i+ 1

2
,j,k

+ En
x i+ 1

2
,j,k

)
= (6.25b)

1

κEy ∆y

(
H
n+ 1

2

z i+ 1
2
,j+ 1

2
,k
−Hn+ 1

2

z i+ 1
2
,j− 1

2
,k

)
− 1

κEz ∆z

(
H
n+ 1

2

y i+ 1
2
,j,k+ 1

2

−Hn+ 1
2

y i+ 1
2
,j,k− 1

2

)
+

N−1∑
m=0

ZE
y (m)

1

∆y

(
H
n−m+ 1

2

z i+ 1
2
,j+ 1

2
,k
−Hn−m+ 1

2

z i+ 1
2
,j− 1

2
,k

)
−

N−1∑
m=0

ZE
z (m)

1

∆z

(
H
n−m+ 1

2

y i+ 1
2
,j,k+ 1

2

−Hn−m+ 1
2

y i+ 1
2
,j,k− 1

2

)
,
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1

∆t

(
A
n+ 1

2

x i+ 1
2
,j,k
− An−

1
2

x i+ 1
2
,j,k

)
= (6.25c)

− En
x i+ 1

2
,j,k
− 1

κAx∆x

(
φni+1,j,k − φni,j,k

)
−

N−1∑
m=0

ZA
x (m)

1

∆x

(
φn−mi+1,j,k − φ

n−m
i,j,k

)
,

µrµ0

∆t

(
H
n+ 1

2

x i,j+ 1
2
,k+ 1

2

−Hn− 1
2

x i,j+ 1
2
,k+ 1

2

)
= (6.25d)

1

κHz ∆z

(
En
y i,j+ 1

2
,k+1
− En

y i,j+ 1
2
,k

)
− 1

κHy ∆y

(
En
z i,j+1,k+ 1

2
− En

z i,j,k+ 1
2

)
+

N−1∑
m=0

ZH
z (m)

1

∆z

(
En−m
y i,j+ 1

2
,k+1
− En−m

y i,j+ 1
2
,k

)
−

N−1∑
m=0

ZH
y (m)

1

∆y

(
En−m
z i,j+1,k+ 1

2

− En−m
z i,j,k+ 1

2

)
.

The details of discretizing the equations can be found in [74]. However, in their current form, the

discrete sums that evaluate the convolution would be expensive to perform. In order to reduce the

computational cost of these sums, we can utilize the recursive convolution (RC) method [75, 76].

The RC convolution method works by introducing an auxiliary variable ψ that is updated in order to

recursively evaluate the convolution summation. The update equations with the auxiliary variables

are written as

ε2µ

∆t

(
φn+1
i,j,k − φ

n
i,j,k

)
= (6.26a)

−
(

1

κφx∆x

(
εi+ 1

2
,j,kA

n+ 1
2

x i+ 1
2
,j,k
− εi− 1

2
,j,kA

n+ 1
2

x i− 1
2
,j,k

)
+

1

κφy∆y

(
εi,j+ 1

2
,kA

n+ 1
2

y i,j+ 1
2
,k
− εi,j− 1

2
,kA

n+ 1
2

y i,j− 1
2
,k

)
+

1

κφz∆z

(
εi,j,k+ 1

2
A
n+ 1

2

z i,j,k+ 1
2

− εi,j,k− 1
2
A
n+ 1

2

z i,j,k− 1
2

)
+ ψ

n+ 1
2

φ x i,j,k + ψ
n+ 1

2
φ y i,j,k + ψ

n+ 1
2

φ z i,j,k

)
,
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εrε0
∆t

(
En+1
x i+ 1

2
,j,k
− En

x i+ 1
2
,j,k

)
= (6.26b)

+
σ

2

(
En+1
x i+ 1

2
,j,k

+ En
x i+ 1

2
,j,k

)
=

1

κEy ∆y

(
H
n+ 1

2

z i+ 1
2
,j+ 1

2
,k
−Hn+ 1

2

z i+ 1
2
,j− 1

2
,k

)
− 1

κEz ∆z

(
H
n+ 1

2

y i+ 1
2
,j,k+ 1

2

−Hn+ 1
2

y i+ 1
2
,j,k− 1

2

)
+ ψ

n+ 1
2

E xy i+ 1
2
,j,k
− ψn+ 1

2

E xz i+ 1
2
,j,k
,

1

∆t

(
A
n+ 1

2

x i+ 1
2
,j,k
− An−

1
2

x i+ 1
2
,j,k

)
= (6.26c)

− En
x i+ 1

2
,j,k
− 1

κAx∆x

(
φni+1,j,k − φni,j,k

)
− ψn

A x i+ 1
2
,j,k
,

µrµ0

∆t

(
H
n+ 1

2

x i,j+ 1
2
,k+ 1

2

−Hn− 1
2

x i,j+ 1
2
,k+ 1

2

)
= (6.26d)

1

κHz ∆z

(
En
y i,j+ 1

2
,k+1
− En

y i,j+ 1
2
,k

)
− 1

κHy ∆y

(
En
z i,j+1,k+ 1

2
− En

z i,j,k+ 1
2

)
+ ψn

H xz i,j+ 1
2
,k+ 1

2
− ψn

H xy i,j+ 1
2
,k+ 1

2
.

Notice that the auxiliary variable for φ in Equation (6.26a) only contains one subscript component

in the notation. We do this as a convenience to due to the partial derivative always being taken

for the respective component of the potential. This means we write the auxiliary variables for φ as

ψφ xx = ψφ x. For other auxiliary variables, the first subscript is component of field updated and

the second subscript is the component of the partial derivative. The update equations for E and H

require a total of six auxiliary variables total (two per component), A requires three, and φ requires

three. The auxiliary update equations needed for Equations (6.26a)-(6.26d) are written as

ψ
n+ 1

2
φ x i,j,k =bφxψ

n− 1
2

φ x i,j,k (6.27a)

+aφx
1

∆x

(
εi+ 1

2
,j,kA

n+ 1
2

x i+ 1
2
,j,k
− εi− 1

2
,j,kA

n+ 1
2

x i− 1
2
,j,k

)
,
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ψ
n+ 1

2
φ y i,j,k =bφyψ

n− 1
2

φ y i,j,k (6.27b)

+aφy
1

∆y

(
εi,j+ 1

2
,kA

n+ 1
2

y i,j+ 1
2
,k
− εi,j− 1

2
,kA

n+ 1
2

y i,j− 1
2
,k

)
,

ψ
n+ 1

2
φ z i,j,k =bφzψ

n− 1
2

φ z i,j,k (6.27c)

+aφz
1

∆z

(
εi,j,k+ 1

2
A
n+ 1

2

z i,j,k+ 1
2

− εi,j,k− 1
2
A
n+ 1

2

z i,j,k− 1
2

)
,

ψ
n+ 1

2

E xy i+ 1
2
,j,k

=bEy ψ
n− 1

2

E xy i+ 1
2
,j,k

(6.27d)

+aEy
1

∆y

(
H
n+ 1

2

z i+ 1
2
,j+ 1

2
,k
−Hn+ 1

2

z i+ 1
2
,j− 1

2
,k

)
,

ψ
n+ 1

2

E xz i+ 1
2
,j,k

=bEz ψ
n− 1

2

E xz i+ 1
2
,j,k

(6.27e)

+aEz
1

∆z

(
H
n+ 1

2

y i+ 1
2
,j,k+ 1

2

−Hn+ 1
2

y i+ 1
2
,j,k− 1

2

)
,

ψn
A x i+ 1

2
,j,k

=bAxψ
n−1
A x i+ 1

2
,j,k

(6.27f)

+aAx
1

∆x

(
φni+1,j,k − φni,j,k

)
, (6.27g)

ψn
H xy i,j+ 1

2
,k+ 1

2
=bHy ψ

n−1
H xy i,j+ 1

2
,k+ 1

2

(6.27h)

+aHy
1

∆y

(
En
z i,j+1,k+ 1

2
− En

z i,j,k+ 1
2

)
,

ψn
H xz i,j+ 1

2
,k+ 1

2
=bHz ψ

n−1
H xz i,j+ 1

2
,k+ 1

2

(6.27i)

+aHz
1

∆z

(
En
y i,j+ 1

2
,k+1
− En

y i,j+ 1
2
,k

)
,

where

aKν =
σ̄Kν

σ̄Kν κ
K
ν + (κKν )2 ᾱKν

(
bKν − 1.0

)
, (6.28a)

bKν = exp

[
−
(
σ̄Kν
κKν

+ ᾱKν

)
∆t

]
. (6.28b)
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Method E ψE H ψH A ψA φ ψφ Total

Conventional FDTD 3 6 3 6 0 0 0 0 18

FiPo Basic 3 6 3 6 3 3 1 3 28

FiPo Hybrid 3 6 3 0 3 3 1 3 22

Table 6.1: Required number of arrays for storing fields, potentials, and auxiliary variables for

conventional FDTD, FiPo Basic, and FiPo Hybrid.

The update equations for the components of E, H, and A not written here can be derived similarly.

The amount of memory required by the algorithm depends on the number of fields that have

to be stored. The number of fields includes the components of each field as well as each auxiliary

variable needed for field decay in the PML. Table 6.1 lists the number of variables required to be

stored in each method. Conventional FDTD requires a total of 18 varaibles. FiPo Basic requires

10 additional fields from conventional FDTD, including fields for A and φ and the associated

auxiliary variables, for a total of 28. FiPo Hybrid requires 6 less variables than FiPo Basic due to

the removal of auxiliary variables for H.

6.2.1 All CPML Update Equations

For reference and completeness, all CPML update equations for fields, potentials, and their

auxiliary variables are given here.
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6.2.1.1 Fields and Potentials

The PML update equation for φ is

ε2µ

∆t

(
φn+1
i,j,k − φ

n
i,j,k

)
= (6.29)

−
(

1

κφx∆x

(
εi+ 1

2
,j,kA

n+ 1
2

x i+ 1
2
,j,k
− εi− 1

2
,j,kA

n+ 1
2

x i− 1
2
,j,k

)
+

1

κφy∆y

(
εi,j+ 1

2
,kA

n+ 1
2

y i,j+ 1
2
,k
− εi,j− 1

2
,kA

n+ 1
2

y i,j− 1
2
,k

)
+

1

κφz∆z

(
εi,j,k+ 1

2
A
n+ 1

2

z i,j,k+ 1
2

− εi,j,k− 1
2
A
n+ 1

2

z i,j,k− 1
2

)
+ ψ

n+ 1
2

φ x i,j,k + ψ
n+ 1

2
φ y i,j,k + ψ

n+ 1
2

φ z i,j,k

)
.

The PML update equations for E are

εrε0
∆t

(
En+1
x i+ 1

2
,j,k
− En

x i+ 1
2
,j,k

)
= (6.30a)

+
σ

2

(
En+1
x i+ 1

2
,j,k

+ En
x i+ 1

2
,j,k

)
=

1

κEy ∆y

(
H
n+ 1

2

z i+ 1
2
,j+ 1

2
,k
−Hn+ 1

2

z i+ 1
2
,j− 1

2
,k

)
− 1

κEz ∆z

(
H
n+ 1

2

y i+ 1
2
,j,k+ 1

2

−Hn+ 1
2

y i+ 1
2
,j,k− 1

2

)
+ ψ

n+ 1
2

E xy i+ 1
2
,j,k
− ψn+ 1

2

E xz i+ 1
2
,j,k
,

εrε0
∆t

(
En+1
y i,j+ 1

2
,k
− En

y i,j+ 1
2
,k

)
= (6.30b)

+
σ

2

(
En+1
y i,j+ 1

2
,k

+ En
y i,j+ 1

2
,k

)
=

1

κEz ∆z

(
H
n+ 1

2

x i,j+ 1
2
,k+ 1

2

−Hn+ 1
2

x i,j+ 1
2
,k− 1

2

)
− 1

κEx ∆x

(
H
n+ 1

2

z i+ 1
2
,j+ 1

2
,k
−Hn+ 1

2

z i− 1
2
,j+ 1

2
,k

)
+ ψ

n+ 1
2

E yz i,j+ 1
2
,k
− ψn+ 1

2

E yx i,j+ 1
2
,k
,
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εrε0
∆t

(
En+1
z i,j,k+ 1

2

− En
z i,j,k+ 1

2

)
= (6.30c)

+
σ

2

(
En+1
z i,j,k+ 1

2

+ En
z i,j,k+ 1

2

)
=

1

κEx ∆x

(
H
n+ 1

2

y i+ 1
2
,j,k+ 1

2

−Hn+ 1
2

y i− 1
2
,j,k+ 1

2

)
− 1

κEy ∆y

(
H
n+ 1

2

x i,j+ 1
2
,k+ 1

2

−Hn+ 1
2

x i,j− 1
2
,k+ 1

2

)
+ ψ

n+ 1
2

E zx i,j,k+ 1
2

− ψn+ 1
2

E zy i,j,k+ 1
2

.

The PML update equations for A are

1

∆t

(
A
n+ 1

2

x i+ 1
2
,j,k
− An−

1
2

x i+ 1
2
,j,k

)
= (6.31a)

− En
x i+ 1

2
,j,k
− 1

κAx∆x

(
φni+1,j,k − φni,j,k

)
− ψn

A x i+ 1
2
,j,k
,

1

∆t

(
A
n+ 1

2

y i,j+ 1
2
,k
− An−

1
2

y i,j+ 1
2
,k

)
= (6.31b)

− En
y i,j+ 1

2
,k
− 1

κAy ∆y

(
φni,j+1,k − φni,j,k

)
− ψn

A y i,j+ 1
2
,k
,

1

∆t

(
A
n+ 1

2

z i,j,k+ 1
2

− An−
1
2

z i,j,k+ 1
2

)
= (6.31c)

− En
z i,j,k+ 1

2
− 1

κAz ∆z

(
φni,j,k+1 − φni,j,k

)
− ψn

A z i,j,k+ 1
2
.

The PML update equations for H for FiPo Basic are

µrµ0

∆t

(
H
n+ 1

2

x i,j+ 1
2
,k+ 1

2

−Hn− 1
2

x i,j+ 1
2
,k+ 1

2

)
= (6.32a)

1

κHz ∆z

(
En
y i,j+ 1

2
,k+1
− En

y i,j+ 1
2
,k

)
− 1

κHy ∆y

(
En
z i,j+1,k+ 1

2
− En

z i,j,k+ 1
2

)
+ ψn

H xz i,j+ 1
2
,k+ 1

2
− ψn

H xy i,j+ 1
2
,k+ 1

2
,



101

µrµ0

∆t

(
H
n+ 1

2

y i+ 1
2
,j,k+ 1

2

−Hn− 1
2

y i+ 1
2
,j,k+ 1

2

)
= (6.32b)

1

κHx ∆x

(
En
z i+1,j,k+ 1

2
− En

z i,j,k+ 1
2

)
− 1

κHz ∆z

(
En
x i+ 1

2
,j,k+1

− En
z i,j,k+ 1

2

)
+ ψn

H yx i+ 1
2
,j,k+ 1

2
− ψn

H yz i+ 1
2
,j,k+ 1

2
,

µrµ0

∆t

(
H
n+ 1

2

z i+ 1
2
,j+ 1

2
,k
−Hn− 1

2

z i+ 1
2
,j+ 1

2
,k

)
= (6.32c)

1

κHy ∆y

(
En
x i+ 1

2
,j+1,k

− En
x i+ 1

2
,j,k

)
− 1

κHx ∆x

(
En
y i+1,j+ 1

2
,k+ 1

2
− En

y i,j+ 1
2
,k

)
+ ψn

H zy i+ 1
2
,j+ 1

2
,k
− ψn

H zx i+ 1
2
,j+ 1

2
,k
.

The PML update equations for H for FiPo Hybrid do not exist because no PML is implemented

for the FiPo Hybrid H update due to the lack of time derivative.

6.2.1.2 Auxiliary Variables

The auxiliary equations for φ are

ψ
n+ 1

2
φ x i,j,k =bφx iψ

n− 1
2

φ x i,j,k (6.33a)

+aφx i
1

∆x

(
εi+ 1

2
,j,kA

n+ 1
2

x i+ 1
2
,j,k
− εi− 1

2
,j,kA

n+ 1
2

x i− 1
2
,j,k

)
,

ψ
n+ 1

2
φ y i,j,k =bφy jψ

n− 1
2

φ x i,j,k (6.33b)

+aφy j
1

∆y

(
εi,j+ 1

2
,kA

n+ 1
2

y i,j+ 1
2
,k
− εi,j− 1

2
,kA

n+ 1
2

y i,j− 1
2
,k

)
,

ψ
n+ 1

2
φ z i,j,k =bφz kψ

n− 1
2

φ x i,j,k (6.33c)

+aφz k
1

∆z

(
εi,j,k+ 1

2
A
n+ 1

2

z i,j,k+ 1
2

− εi,j,k− 1
2
A
n+ 1

2

z i,j,k− 1
2

)
.
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The auxiliary equations for E are

ψ
n+ 1

2

E xy i+ 1
2
,j,k

=bEy jψ
n− 1

2

E xy i+ 1
2
,j,k

(6.34a)

+aEy j
1

∆y

(
H
n+ 1

2

z i+ 1
2
,j+ 1

2
,k
−Hn+ 1

2

z i+ 1
2
,j− 1

2
,k

)
,

ψ
n+ 1

2

E xz i+ 1
2
,j,k

=bEz kψ
n− 1

2

E xz i+ 1
2
,j,k

(6.34b)

+aEz k
1

∆z

(
H
n+ 1

2

y i+ 1
2
,j,k+ 1

2

−Hn+ 1
2

y i+ 1
2
,j,k− 1

2

)
,

ψ
n+ 1

2

E yx i,j+ 1
2
,k

=bEx iψ
n− 1

2

E xy i,j+ 1
2
,k

(6.34c)

+aEx i
1

∆x

(
H
n+ 1

2

z i+ 1
2
,j+ 1

2
,k
−Hn+ 1

2

z i− 1
2
,j+ 1

2
,k

)
,

ψ
n+ 1

2

E yz i,j+ 1
2
,k

=bEz kψ
n− 1

2

E xz i,j+ 1
2
,k

(6.34d)

+aEz k
1

∆z

(
H
n+ 1

2

x i,j+ 1
2
,k+ 1

2

−Hn+ 1
2

x i,j+ 1
2
,k− 1

2

)
,

ψ
n+ 1

2

E zx i,j,k+ 1
2

=bEx iψ
n− 1

2

E xy i,j,k+ 1
2

(6.34e)

+aEx i
1

∆x

(
H
n+ 1

2

y i+ 1
2
,j,k+ 1

2

−Hn+ 1
2

y i− 1
2
,j,k+ 1

2

)
,

ψ
n+ 1

2

E zy i,j,k+ 1
2

=bEy jψ
n− 1

2

E xz i,j,k+ 1
2

(6.34f)

+aEy j
1

∆y

(
H
n+ 1

2

x i,j+ 1
2
,k+ 1

2

−Hn+ 1
2

x i,j− 1
2
,k+ 1

2

)
.

The auxiliary equations for A are

ψn
A x i+ 1

2
,j,k

=bA
x i+ 1

2
ψn−1
A x i+ 1

2
,j,k

(6.35a)

+aA
x i+ 1

2

1

∆x

(
φni+1,j,k − φni,j,k

)
,

ψn
A y i,j+ 1

2
,k

=bA
y j+ 1

2
ψn−1
A y i,j+ 1

2
,k

(6.35b)

+aA
y j+ 1

2

1

∆y

(
φni,j+1,k − φni,j,k

)
,
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ψn
A z i,j,k+ 1

2
=bA

z k+ 1
2
ψn−1
A z i,j,k+ 1

2

(6.35c)

+aA
z k+ 1

2

1

∆z

(
φni,j,k+1 − φni,j,k

)
.

The auxiliary equations for H are

ψn
H xy i,j+ 1

2
,k+ 1

2
=bH

y j+ 1
2
ψn−1
H xy i,j+ 1

2
,k+ 1

2

(6.36a)

+aH
y j+ 1

2

1

∆y

(
En
z i,j+1,k+ 1

2
− En

z i,j,k+ 1
2

)
,

ψn
H xz i,j+ 1

2
,k+ 1

2
=bH

z k+ 1
2
ψn−1
H xz i,j+ 1

2
,k+ 1

2

(6.36b)

+aH
z k+ 1

2

1

∆z

(
En
y i,j+ 1

2
,k+1
− En

y i,j+ 1
2
,k

)
,

ψn
H yx i+ 1

2
,j,k+ 1

2
=bH

x i+ 1
2
ψn−1
H yx i+ 1

2
,j,k+ 1

2

(6.36c)

+aH
x i+ 1

2

1

∆x

(
En
z i+1,j,k+ 1

2
− En

z i,j,k+ 1
2

)
,

ψn
H yz i+ 1

2
,j,k+ 1

2
=bH

z k+ 1
2
ψn−1
H yz i+ 1

2
,j,k+ 1

2

(6.36d)

+aH
z k+ 1

2

1

∆z

(
En
x i+ 1

2
,j,k+1

− En
x i+ 1

2
,j,k

)
,

ψn
H zx i+ 1

2
,j+ 1

2
,k

=bH
x i+ 1

2
ψn−1
H zx i+ 1

2
,j+ 1

2
,k

(6.36e)

+aH
x i+ 1

2

1

∆x

(
En
y i+1,j+ 1

2
,k+1
− En

y i,j+ 1
2
,k

)
,

ψn
H zy i+ 1

2
,j+ 1

2
,k

=bH
y j+ 1

2
ψn−1
H zy i+ 1

2
,j+ 1

2
,k

(6.36f)

+aH
y j+ 1

2

1

∆y

(
En
x i+ 1

2
,j+1,k+ 1

2
− En

x i+ 1
2
,j,k+ 1

2

)
.

For these equations,

aKν =
σ̄Kν

σ̄Kν κ
K
ν + (κKν )2 ᾱKν

(
bKν − 1.0

)
, (6.37a)

bKν = exp

[
−
(
σ̄Kν
κKν

+ ᾱKν

)
∆t

]
. (6.37b)
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6.3 Relationship Between Parameters for Perfectly Matched Layer

Implementation of a CPML typically involves utilizing the same values for CPML parameters

for both E and H fields offset by a half position step [44]. The ability to define the CPML param-

eters with only one set of variables is a consequence of impedance matching. Here, we show this

relation holds for the potentials in the FiPo algorithm.

6.3.1 Fields in a Lossy Half Space

The first step in PML analysis is to find and minimize the reflection coefficient. In order to

minimize the reflection coefficient, we need to define the fields and potentials in a system that

models waves from the simulation region impinging on the PML. We model this by defining a

wave incident on a lossy half space like in Taflove and Hagness [44]. Region I is lossless and is

characterized by µ1 and ε1. Region II is lossy and characterized by µ2 = κHµ0 and ε2 = κEε0

as well as conductivity σE and loss values for each other field and potential σH , σA, and σφ. The

boundary between Region I and II is at x = 0, where Region I is defined for x < 0 and Region

II is defined for x > 0. The incoming wave is TEz-polarized at an arbitrary angle θ relative to the

x-axis.

The magnetic field for a TEz-polarized wave in Region I can be written as

HI
z = H0

(
1 + Γe2jβ1xx

)
e−jβ1xx−jβ1yy, (6.38)

where Γ is the reflection coefficient and β is the propagation constant. Using Ampere’s law, we

can use Equation (6.38) to solve for the components of the electric field E in Region I, resulting in

EI
x = − 1

ωε1
β1yH0

(
1 + Γe2jβ1xx

)
e−jβ1xx−jβ1yy, (6.39a)

EI
y =

1

ωε1
β1xH0

(
1− Γe2jβ1xx

)
e−jβ1xx−jβ1yy, (6.39b)

The magnetic field with loss for a TEz-polarized wave in Region II can be written as

HII
z = H0τe

−jβ2xx−jβ2yy (6.40)



105

where τ is the transmission coefficient. Using Ampere’s law again, we can use Equation (6.40) to

solve for the components of electric field E in Region II, resulting in

EII
x = − 1

ωε0

1

sEx
β2yH0τe

−jβ2xx−jβ2yy, (6.41a)

EII
y =

1

ωε0

1

sEy
β2xH0τe

−jβ2xx−jβ2yy. (6.41b)

These fields are fairly common and given in [44]. In order to examine FiPo equations, however, we

have to use these fields to derive the corresponding potentials. For Region I, we can use Equations

(6.38), (6.39a), and (6.39b) to derive values for A from the definition of H in terms of A, Equation

(2.6), which gives us

AIx = −H0

2

jµ1

β1y

(
1 + Γe2jβ1xx

)
e−jβ1xx−jβ1yy, (6.42a)

AIy =
H0

2

jµ1

β1x

(
1− Γe2jβ1xx

)
e−jβ1xx−jβ1yy. (6.42b)

For Region II, we can use Equations (6.40), (6.41a), and (6.41b) with Equation (2.6), resulting in

AIIx = −H0

2

jµ2

β2y

τe−jβ2xx−jβ2yy, (6.43a)

AIIy =
H0

2

jµ2

β2x

τe−jβ2xx−jβ2yy. (6.43b)

We can get φ using the gauge condition, the generalized Lorenz gauge from Equation (2.27).

The definitions for φ also assume that materials properties vary such that ∂iε = ε∂i. This assump-

tion should hold for ε that varies slowly on the grid. Since we are trying to analyze the reflection

coefficient for these equations, we are looking at the boundary between Regions I and II in partic-

ular. At the boundary between these two materials, this assumption should hold. φ in Regions I

and II can be written as

φI =
1

jωε21

H0

2

(
β1x

β1y

(
1− Γe2jβ1xx

)
− β1y

β1x

(
1 + Γe2jβ1xx

))
e−jβ1xx−jβ1yy, (6.44)

φII =
µ2

jωε20µ0

H0

2

1

sφ

(
β2y

β2x

− β2x

β2y

)
τe−jβ2xx−jβ2yy. (6.45)

Knowing the definitions of fields for all fields and potentials should allow us to analyze the re-

flection coefficients for all fields and potentials. This analysis will give us the relationship between

the stretched coordinates.
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6.3.2 Propagation Constant and Impedance

We need to clearly define the propagation constant and how it relates to materials properties.

We can express the propagation constant β in Region I and II as

β2
1 = β2

1x + β2
1y = k2

1 = ω2ε1µ1, (6.46a)

β2
2 = β2

2x + β2
2y = k2

0s
EsH = ω2ε0µ0s

EsH , (6.46b)

where the components of β can be expressed as

β1x = k1cos(θ), (6.47a)

β1y = k1sin(θ), (6.47b)

β2x =
√
k2

0s
EsH − β2

2y. (6.47c)

Assuming sEx = sEy , the impedance in Region I can be written as

η1 =

√
µ1

ε1
, (6.48)

and the impedance in Region II can be derived from the ratio of the electric and magnetic field

amplitudes as

η2 =
|E|
|H|

=

√
1

ω2ε20

(
1

sE

)2

β2
2 , (6.49)

=

√
1

ω2ε20

(
1

sE

)2

ω2µ0ε0sHsE, (6.50)

=

√
µ0

ε0

(
sH

sE

)
, (6.51)

=

√√√√√µ0

(
κH + σH

jωµ0

)
ε0

(
κE + σE

jωε0

) , (6.52)

=

√√√√√µ2

(
1 + σH

jωµ2

)
ε2

(
1 + σE

jωε2

) . (6.53)
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Note that the analysis is being done on a definition of the stretched coordinate that doesn’t

include the CFS term α introduced by Kuzuoglu and Mittra [72] and included in the stretched

coordinate defined in [56].

6.3.3 Impedance Matching for E and H

By enforcing continuity of tangential fields at x = 0, we set EI
y(x = 0) = EII

y (x = 0).

Enforcing continuity gives us β1y = β2y = k1 sin(θ), and the reflection coefficient is be found to

be

Γ =

β1x

ε1
− β2x

ε0sE

β1x

ε1
+ β2x

ε0sE

. (6.54)

The general reflection coefficient is nonzero for arbitrary angle. We examine the case of normal

incidence where θ = 0. This means the y-components of β are 0 (β1y = β2y = 0), and the

x-components of β are

β1x = k1 = ω
√
µ1ε1, (6.55)

β2x =
√
k2

2s
EsH = ω

√
µ0ε0sEsH = ω

√
µ2ε2(1 + σE/jωε2)(1 + σH/jωµ2)). (6.56)

Inserting the definitions from Equations (6.55) and (6.56) into Equation (6.54), we can simplify Γ

to be

Γ =

√
µ1

ε1
−
√

µ2

ε2

√
1+σH/jωµ2

1+σE/jωε2√
µ1

ε1
+
√

µ2

ε2

√
1+σH/jωµ2

1+σE/jωε2

. (6.57)

We can be write Equation (6.57) in terms of impedance as

Γ =
η1 − η2

η1 + η2

(6.58)

The reflection coefficient is minimized (Γ = 0) when η1 = η2. When the PML material is

impedance-matched with the simulation, we can write

√
µ1

ε1
=

√√√√√µ2

(
1 + σH

jωµ2

)
ε2

(
1 + σE

jωε2

) . (6.59)
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The easiest way to solve this equation is to set ε = ε1=ε2 and µ = µ1=µ2

√
µ1

ε1
=

√√√√√µ1

(
1 + σH

jωµ1

)
ε1

(
1 + σE

jωε1

) , (6.60)

which can be simplified to
σE

ε1
=
σH

µ1

. (6.61)

By solving for σE , we see the relationship between the σE and σH is

σE =
ε

µ
σH . (6.62)

When the material is impedance-matched, this relationship between σE and σH holds. This

relationship also implies the stretched coordinates for E and H are equal sE = sH if we defined

the materials parameters in the PML such that κE = κH . Now, we need to find conditions for σA

and σφ for an impedance-matched medium.

6.3.4 Impedance Matching for A and φ

The definition of E in terms of potentials shows E and A are related by a time-derivative and

no other operations. This should mean that the boundary conditions for A are the same as those

for E. Doing the same analysis as the previous section, we should have continuity of tangential

components of A. By setting AIy(x = 0) = AIIy (x = 0), the reflection coefficient is

Γ =

µ1

β1x
− µ2

β2x

µ1

β1x
+ µ2

β2x

. (6.63)

If we assume the case of normal incidence (θ = 0), it becomes

Γ =

√
ε1
µ1
−
√

ε2
µ2

√
1+σE/jωε2
1+σH/jωµ2√

ε1
µ1

+
√

ε2
µ2

√
1+σE/jωε2
1+σH/jωµ2

(6.64)

which can be written as

Γ =

1
η1
− 1

η2

1
η1

+ 1
η2

(6.65)
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Minimization of this reflection coefficient results in the same relationship between σE and σH as

the continuity analysis for E. The result is consistent, but since our expression for A was derived

from the definition of H, there is no stretched coordinate in the equation to give us a relationship

between σA and another known value. We will use a different method to obtain the relationship

after doing the analysis for φ.

φ must be continuous across the interface, so we can do the same continuity analysis for φ such

that φI(x = 0) = φII(x = 0)

Γ =

1
ε21

(
β1y

β1x
− β1x

β1y

)
+ µ2

ε20µ0sφ

(
β2x

β2y
− β2y

β2x

)
− 1
ε21

(
β1y

β1x
+ β1x

β1y

)
− µ2

ε20µ0sφ

(
β2x

β2y
− β2y

β2x

) . (6.66)

If we assume the case of normal incidence (θ = 0), it simplifies to

Γ =

1
ε21
β1x − µ2

ε20µ0sφ
β2x

1
ε21
β1x + µ2

ε20µ0sφ
β2x

, (6.67)

which can be expanded to

Γ =

√
µ1

ε1
1
ε1
− µ2

√
µ0ε0

ε20µ0sφ

√
sEsH√

µ1

ε1
1
ε1

+
µ2
√
µ0ε0

ε20µ0sφ

√
sEsH

. (6.68)

We know the stretched coordinates for E and H are equal (sE = sH), so we can insert the definition

for the stretched coordinate to get a result in terms of κφ

Γ =

√
µ1

ε1
1
ε1
− µ2

√
µ2ε2

ε20µ0κφ
1+σE/jωε2

1+σφ/jωε22µ2√
µ1

ε1
1
ε1

+
µ2
√
µ2ε2

ε20µ0κφ
1+σE/jωε2

1+σφ/jωε22µ2

. (6.69)

Inserting the definition of κφ results in

Γ =

√
µ1

ε1
1
ε1
− µ2

√
µ2ε2

ε22µ2κφ
1+σE/jωε2

1+σφ/jωε22µ2√
µ1

ε1
1
ε1

+
µ2
√
µ2ε2

ε22µ2

1+σE/jωε2
1+σφ/jωε22µ2

, (6.70)

which simplifies to

Γ =

√
µ1

ε1
1
ε1
−
√

µ2

ε2
1
ε2

1+σE/jωε2
1+σφ/jωε22µ2√

µ1

ε1
1
ε1

+
√

µ2

ε2
1
ε2

1+σE/jωε2
1+σφ/jωε22µ2

. (6.71)
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We can now minimize the reflection coefficient by assuming ε = ε1=ε2 and µ = µ1=µ2. This

results in an equation for σE in terms of σφ.

σE =
1

εµ
σφ (6.72)

This implies sE = sφ. So far we have proven sE = sH = sφ, but now we need to find the relation

for sA.

Recall the problem with minimizing the reflection coefficient was that our definition for A does

not contain sA. This is because our A field was calculated using the update equation for H in FiPo

Hybrid, which does not contain a time derivative, which is necessary for an equation to have to

have a stretched coordinate. Unfortunately, even though the update equation for H in FiPo Basic

contains a stretched coordinate sH , it does not contain A and will not allow us to calculate sA. The

equation that contains the term sA is the update equation for A, or the definition of E in terms of

A and φ. We could not do this originally because we needed to find A from H before being able

to calculate φ. Since we have all fields and potentials, we can insert out definitions for E, A, and

φ into the definition of the y-component of E in terms of φ and A and arrive at

ω2µ0ε0s
A =

(
2

sE
− 1

sφ

)
β2

2x +
1

sφ
β2

2y. (6.73)

We can use the previously derived sE = sφ to simplify this to

ω2µ0ε0s
AsE = β2. (6.74)

Since we know β in terms of sE and sH , we now show that sH = sA. This means we have proven

sE = sH = sA = sφ.

Stretched coordinates being equal is an important result because it allows us to assume CPML

coefficients a and b from Equations (6.28a) and (6.28b) are equal for all fields and potentials, such

that aEν = aHν = aAν = aφν and bEν = bHν = bAν = bφν . For different values, a and b are located

at different positions, but no extra coefficients need to be calculated or stored in a conventional

FDTD CPML versus a FiPo CPML since the coefficients are already calculated at both integer and

half-integer position steps. In a conventional FDTD CPML, aEν is calculated at integer steps due to
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the positions of auxiliary variables ψE . aHν is calculated at half-integer steps due to the positions

of auxiliary variables ψH . By looking at the positions of ψA and ψφ, we know that aEν is calculated

at the same position as aφν , and aHν is calculated at the same position as aAν . Since all aKν are equal,

no extra CPML parameters need to be calculated or stored for the FiPo CPML - the same applies

to bKν . The auxiliary variables ψA and ψφ still require extra storage, but the coefficients to update

these variables do not.

6.4 PML Parameters

The PML is a material designed to absorb waves with minimal reflection, and in order for the

PML to absorb, we need to assign it values for its material properties. The PML is defined for the E

field such that it has a conductivity σE , a dielectric constant κE , and a complex frequency shifting

(CFS) parameter αE . Introducing σ allows the wave to decay in the material, increasing κ slows

the wave, and adding α can increase absorption of evanescent waves. Analogous quantities are

defined for PMLs for H, A, and φ. A sudden change in materials parameters causes reflections,

so grading these values over the PML domain is important for minimizing reflections. We do this

for κ and σ by increasing their values deeper in the PML with a polynomial grading as found in

[44]. The addition of α reduces reflection error at low frequencies but causes propagating waves

to not attenuate well [44]. This can be remedied by grading α with its maximum value at the PML

interface and scaling it to 0 deeper in the PML. Polynomial gradings for σ, κ, and α can be written

as

σx(x) = σx,max

(x
d

)m
(6.75a)

κx(x) = 1 + (κx,max − 1)
(x
d

)m
(6.75b)

αx(x) = αx,max

(
d− x
x

)ma
(6.75c)

where each value varies with respect to position and depends on the size of the PML d, maximum

paramter value, and a scaling order m. Large m means lower values for the parameter near the

surface of the PML and a steep increase deeper in. Deeper in the PML, fields have decayed

significantly and reflections due to discretization error have less of an impact [44]. Values in the
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Variable K K Unit κK Unit σK , αK Unit

E V/m none s3 A2 m−3 kg−1 = S/m

H A/m none kg m s−2 A−2

A Vs/m none s−1

φ V none s5 A2 m−5 kg−1

Table 6.2: Variable K denotes a field or potential in column one. Units for fields and potentials

are given in second column. Units for CPML parameters κK , σK , and αK for fields and potentials

are given in columns three and four.

range of 3 ≤ m ≤ 4 are typically optimal for minimizing reflections [77, 57, 64, 78]. We have

chosen linear scaling for α (ma = 1) and m = 3. These scalings are different due to the different

behavior these parameters have at the interface. While σ and κ must start small and gradually

increase to minimize reflections in the PML, αmust be nonzero at the interface and become smaller

further in to not hinder the absorption of propagating waves where the values of σ and κ are largest.

If σmax is too large, discretization error will dominate in the simulation. Choosing σmax aims to

balance reflection error and discretization error [44]. The following are definitions for maximum

values for σ, κ, α for a polynomial grading:

σx,max =− (m+ 1) ln[R(0)]

2ηd
(6.76a)

κx,max = 15 (6.76b)

αx,max = 0.24. (6.76c)

Reflection error R(θ) at normal incidence is reffered to as optimal reflection error R(0). R(0)

depends on size of PML and has been shown to beR(0) = e−16 for a ten-cell PML andR(0) = e−8

for a five-cell PML [64, 44]. For a ten-cell PML, this leads to an expression for σopt of

σopt =
0.8(m+ 1)

η0∆
√
µrεr

. (6.77)
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Table 6.2 gives units for PML parameters for fields and potentials. The first column gives fields

and potentials as a variable K, and the second column gives the unit of the fields and potentials. The

third column is present for completeness but shows that the value of κ for each field and potential

is unitless. The fourth column combines the units for σ and α because they are the same and gives

the units for all fields and potentials. The unit for σE is the standard unit for conductivity. Since

σH , σA, σφ are all ficticious values for loss, the units are not commonly defined, so they are given

here.

The choice of parameters has a large impact on PML performance, although it is only one factor

of many that impacts the absorption properties of the PML. If parameters are chosen without care,

discretization or reflection error can dominate the simulation. Since CPML is a commonly-used

method for conventional FDTD, the choice of parameters are well-documented. For FiPo FDTD,

we have shown in Section 6.3.2 that the parameters for conventional FDTD can be utilized for

the CPML for potentials, eliminating the need to rederive or reoptimize parameters for our new

method.

6.5 Simulation Results

In order to test the CPML developed for FiPo, we consider four different test simulations.

The first example is the simulation in Section 5.3 with an added CPML boundary layer. It is

a basic differentiated Gaussian source launched from the center of the simulation in free space.

The example is intuitive and allows us to visually examine the effectiveness of the PML. The

second, third, and fourth simulations are similar in order to compare the effect of material and

adding a scatterer to the simulation. The second simulation is similar to the first with the addition

of a PEC and source moved 2 points up in the z-direction. The source for the third and fourth

simulations is the same as the second. The third and fourth examples use the materials properties

from Roden and Gedney’s original CPML paper [56] for a PEC in soil. The third simulation is

only the differentiated Gaussian pulse launched in soil. The fourth simulation is like the third with

the addition of a PEC.
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Relative error plots are a common way to evaluate the effectiveness of a PML. Generally, a large

simulation will be run with a PML, as well as a smaller simulation, also with a PML. A receiver

is placed at a location in each simulation such that, if the simulations were overlayed, the receiver

would be at the same position in each. The field values for the large simulation can be checked

at this point to ensure no reflections are present at the receiver for the reference simulation. The

values of the field are recorded at the receiver for each simulation, and the relative error between

the two simulations is calculated and plotted over time. The maximum error in dB is generally a

good indicator of the performance of the PML.

6.5.1 Free-space Simulations

6.5.1.1 Resonant Cavity with CPML

In order to first test the PML, we again look at the simulation of the resonant cavity first

dicussed in Section 5.3. We use the CPML parameters discussed in Section 6.4. To make the

reference simulation for the resonant cavity with CPML, we added a ten-cell PML to the FiPo

Basic simulation of a resonant cavity from Section 5.3.

Figure 6.1 shows snapshots of FiPo Basic (Figure 6.1a) and FiPo Hybrid (Figure6.1b) with

CPML as the wave is impinging on the absorbing layer. Both simulations appear to have identical

propagation characteristics prior to wave decay in PML. Figure 6.2 shows snapshots of FiPo Basic

with no PML (Figure 6.2a) shortly after the wave reflects from the reflective boundary in the

reference simulation as well as FiPo Basic (Figure 6.2b) and FiPo Hybrid (Figure 6.2c) with CPML

after wave decay in the PML. We observe very little visible reflection for FiPo Basic with CPML,

but we do see reflection for FiPo Hybrid with CPML, although the method still decreases the

magnitude of the wave compared to the reference. In particular, the visible reflections for φ for

FiPo Hybrid with CPML are negligible and appear to be identical for FiPo Basic and Hybrid with

CPML. A difference in absorption between FiPo Basic and Hybrid is to be expected because of

the nature of their update equations - the FiPo Hybrid update equations are Equations (5.16), and

FiPo Basic update equations are Equations (6.32). The FiPo Basic CPML algorithm uses auxiliary

variables to attenuate the wave in H, while the FiPo Hybrid H is updated directly from A and does
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(a) FiPo Basic
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(b) FiPo Hybrid

Figure 6.1: Spatial profile of (top row) Ex, Hx, and Hy, as well as (bottom row) Az and φ for a

differentiated Gaussian current source from Eq. (5.17) in free space at time t = 0.69 ns (400∆t or

13.0684tw) after start of the simulation. Dashed black line represents CPML boundary.
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(a) FiPo Basic
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(b) FiPo Basic with CPML

Ez (V/m)

100 200 300

y (mm)

100

200

300

x
 (

m
m

)

-2

-1

0

1

2
10

-8
Hx (A/m)

100 200 300

y (mm)

100

200

300

x
 (

m
m

)

-4

-2

0

2

4

10
-11

Hy (A/m)

100 200 300

y (mm)

100

200

300

x
 (

m
m

)

-4

-2

0

2

4

10
-11

Az (Vs/m)

100 200 300

y (mm)

100

200

300

x
 (

m
m

)

-5

0

5

10
-19

 (V)

100 200 300

y (mm)

100

200

300

x
 (

m
m

)

-1

-0.5

0

0.5

1
10

-12

(c) FiPo Hybrid with CPML

Figure 6.2: Spatial profile of (top row) Ex, Hx, and Hy, as well as (bottom row) Az and φ for a

differentiated Gaussian current source from Eq. (5.17) in free space at time t = 0.87 ns (500∆t or

16.3355tw) after start of the simulation. Dashed black line represents CPML boundary.
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not decay in the PML region. Hx and Hy update equations cumulatively have four more auxiliary

variables in FiPo Basic than in FiPo Hybrid. This is due to each component of H containing two

auxiliary variables, as can be seen in Equations (6.32a) and (6.32b). The update for H contains no

auxiliary variables in FiPo Hybrid, and is the same as its update equation in the simulation region.

Additionally, the φ update equation, Equation (6.29), contains more auxiliary variables than other

CPML update equations. We attribute to the improved absorption to be a result of Equation (6.29)

containing more auxiliary variables. The number of auxiliary variables in an update equation

depends on how many spatial derivatives are present in that equation as well as the method used to

derive the CPML.

In order to test the absorption of the PML, we ran simulations for FiPo Basic and FiPo Hybrid

scaled to 71× 71× 71 and compared them with a reference simulation of the previous FiPo Basic

simulation for Figures 6.1a and 6.2b. A receiver placed 5 points away from the PML boundary

in x and in the same plane as the source in y and z captures the fields and potentials, and the

field magnitude was checked to make sure no reflections from boundary were observed from the

reference. The calculation for relative error from [56] is written as

errordB(t) = 20 log10

|χi(t)− χiref
(t)|

|χirefmax
|

(6.78)

where χi(t) is the value of a time-dependent component of a field or potential, χiref
(t) is the value

of a time-dependent component of the field or potential in the reference simulation, and χirefmax
is

the maximum value of χiref
(t) over the full simulation time. The relative error for the magnitude

of fields and potentials for this simulation is plotted in Figure 6.3. The results confirm our initial

obeservations from Figure 6.2. The error being below 0dB indiciates that the waves are being

absorbed, indicating that the PML is working as expected. The reflection error for FiPo Basic

peaks well below -50 dB, confirming the low reflections we see in Figure 6.1a. For FiPo Hybrid,

however, the reflection error is above -50 dB for E, H, and E, explaining the reflections we see for

those fields and potentials. The reflection error for φ in FiPo Hybrid peaks for a value below -50

dB and appears to be similar to the error for φ in FiPo Basic, which is congruent with our previous

observations from Figures 6.1a and 6.2b. The difference in error between these two methods is due

to the lack of auxiliary variables in the update for the H in FiPo Hybrid compared to FiPo Basic.
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Figure 6.3: Relative error of fields and potentials for FiPo Basic and FiPo Hybrid simulations for

a wave propagating in free space.
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6.5.1.2 Resonant Cavity with PEC and CPML

The PEC is defined in free space (εr = 1, σ = 0) from x ∈ [30 mm, 40 mm] and y ∈

[30 mm, 40 mm] where z is at the center of the simulation. The plate is illuminated by the current

density Jz source from Section 5.3 paced two points above the plate in the z-direction (i.e., above

the plane of observation). The simulation is run on 71 × 71 × 71 cell lattice with a ten-cell PML.

The reference simulation using FiPo Basic is run on a 300× 300× 300 grid with a ten-cell PML.

The reference fields were recorded five points away from the x PML boundary and in the center of

the y–z plane. For parameters, we use m = 3 and ma = 1. PML parameters are defined as

σmax =1.1
m+ 1

150π∆
√
εr
, (6.79a)

κmax =15, (6.79b)

α =0.24. (6.79c)

The waves from FiPo Basic and Hybrid appear identical propagating from the source at t =

100∆t in Figure 6.4. Once the wave impinges on the PML at t = 200∆t in Figure 6.5, the waves

appear to be well absorbed by FiPo Basic because the wavefront still appears circular, unaltered

by reflections. The wavefront from FiPo Hybrid is no longer spherical and has been altered by

reflections at t = 200∆t. The wave has been absorbed in FiPo Basic’s PML at t = 300∆t in

Figure 6.6, but waves in FiPo Hybrid still propagate in the simulation. Figure 6.7 shows the

relative error of FiPo Basic and FiPo Hybrid. The difference in error between FiPo Basic and FiPo

Hybrid is similar to difference in error in Figure 6.3, where FiPo Hybrid’s error is above -50 dB and

FiPo Basic’s error is below -50 dB. The simulations for Figure 6.3 and 6.7 differ by the addition

of a scatterer, the change made for σmax, and the source being moved by two points. The most

notable increase in error is for φ in FiPo Hybrid. The increase in error from φ could come from

the self-consistency of the FiPo Hybrid algorithm, where the unattenuated values of other fields

and potentials can contribute to reflection error for φ. φ, in other simulations, seems to be able to

compensate for this error with its three-auxilary variable PML. The PEC scatterer affects values of

φ, however, and this effect can be seen as non-zero φ values in Figure 6.6 for FiPo Hybrid.
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(a) FiPo Basic
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(b) FiPo Hybrid

Figure 6.4: Spatial profile of (top row) Ex, Hx, and Hy, as well as (bottom row) Az and φ for a

differentiated Gaussian current source from Eq. (5.17) in free space at time t = 0.17 ns (100∆t or

3.2671tw) after start of the simulation. Dashed black line represents CPML boundary. Solid red

line outlines the region defined as a PEC.
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(a) FiPo Basic
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(b) FiPo Hybrid

Figure 6.5: Spatial profile of (top row) Ex, Hx, and Hy, as well as (bottom row) Az and φ for a

differentiated Gaussian current source from Eq. (5.17) in free space at time t = 0.35 ns (200∆t or

6.5342tw) after start of the simulation. Dashed black line represents CPML boundary. Solid red

line outlines the region defined as a PEC.
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Figure 6.6: Spatial profile of (top row) Ex, Hx, and Hy, as well as (bottom row) Az and φ for a

differentiated Gaussian current source from Eq. (5.17) in free space at time t = 0.52 ns (300∆t or

9.8013tw) after start of the simulation. Dashed black line represents CPML boundary. Solid red

line outlines the region defined as a PEC.
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Figure 6.7: Relative error of fields and potentials for FiPo Basic and FiPo Hybrid simulations for

a wave propagating around a PEC in free space.
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6.5.2 Soil

The background material for the simulations in this section are defined for soil in [56] as εr =

7.73 and σ = 0.273. The simulations are run on 71× 71× 71 cell lattice with a ten-cell PML. The

reference simulations using FiPo Basic are run on a 300×300×300 grid with a ten-cell PML. The

reference fields were recorded five points away from the x PML boundary and in the center of the

y–z plane. For parameters, we use m = 3 and ma = 1. PML parameters are defined as

σmax =1.1
m+ 1

150π∆
√
εr
, (6.80a)

κmax =15, (6.80b)

α =0.24. (6.80c)

The simulation is sourced by the current-density Jz source from Section 5.3 two points above the

midpoint in the z-direction.

6.5.2.1 No Scatterer in Soil

Figure 6.8 shows identical wave propagation characteristics for FiPo Basic and FiPo Hybrid

at t = 200∆t, before the wave impinges on the PML. As the wave propagates into the PML at

t = 350∆t in Figure 6.9, we can see the wave in slowed in both cases, and FiPo Hybrid has visible

reflections. φ looks identical in both FiPo Basic and FiPo Hybrid simulations. At t = 500∆t in

Figure 6.10, FiPo Hybrid values have more reflection than FiPo Basic with the exception of φ,

which appears identical in both simulations. When comparing the relative error in Figure 6.11, we

see that reflection error is higher for FiPo Hybrid compared to FiPo Basic, but the error is much

closer for the two algorithms compared to free-space simulations in Figures 6.3 and 6.7. FiPo

Hybrid peaks above -50 dB and decreases to around -100 dB. FiPo Basic peaks at about -50 dB

and decreases to around the same level as FiPo Hybrid. Reflection error in FiPo Basic is most

likely reduced because of the added loss from the nonzero conductivity of soil. In this simulation,

reflection error for φ appears identical for FiPo Basic and FiPo Hybrid.
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(a) FiPo Basic
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(b) FiPo Hybrid

Figure 6.8: Spatial profile of (top row) Ex, Hx, and Hy, as well as (bottom row) Az and φ for a

differentiated Gaussian current source from Eq. (5.17) in soil at time t = 0.35 ns (200∆t or 6.5tw)

after start of the simulation. Dashed black line represents CPML boundary.
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(a) FiPo Basic
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(b) FiPo Hybrid

Figure 6.9: Spatial profile of (top row) Ex, Hx, and Hy, as well as (bottom row) Az and φ for

a differentiated Gaussian current source from Eq. (5.17) in soil at time t = 0.61 ns (350∆t or

11.4tw) after start of the simulation. Dashed black line represents CPML boundary.
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(a) FiPo Basic
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(b) FiPo Hybrid

Figure 6.10: Spatial profile of (top row) Ex, Hx, and Hy, as well as (bottom row) Az and φ for

a differentiated Gaussian current source from Eq. (5.17) in soil at time t = 0.87 ns (500∆t or

16.3355tw) after start of the simulation. Dashed black line represents CPML boundary.
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Figure 6.11: Relative error of fields and potentials for FiPo Basic and FiPo Hybrid simulations for

a wave propagating in soil.
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6.5.2.2 PEC Scatterer in Soil

The PEC in this simulation is defined from x ∈ 30 [mm, 40 mm] and y ∈ [30 mm, 40 mm],

where z is at the center of the simulation.

Wave propagation is identical for FiPo Basic and FiPo Hybrid as it emanates from the source

at t = 200∆t in Figure 6.12. At t = 500∆t in Figure 6.13, the wave enters the PML. φ appears

identical in both FiPo Basic and FiPo Hybrid, but H has waves penetrating farther into the PML.

The difference in E and A between the two algorithms is visible, but not pronounced. By t =

1000∆t in Figure 6.14, both FiPo Basic and FiPo Hybrid look identical without waves propagating

in the background medium; however, values of H are present in the PEC. Relative error for a

simulation of a PEC in soil is shown in Figure 6.15. The relative error between FiPo Basic and

FiPo Hybrid is larger for FiPo Hybrid initially but begins to become more comparable to FiPo

Basic over time. FiPo Hybrid peaks at above -50 dB while FiPo peaks at about -50 dB. Both FiPo

Basic and FiPo Hybrid’s error decreases from the peak over time to levels between -50 dB and

-100 dB. The relative error for φ is about the same in both FiPo Basic and FiPo Hybrid. The added

loss of soil and the addition on the PEC plate have resulted in reflection error for FiPo Basic and

FiPo Hybrid being closer in magnitude for simulations in soil than in free-space simulations.
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(a) FiPo Basic
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(b) FiPo Hybrid

Figure 6.12: Spatial profile of (top row) Ex, Hx, and Hy, as well as (bottom row) Az and φ for a

differentiated Gaussian current source from Eq. (5.17) in soil at time t = 0.35 ns (200∆t or 6.5tw)

after start of the simulation. Dashed black line represents CPML boundary. Solid red line outlines

the region defined as a PEC.
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(a) FiPo Basic
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(b) FiPo Hybrid

Figure 6.13: Spatial profile of (top row) Ex, Hx, and Hy, as well as (bottom row) Az and φ for

a differentiated Gaussian current source from Eq. (5.17) in soil at time t = 0.87 ns (500∆t or

16.3tw) after start of the simulation. Dashed black line represents CPML boundary. Solid red line

outlines the region defined as a PEC.
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(a) FiPo Basic
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(b) FiPo Hybrid

Figure 6.14: Spatial profile of (top row) Ex, Hx, and Hy, as well as (bottom row) Az and φ for

a differentiated Gaussian current source from Eq. (5.17) in soil at time t = 1.73 ns (1000∆t or

32.7tw) after start of the simulation. Dashed black line represents CPML boundary. Solid red line

outlines the region defined as a PEC.
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Figure 6.15: Relative error of fields and potentials for FiPo Basic and FiPo Hybrid simulations for

a wave propagating around a PEC in soil.
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Chapter 7

Conclusion

In order to tackle the challenge of coupling quantum transport to electrodymanics, we have

developed FiPo FDTD, a first-order solver for Maxwell’s equations for both fields and potentials.

These potentials are able to couple to quantum transport via the electromagnetic Hamiltonian for

a single particle, and a quantum transport solver can output charge and current density that can

be input into FDTD. The development of FiPo may prove to be a cornerstone of conquering this

challenge by tackling the electromagnetic modeling of potentials in an approachable way, as an

extension of conventional FDTD.

To introduce the techniques needed to deveop FiPo, Chapter 2 covers theoretical electromag-

netic background for electromagnetic fields and potentials. Evaluating electromagnetic equations

on a discrete lattice is covered in Chapter 3, where conventional FDTD is explained, including the

Yee grid and formalism for discretizing equations. We discuss the second-order FDTD developed

by Ryu et al. [14] in Chapter 4. This method solves for the magnetic vector potential and the

electric scalar potential using second-order Maxwell’s equations coupled by the continuity equa-

tion. We have implemented this method without a PML absorbing boundary layer. The PML for

this method is computationally expensive and storage intensive, meaning it is not practical for use

in coupling to quantum transport. Exploration into this method drove us to develop a first-order

solver.

FiPo FDTD, our first-order solver for Maxwell’s equations is introduced in Chapter 5. Two

different algorithms for FiPo FDTD have been developed, FiPo Basic and FiPo Hybrid. FiPo

Basic is identical to conventional FDTD in its updating for the electric and magnetic fields, but

introduces updates for the magnetic vector potential and electric scalar potential. FiPo Hybrid is a
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self-consistent method to solve for fields and potentials, allowing information from the potentials

to pass into the electric and magnetic fields. Absorbing boundary conditions, developed in Chapter

6, allow for the truncation of the simulation grid while minimizing reflection error from the outer

boundary. A CPML boundary layer has been formulated for both FiPo Basic and FiPo Hybrid.

The CPML for FiPo Hybrid has auxiliary variables, the mechanism for absorption, removed from

its update equations for H due to the nature of FiPo Hybrid’s algorithm. The removal of these

variables causes absorption of the CPML in FiPo Hybrid to be less effective than that of FiPo

Basic. However, this work has developed a framework for CPML for a self-consistent method

for modeling fields and potentials and can utilize the existing work from CPML for conventional

FDTD to improve its performance. The CPML for FiPo Basic performs as well as the CPML for

conventional FDTD for both fields and potentials.
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