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Modeling light—matter interaction at the nanoscale requires careful and accurate handling of both
the quantum and electromagnetic systems. We have developed and implemented the electromag-
netics piece of the puzzle in a way that is suitable for coupling with quantum-transport solvers, a
field—potential finite-difference time-domain (FiPo FDTD) algorithm, which solves a set of first-
order equations for the electric and magnetic fields, EE and H, as well as the magnetic vector

potential A and scalar electric potential ¢.

FiPo FDTD has two algorithms, FiPo Basic and FiPo Hybrid. FiPo Basic is similar to conven-
tional FDTD with additional updates for the potentials. FiPo Hybrid is a self-consistent method to
update both field and potentials. We were able to derive and implement a convolutional perfectly
matched layer (CPML) absorbing boundary condition for FiPo equations in order to minimize
reflections in the simulation due the reflective boundary. We show simulation examples for two

versions of the algorithm and analyze the effectiveness of their respective CPMLs.

Potentials A and ¢ can be used as input for the single-particle electron Hamiltonian in a quan-
tum transport solver. An efficient and accurate quantum-transport solver is needed to characterize
nonlinear optical effects and other quantum behavior in nanostructures. In order to couple these
systems, the current and charge density can be obtained from the quantum solver and input back
into the electromagnetics solver. FiPo FDTD uses current density as an input, but can be sourced

with charge density with the addition of a Poisson solver.

Irena Knezevic
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ABSTRACT

Modeling light—-matter interaction at the nanoscale requires careful and accurate handling of both
the quantum and electromagnetic systems. We have developed and implemented the electromag-
netics piece of the puzzle in a way that is suitable for coupling with quantum-transport solvers, a
field—potential finite-difference time-domain (FiPo FDTD) algorithm, which solves a set of first-
order equations for the electric and magnetic fields, EE and H, as well as the magnetic vector

potential A and scalar electric potential ¢.

FiPo FDTD has two algorithms, FiPo Basic and FiPo Hybrid. FiPo Basic is similar to conven-
tional FDTD with additional updates for the potentials. FiPo Hybrid is a self-consistent method to
update both field and potentials. We were able to derive and implement a convolutional perfectly
matched layer (CPML) absorbing boundary condition for FiPo equations in order to minimize
reflections in the simulation due the reflective boundary. We show simulation examples for two

versions of the algorithm and analyze the effectiveness of their respective CPMLs.

Potentials A and ¢ can be used as input for the single-particle electron Hamiltonian in a quan-
tum transport solver. An efficient and accurate quantum-transport solver is needed to characterize
nonlinear optical effects and other quantum behavior in nanostructures. In order to couple these
systems, the current and charge density can be obtained from the quantum solver and input back
into the electromagnetics solver. FiPo FDTD uses current density as an input, but can be sourced

with charge density with the addition of a Poisson solver.



Chapter 1

Introduction

Devices continue to get smaller, on the order of nanometers, and at these scales, quantum
behavior becomes prevalent for device operation [1, 2, 3, 4, 5, 6]. Emerging technology from these
devices will be in electronic and biosensors, communications, and energy harvesting. The quantum
response of these devices to electromagnetic waves is more complex than at larger scales and needs
to be understood [7]. Modeling light—matter interaction at the nanoscale requires methods that can
accurately and efficiently calculate the electromagnetic fields, as well as the quantum response.

Quantum modeling is needed to capture nonlinear optical response from materials and devices
[8]. In modeling radio-frequency bowtie antennas, the metallic patches are assumed to behave as
perfect electrical conductors (PECs); however, in optical nanoantennas, the PEC assumption no
longer holds because optical frequencies of light excite free electrons on the surface of the metal
[9]. This is only one possible source of electronic excitations, called surface plasmons, which
cause the material to exhibit a nonlinear optical response. Additionally, in bowtie nanoantennas, a
plasmon-enhanced field is present in the nanogap [1, 2, 9]. Tunneling of electrons in the nanogap
is enhanced by these plasmonic fields, which is another source of nonlinearity [10]. The nonlinear
optical response from tunneling needs to be calculated by a quantum model. Tunneling in nanos-
tructures has been shown experimentally below 0.3 nm [11], and quantum effects begin to affect
optical response below 1 nm [12].

Two-dimensional (2D) van der Waals (vdW) materials also require electronic-structure calcula-
tion and time-dependent quantum transport. 2D vdW materials also exhibit tunable nonlinearities,
such as in transition metal dichalcoginide (TMD) nanotriangles, where nonlinearities stem from

geometry and number of layers [3]. Other 2D materials have strong light—-matter interaction and



nonlinear susceptibilities and can be used in all-optical signal processing [13]. To accurately model
devices with tunneling or nonlinear optical properties exposed to electromagnetic fields, we need
to couple quantum transport with electromagnetics.

Choosing a quantum transport solver necessitates balancing computational expense and accu-
racy; the choice requires enough accuracy to capture the nonlinear optical response from materials
and devices but must be fast enough to be updated at timesteps like the electromagnetics solver.
Ryu et al. [14] coupled a second-order FDTD to a simple quantum solver, which demonstrates
the concept of coupling, but solving the Schrodinger equation alone is not sufficient for modeling
devices. Time-domain density functional theory (TDDFT) is an atomistic modeling method that
has been used to capture nonlinearities [15, 16, 17, 18, 19]. Although accurate, TDDFT is expen-
sive for many-atom devices, and a multiscale approach to solving quantum and electrodynamics
problems is needed [20]. Nonequilibrium Green’s function (NEGF) also has a high computational
expense and accuracy but is generally not used for time-dependent systems [21, 22, 23]. In larger
structures, modeling can be accurately and efficientely handled by using density matrix (DM) or
Wigner functions techniques [24]. However, these techniques have heretofore not been fully cou-
pled with electrodynamics solvers.

In order to couple quantum transport with electromagnetics, information must be passed be-
tween the two systems. Electromagnetics is governed by Maxwell’s equations, which, in their
common form, describe the relationship between electric field E and magnetic field H [25, 26, 27].
Maxwell’s equations can also be written in terms of magnetic vector potential A and electric scalar
potential ¢ [26]. The ability to couple electromagnetics with quantum transport is through A and
¢ [28, 14, 29, 30, 31, 32, 33]. A and ¢ enter in the Hamiltonian for a single electron in an electro-
magnetic field, and the Hamiltonian is a key part in any quantum-transport solver. After A and ¢
are given to the quantum transport solver, the electromagnetic response from charge carriers in the
system can be modeled in order to find the current density J and charge density p. In turn, J and p
can be fed back into the electromagnetics solver as sources [14, 34, 35].

In quantum mechanics, the Hamiltonian for a particle in an electromagnetic field is written as

L
H= 2m(p qA)” + q9, (1.1)



where m is the mass of the particle, p is the momentum of the particle, and ¢ is the charge of the
particle [36, 37, 38, 39, 40, 41]. This electromagnetic Hamiltonian is derived from the Lagrangian
of a classical particle in an electromagnetic field [38, 41]. Solving for charge transport using this
Hamiltonian will allow for the coupling of electromagnetics with quantum transport. Since p is
an operator, A and ¢ are the quantities that need to be defined in order to use this Hamiltonian.
A and ¢ are ways of expressing electromagnetic fields, so the electromagnetic solver needs to
calculate A and ¢ in order to provide an input for the quantum solver. One challenge in coupling
these systems is that A and ¢ require a choice of gauge, which will be discussed in 2.2.2, as these
quantities are gauge dependent [42]. Ensuring that gauge dependence is taken into consideration
will be important when coupling a quantum-mechanical solver to an electromagnetics solver.

The finite-difference time-domain (FDTD) method is an intuitive method commonly used to
solve Maxwell’s equations for the electric and magnetic fields for problems with dispersive me-
dia, photonics, and devices [43, 44, 45]. FDTD software ranges from commercial solvers such
as Lumerical [46] to free, editable software such as Meep [47]. Previously, semiclassical trans-
port methods coupled to FDTD electromagnetics solver have been implemented in [48, 49, 50].
Semiclassical transport solvers, such as those based on the Boltzman transport equation (BTE),
are valid at low enough frequencies where electronic transport remains intraband. When light
reaches higher frequenies, the increased energy induces interband or intersubband transitions, and
a quantum-transport picture becomes necessary.

In order to model light—matter interaction at the nanoscale, tunneling and other quantum effects
need to be addressed by modeling and coupled to FDTD [51, 52]. A second-order FDTD for
potentials has been formulated by Ryu ef al. [14, 29, 35], which obtains A and ¢ from J and p.
Due to the second-order of these equations, implementation of a perfectly matched layer (PML)
absorbing boundary layer is difficult. The PML calculation presented involves five timesteps of a
single field as well as numerous operations to compute various field values [14]. For this reason,
we aimed to develop a set of first-order equations for FDTD to calculate A and ¢ and implement

a PML.



In order to address the electromagnetic aspect of coupling, we developed a field—potential
(FiPo) FDTD algorithm based on a set of first-order update equations. We developed absorbing
boundary layer for potentials in the form of convolutional PML (CPML), a method commonly
used to minimize reflections in FDTD simulations. We test our method in simple examples that

show the FDTD algorithm is working and the PML absorbs well.

1.1 Summary of Results

The development of the FiPo algorithm, as well as the CPML formulation for the method, are
the main contributions of this work. The FiPo algorithm is a new, first-order algorithm to solve for
both fields and potentials. Two versions of the algorithm have been developed: FiPo Basic and FiPo
Hybrid. FiPo Basic is an extension of conventional FDTD that also allows for calculation of the
potentials. FiPo Hybrid is a self-consistent method to solve for fields and potentials. The absorbing
boundary layer developed for FiPo FDTD extends the formalism for CPML for conventional FDTD
to now absorb potentials. This means advancements in the CPML formalism for conventional
FDTD should be able to applied to FiPo FDTD’s CPML. The development of FiPo FDTD with
CPML has laid a groundwork for solving for the potentials using first-order equations, as well as

giving us an intuitive electromagnetic solver that can be coupled to a quantum transport solver.

1.2 Organization of Thesis

Chapter 2 addresses necessary background information in electromagnetics. Maxwell’s equa-
tions (Section 2.1) give the relationship between electromagnetic waves and how they interact
with materials. Electromagnetic waves can be expressed in terms of the vector and scalar poten-
tials (Section 2.2), and Maxwell’s equations can be expressed in terms of these potentials (Sec-
tion 2.2.1). The potentials have a degree of freedom that is limited by a choice of gauge (Sec-
tion 2.2.2). Common examples of gauges are the Coulomb (Section 2.2.2.1) and Lorenz (Section

2.2.2.2) gauges. Potentials can be written in a different gauge by undergoing gauge transformations



(Section 2.3). A simple analytical example for current density on a square wire loop is analyzed
(Section 2.4).

Chapter 3 covers how to solve for equations on a discrete grid using the FDTD method. Section
3.1 covers how to use finite differences. Section 3.2 discusses discretization of Maxwell’s equa-
tions for FDTD. The Yee grid is explained in Section 3.3 as is how it is used for both fields and
potentials. Lastly, Section 3.4 goes over discretization of more complicated equations using vector
calculus operations, which is needed for discretizing second-order equations.

Chapter 4 introduces the second-order A-¢ FDTD from Ryu et al. [14]. The second-order
wave equations (Section 4.1) are written as time-stepping equations (Section 4.2) and discretized
for FDTD (Section 4.3). The equations are also formulated for FDTD on a graded mesh (Section
4.4). Results generated from these equations are presented in Section 4.5. The PML for the second-
order FDTD method is examined in Section 4.6.

Chapter 5 introduces the FiPo FDTD method. Section 5.1 introduces first-order equations for
the algorithm. The equations are discretized in Section 5.2. Simulations for FiPo with reflecting
boundary conditions are shown in Section 5.3.

Chapter 6 explains the development and implementation of the CPML for FiPo FDTD. A for-
malism for stretched coordinates for potentials is developed in Section 6.1. Section 6.2 contains
the derivation for the CPML for the FiPo algorithm. We prove that PML parameters are equal for
fields and potentials (Section 6.3), and we define values for CPML paramters used in simulations

(Section 6.4). Simulations for the FiPo algorithm with a CPML are shown in Section 6.5.



Chapter 2

Electromagnetic Fields and Potentials

In order to solve for electromagnetic fields, we need a formalism to describe them. Maxwell’s
equations give us this formalism, and we can solve them for the electric and magnetic fields in a
system. In order to handle electromagnetics in quantum transport, using a potential formalism is
useful, so this chapter will cover how to formulate Maxwell’s equations for the potentials. Ad-
ditionally, the vector and scalar potentials require a choice of gauge, so the Coulomb and Lorenz
gauges are discussed, as well as how to transform between them. Finally, an analytical steady-state

example of solving for a vector potential from a current density is presented.

2.1 Maxwell’s Equations for Electromagnetic Fields

Maxwell’s equations are a set of coupled first-order partial differential equations that, together,
describe the physics of electromagnetic waves. The equations describe the relationship between
electromagnetic fields and their sources with the quantities of electric field E, electric displacement
field D, magnetic field H, magnetic flux density B, current density J, and charge density p.

The following equations are the differential form of Maxwell’s Equations:

V-D =p, (2.1a)
V-B=0, (2.1b)
VxE= —QB (2.1¢)
ot ’
0
VxH=_-D+J. (2.1d)

ot



Equation (2.1a) is Gauss’s law, Equation (2.1b) is Gauss’s law of magnetism, Equation (2.1c) is
Faraday’s law, and Equation (2.1d) is Ampere’s law.

Information about how materials respond to eletromagnetic waves is reflected in the relation-
ships between D and E and between B and H. We can rewrite Maxwell’s Equations in terms of

only E and H using the constitutive relations

w
Il

eE (2.2a)

and

B = uH, (2.2b)

where the € is the electric permittivity, and p is the magnetic permeability is the magnetic perme-
ability of the material. Equations (2.2a) and (2.2b) are valid for isotropic, nondispersive, inho-
mogeneous media. An isotropic medium is one in which ¢ and y are the same in every direction
light travels in a material. If the medium is anisotropic, € and p can be described by tensors. A
non-dispersive medium is one in which € and p are both entirely real, changing the propagation
characteristics but not attenuating the wave. An inhomogeneous medium is one in which € and u
vary with respect to position, and inhomogeneity needs to be considered for modeling Maxwell’s
equations, where vector operations act on both the fields and materials properties. It is common to
see Maxwell’s equations in free space with € = ¢y and p© = o pulled out of the vector operations
because the values are constant, which is accurate in free space, but this is not the most general
form of Maxwell’s equations.

Maxwell’s equations rewritten in terms of E and H are as follows:

V- €E = p, (2.3a)
1
V.-—-H=0, (2.3b)
il
VXE=-— 2H (2.3¢)
- /"Lat I .
0
VxH=e=E+J. (2.3d)

ot



In these equations, € and ;. cannot be taken out of Equations (2.3¢) and (2.3d) due to inhomo-
geneity but can be pulled in front of the time derivative in Equations (2.3a) and (2.3b) since the

material properties are not changing over time.

2.2 Vector and Scalar Potentials

As explained in Section 2.1, electromagnetic waves can be described by Maxwell’s equations
for electromagnetic fields by using E, D, H, and B. Electromagnetic waves can also be described
by potentials.

From the vector identity

V- (VxA)=0, (2.4)
we can define solenoidal vector field B in terms of the magnetic vector potential A such that the
vector identity matches Equation (2.1b)

B=VxA. (2.5)

Using Equation (2.2b) also means H can be calculated using A and p

H - %(v < A). (2.6)

Equation (2.6) is the definition of the magnetic field in terms of potentials. By substituting Equation

(2.5) into Equation (2.1c), we can find a relation between E and A

0
VXE:—a(VXA). 2.7)

Since time and position are independent variables, their derivative operators commute, SO we can

exchange the order of the time and position variables

VXE+(VX% ) =0. (2.8)
We can further simplify to
V x (E+ 2A) =0. (2.9)

ot



Using the vector identity
V x (=V¢) =0, (2.10)

we can introduce the scalar potential ¢ into Equation (2.9)

V x (E+%A) =V x (=V¢). (2.11)

And we can solve for an equation for E in terms of A and ¢

0

E=_——=
ot

A —Vo. (2.12)

Equation (2.12) is the definition for the electric field in terms of potentials. The addition of ¢ to

Equation (2.12) is important because, in electrostatics,
E=-V¢ (2.13)
must hold.

2.2.1 Potential Formulation of Maxwell’s Equations

We substitute Equations (2.6) and (2.12) into Equations (2.3a) and (2.3d) to obtain

1 o, 0
0
V- (—EEA —eVo) = p. (2.14b)

We simplify to obtain an A-¢ formulation of Maxwell’s equations:

1 02 0
V X ;(v X A) = _EﬁA - equb + J, (2153)
0
—EV €A -V - eVp =p. (2.15b)

Maxwell’s equations in terms of E and H are four first-order equations. In both of the curl
equations, Equations (2.3c) and (2.3d), the electric and magnetic fields are coupled. In both of the

second-order equations, Equations (2.15a) and (2.15b), A and ¢ are coupled.
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2.2.2 Gauge

In order to specify A and ¢ for the second-order A-¢ Maxwell equations, Equations (2.15a)
and (2.15b), we must choose a gauge. A and ¢ have an extra degree of freedom not present for E
and H. Choosing a gauge fixes A and ¢, and a thoughtful choice can simplify difficult problems.

The two most popular gauges are the Coulomb gauge and the Lorenz gauge.

2.2.2.1 The Coulomb Gauge

The Coulomb gauge is given as

V- -A=0. (2.16)

In free space, the Coulomb gauge reduces Equation (2.15b) to Poisson’s equation

=L 2.17)

€0

However, to simplify Equations (2.15a) and (2.15b) for inhomogeneous media, we need a geralized
Coulomb gauge

V.-eA=0. (2.18)

The Coulomb gauge is commonly used in quantum mechanics. In free space, the Coulomb gauge
reduces Equation (2.15b) to
-V -eVo = p, (2.19)

which is Poisson’s equation, a common equation solved by numerical solvers [].
The second equation, however, is not reduced to something as simple. The second equation
ends up as
Vxl(VxA) aQA 8V¢+J (2.20)
— = —€e—A—e— . .
i ot? ot
Since the ¢ term has a gradient operator, it is longitudinal or irrotational, which means it is zero
when the curl is taken, like the identity in Equation (2.10). This implies that the current density

can be written as two terms, the longitudinal/irrotational term and the transverse/solenoidal term

J=J+J;. (2.21)
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This implies the V x J; = 0 and V - J; = 0. The benefit of this, is that this separates Equation
(2.20) into

1 02
V X ;(V X A) + G@A = Jt, (2223)
Ogp—1 (2.22b)
Eat = Jj. .

Equation (2.22a) is an inhomogeneous wave equation for A. The second equation is a combination

of Equation (2.19) and the continuity equation for electromagnetics, which is

0
5" = -V.-J. (2.23)
2.2.2.2 The Lorenz Gauge
The Lorenz gauge is given as
V-A+ éatgb =0. (2.24)

The main benefit of the Lorenz gauge is that it aims to handle A and ¢ in similar ways. It also
Lorentz invariant, which means it is independent of coordinate system. Using the Lorenz gauge
separates Equations (2.15a) and (2.15b) in free space into two second-order inhomogeneous wave

equations, one for A, one for ¢,

2A 1 82 A _

\Y% — 6—2@ = —/L(]J (2253)
1 0 p
Vip— ——p=-—-L1 2.25b
¢ c2 Ot? €0 ( )
where they are coupled by the electromagnetic continuity equation relating J and p
dp
V- £ =0. 2.26
J+ T (2.26)
The generalized Lorenz gauge has also been used, such as in [53] and [14], and is written as
. )

€ V-eA= —,ueggb 2.27)

The generalized Lorenz gauge separates Equations (2.15a) and (2.15b) into the inhomogeneous

wave equations in inhomogeneous media

82
¢ =

V-V — em@ —p (2.28)
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and
2

1 0 o _
—V x p(v x A) — G@A +eVe?u V- eA = —J. (2.29)

Equations (2.28) and (2.29) are again coupled by the continuity equation, Equation (2.26). It
is important to note that the standard Lorenz gauge does not separate the inhomogeneous wave

equations for inhomogeneous media — this is why we need the generalized Lorenz gauge.

2.3 Gauge Transformation

Gauge transformations can be used to switch from one gauge to another. As given in [26], a

magnetic vector potential A in one gauge can be transformed to A’ in another gauge using
A'=A + VA (2.30)

Here, A is an arbitrary scalar field. The same can be done to transform electric potential ¢ into the
value ¢’ in another gauge

1
¢ = — —0OA. (2.31)
c
For potentials in the Lorenz gauge, there is an additional restriction on the value for A:
1
VZA — S 07A = 0. (2.32)
c

Most math for potentials is given in free space or homogenous materials rather than in inhomo-
geneous materials, which means the relations for gauge transformations may be different for the

inhomogeneous wave equations in inhomogeneous materials.

2.4 Analytical Solution for a Square Current Loop

The vector potential can be calculated in the Coulomb gauge by integrating the current density

using

Ax) = 2 / dx’|J<—X/) (2.33)

c x — X/|
from [26]. For an anylytical solution for a vector potential, we can solve this equation given a

current density J. One easy way to do this is to define a current density as a delta function. For
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a realistic system that could be represented by a delta function current density, we can model a

square wire loop in the z = 2 plane with the current density

( ) = Jod(y — ¥a)d(2 — 20),

( ) = Jod(z — xp)0(2 — 20),
Jo(@,y,2) = =Jod(y — yp)d(z — 20),

(z,y,2) = —Jod(x — 24)0(2 — 20),

x € (x4, 1),
) € (yaayb)a
T € (2q,Tp),

Y € (Yar Ub),

(2.34a)
(2.34b)
(2.34¢)
(2.34d)

where Jj is the magnitude of current in Amps. The postive current density J, runs along a wire at

y =y, for x € (z,, %), a positive current density .J, runs along a wire at x = x;, for y € (yq, ¥s),

a negative current density .J, runs along a wire at y = y, for x € (x,,x;), and a negative current

density J, runs along a wire at x = z, for y € (y,, ys), forming a closed current loop. A square

loop is more natural for a rectangular grid than the circular loop even though the circular loop has

a simpler expression for current density. Evaluating the delta function parts of the integral for the

definition of A gives us

Jo 7
A(x
() = ( \/x—x (¥ — Ya)? + (2 — 20)?
. j
. \/(x —n) Y — )P+ (- 20)
— dz’ *
za A (@ =22+ (y— )+ (2 — {0)2
B /yb dyl i
Ya \/(1’ — )+ (y —¥')? + (2 — 20)?
J(] 1
Ay(x) =
(x) ( \/x—x + (Y — Ya)? + (2 — 20)?
xb 1
\/ (x — )
A0 ="2(["a 1

_ y/)2 + (Z _ 20>2

Yo

\/:c—xb (y

),

(2.35)

(2.36)

(2.37)



written in components of A. Evaluating these integrals leads us to

—x+ 7

A(x) :ﬁ 7

—y+y

#tanh™!
c (x/(x—x’)2+(y—ya)2+(2—20)2

Ty

Ta

Y

+ g tanh™*

<\/(x — xb)?

+—y)P+ (- 20)2>

Ya

T

— #tanh™!

Ta

(=)
Ve =22+ (y— )+ (z — 20)?

),

Ya

— gtanh ™ vty
+ =9+ (2= 2)?

(=

which can be expanded to

Jo . —T+ Ty
— (2 (tanh
(2t (m — )+ (y —va)? + (2 - Zo>2)

A(x) =

c
— tanh ™! L%
\/(x —24)?+ (Y — Ya)? + (2 — 20)?
— tanh ™" T
\/(Sv—xb)2+(y Up)? + (2 — 20)?
+ tanh ™! T+ %a
\/(37 —24)% + (Y — w)? + (2 — 20)?

—Y+ U
+ (Y — )+ (2 — 20)?

+ j(tanh ™

(\/(fc — xp)? >
. anhfl ') + Ya
t (wx B e e ey >>

—Y+ U

— tanh™?
t <\/(x—xa)2+(y—yb)2+(z—20)2

14

(2.38)

—1 -y + Ya
Frah (wx S ey gy ey e >> ) @39

Equation 2.39 is plotted in Figure 2.1 for a domain of x € (—1,3), y

where z, = 0, 2, = 2, y, = 0, and y, = 2.

€ (-1,3),and z = 0
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Figure 2.1: Colorized plots of the components of the vector potential (A, in the top left panel and

A, in the top right panel) and its magnitude squared (bottom center) for a square current loop with

the current density given in Egs. (2.34).
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Chapter 3

Equations on a Discrete Grid with the Finite-Difference Time-
Domain Method

In order to solve Maxwell’s equations presented in Section 2.1, we will use the finite-difference
time-domain (FDTD) method. Conventional FDTD solves Maxwell’s equations using updates for
the electric and magnetic fields on a spatial Yee grid over time. In order to solve Maxwell’s
equations on a grid, first, we must discretize the equations such that field values are defined and
updated on a discrete grid. FDTD is a well-develped and widely used technique [44], and is a
basis of several open-source [47] and commercial computational electromagnetic tools [Lumerical
etc]. Since we are developing a new FDTD method for potentials, in this chapter we first carefully
examine the key concepts that underlie standard FDTD. We will also discuss how these concepts
relate to potentials and a more rigorous formalism for finite differences for more complex FDTD

equations.

3.1 Finite Differences

Finite differences are a way to approximate a derivative using values of a function at specific
points. For FDTD, the specific points will be located on a grid. The finite difference for the partial
derivative of x on a value f located at the spatial point (, j, k) on a grid can be defined as

fivtin = Ficljn
Ay

In this equation, the partial derivative with respect to = for f at a point is calculated using values

(axf)i7j7k -

3.1

for f a half-step forward and behind the point as well as the spatial separation in x between the

two points A,. With knowledge of finite differences, we can discretize Maxwell’s equations, the
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equations for the conventional FDTD method. A more detailed formalism for finite differences

and other vector calculus operations are presented in Section 3.4.

3.2 Conventional Finite-Difference Time-Domain Method

FDTD is a time-domain method, meaning that the algorithm is solved over time. For FDTD,
this means the update equations need to march field values forward in time. The FDTD method
is typically used in situations in which there is no spatial accumulation of free charge, meaning
V -E = 0. The E and H fields have no divergence, implying that both electric and magnetic fields
are purely solenoidal. From Maxwell’s equations, the curl equations solve for these solenoidal

fields and also tell us about the change in the fields over time,
woH = -V x E, (3.2a)

OE=VxH-1J. (3.2b)

We can write these component-wise as

0, E, = 0,H. — 0.H, — J,, (3.3a)
OB, = 0.H, — 0,H. — J,, (3.3b)
E. = 0,H, — 8,H, — J., (3.3¢)
ud,H, = 0.E, — 0,E., (3.3d)
poH, = 0,E, — 0.E,, (3.3¢)
pd,H, = 0,E, — 0,E,. (3.30)

From this form, we can discretize Maxwell’s equations using finite-differences; however, we need
to know where these values are located on a grid and at what timestep they are updated. From
our knowledge of finite differences, we know a derivative will spatially offset a value by a half-
step. In order to solve Maxwell’s equations in FDTD, we need to solve these equations for a
future timestep. Say that the E field is defined at timestep n. This means, the partial derivative

with respect to ¢ can relate to the next timestep, n + 1 For a time derivative located at n + %, the
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derivative can be written as
n+1 n
ENT — E7
Ay

The tricky part of these equations is knowing where these values are spatially defined. For

(OB, = (3.4)

instance, Equation (3.3a) tells us that £, is located a half-step offset in z from [, and y from H,
but at the same position for z, Equation (3.3b) tells us £, is located a half-step offset in z from
H, and z from H, but at the same position for y, and Equation (3.3c) tells us E, is located a
half-step offset in y from H, and = in H,, but at the same position for z. Let us assume that, in the
coordinate direction EE components are not spatially offset from components of H, components of
E are located at a half-step. This assumption leads us to first making each term of Equation (3.3a)

have consistent coordinate positions

n—i—% . n—i—% n+% n—&-%
€i+%7j7k(atEx)i+%,j,k - <ayHZ)i+%,j,k o (aZHy)iJr%,j,k o J:): i+1,5k (3.5)

Making sure positions of fields are consistent with each other is important for the stability of
FDTD. Not just any finite difference can be taken, the finite difference must be taken so that the
points in the simulation are consistent in the equation. When expanded, Equation (3.5) gives us

the full update including the positions of the fields

n+1 I 00}
E i+3.5.k @ it 5.5k
Citdik A,
n+1 _ Hn n+1 —_ Hn»
Tzt gk zitgi—gk Ty itgikts yitgik—3 o+l (3.6)
A, A, witgpkt
Using J = oE for a lossy medium, we can expand all fields to get the update equations for
conventional FDTD
n+1 o m
£, i+ gk CAyy1 s i+3k T CBii1
1 n+l n+l 1 n+l n+l
2 2 2 2
[A ( Zit+xj+1k At j—1 k) + A ( yit+ijk—1 - Hy i+ljk+l>]’ (373)
y 27 27 27 27 z 2 2 27 2
n+1 _ n
Ey ijtsk CAz‘,j+§,k Y ij+3.k + CBz‘,j+é,k
1 n+l n+l 1 ntl ntl
—(H 2. s +—(H .2 —H 3.7b
A S e ) Y R e ifiny — Hoifiny)l G70)
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Variable Value c=0

z]kAt
QEka 1
G’L]kAt
25ijk

[AY}
CB; ot -
1,5,k 4.5,k € 5.k
1+ s
€i,5,k

CA,;

Table 3.1: Update coefficients for E in Equations (3.7)

n+1
Ez i, k+2 CAi,j’kJr%Ez i, k—l—l + CB 1,7, kJr*
1 n+i n+3 1 n+i
—(H .2 - H 2 H" *3 —H . (3.7c
[Ax( yl+%:jzk+% yl*%?]7k+é) A ( z 7’7] 27k+2 z Z7]+%7k+%>] ( )
where the coeffiecients are given in Table 3.1.
n+1 n—% At
| 1 -
z l7]+27k+2 z Z7]+§7k+§ l’LO
B iy = Bl ) + (B 2 o)) (8
Ay zijk+3 zi,j+1k+3 A,y Bj+E k4l Ty igtik .
n+2 ané + =t A
1
yZ+2,]]€+* yl+27jk“+2 /J’O
mn mn n mn
[A (E7 i+lgk+i T 104 i,j,k+;) A ~ (B} it+15k - B i, k+1)] (3.8b)
x z
n+% . n— % + At
01 -, 1 — 1 .,1 -
zit5.0+5.k z i+3,0+5,k o
(B s = By pns) + (B NN NCES
A;p z i,j,k-‘y-* z 1,j+1, k;“!‘ Ay Y Z7j+27k+1 Yy Z7J+ka ’

The positions of these fields are located on the so-called Yee grid or Yee lattice discussed in

Section 3.3 [54]. Figure 3.1 shows components of E and H for conventional FDTD.

3.3 Yee Grid for Fields and Potentials

In Section 3.2, we discretized Maxwell’s equations by looking at the indices of finite differ-

ences and ensuring the field positions were consistent with each other. The grid these field positions
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Figure 3.1: Representation of the Yee cell for fields E and H. Components of E and H are located

on two boxes offset from each other in both time and space.
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Figure 3.2: Locations of a set of fields and potentials on the Yee cell (bottom). All fields and
potentials are shown for the A, plane for integer-steps in z (top left) as well as for the A, + % plane

for half-steps in z (top right).
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are located on is called the Yee grid or Yee lattice [54]. The Yee lattice can be further divided into
smaller repeating components, or Yee cells. Yee cells make up the Yee lattice in a similar to the
way to how unit cells make up a crystal lattice.

As discussed in Section 2.2, potentials can also be used to describe fields in electromagnetics.

As we defined in Equations (2.6) and (2.12),

E=—-0,A — Vo, (3.92)
H= i(v x A). (3.9b)

From these equations, we can see that A is located at the same spatial positions as E but is offset in
time. We can also see ¢ is spatially offset from E in the direction corresponding to each component
but is at the same timestep. Table 3.2 gives each field and potential location within the Yee cell.

Figure 3.2 shows the locations of fields and potentials in the Yee cell. ¢ and E are updated
at one time step while H and A are updated at a half-timestep offset. The slices of the A, and
A, + % planes show the positions of values in the full cell. The standard Yee cell is sometimes
described as two intersecting cubes, where one cube contains E and one contains H, that are offset
by a half-step in all positions and time. This description does not work well with the addition of
potentials because A would the colocated with E but is offset in time, and ¢ is a scalar field that is
best described as being located on the corners of the E cube.

Values around points in the Yee cell can be used in the calculation of the central point, which
results in the leapfrogging behavior of FDTD updates on the Yee grid. In the A, plane, you can
see that values of F, and £, or A, and A, surround H,. Using both planes, we can see that E,
and F, or A, and A, surround H, and F, and E, or A, and A, surround H,. This is consistent
with conventional FDTD and gives us an understanding of how an FDTD for potentials would be
updated. For example, ¢ is surrounded by values for E and A, so those values could be good
values to use to update ¢, while H is not located in a beneficial place for the update. The value for

A,, for example, could be updated from £, ¢, H, or H..



Value || t-index | z-index | y-index | z-index
¢ n i j k
E, n 1+ % J k
E, n i ji+s k
E, n i j k+3
Ay || n+3 | i+s j k
A, n+ % 1 J+ % k
A, | n+g i j k41
He | n+3 i it+s | k+3
H, | n+3 | i+3 j k+3
H | n+s3 | i+3 | j+3 k

Table 3.2: Timestep and positions for each field and potential value in the Yee cell.

23
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3.4 Discrete Vector Calculus Formalism

In order to discretize calculus operations using finite differences, we need a written formalism.
Generally, when evaulating finite differences for FDTD, a rigorous formalism isn’t required to
ensure the calculated value is at the central position. Due to the first-order nature of the equations
in conventional FDTD, finite-differences can usually be evaluated by inspection. However, second-
order equations are much more difficult due to evaulate due to multiple vector calculus operations
acting on the same variable. In order to use second-order update equations, we must understand
how they are discretized. In 1994, Chew originally discussed discretization of electromagnetic

equations on a lattice; the details can be found in [55].

3.4.1 Finite Differences

A finite difference is a key building block for discrete vector calculus, and is a discrete ap-
proximation for taking the derivative. When taking the discrete derivative at a point, the derivative
can be taken either in reference to a point ahead or behind the original; this matters for the loca-
tion of the calculated derivative. Ensuring the location of the calculated value is consistent with
the equations is important for stability. A finite difference operation on a spatial grid calculates
the numerical derivative at a central point using the value at two points and the distance between
those points. Say f,, = f(mA,) where A, corresponds to the grid length. We define a forward

difference as

2y fm+1 - fm
Imit = Oz fm = A (3.10)
and we define a backward difference as
) - fm - fmfl
gm—% = Opfm = T (3.11)

Notice that both finite differences are located at half steps, where one is ahead of the initial
point and one is behind. This spatial offset needs to be taken into account when taking multiple

finite differences on the same variable, such as in second-order update equations.
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3.4.2 Discrete Gradient

Since we defined the finite-difference operator, we can extend the definition to multiple dimen-
sions with the gradient operator. Say a vector g = V f. The forward gradient can be written using

forward differences as

gmnp - @fmnp = i'éxfmnp + ggyfmnp + éngmnp (312)

or

gmnp — i,fm—l-l,n,pA_ fm,n,p + Zjfm,n—i-l,pA_ fm,n,p + éfm,n,p—‘rlA_ fm,n,p . (313)
T y z

Notice that gmnp has an z-component located at (m—l—%, n, p), y-component located at (m, n—l—%, D),

and z-component located at (m,n,p + %) Each component is located a half-step forward in the
corresponding direction.

Similarly, the backward gradient can be written using backward differences as

gmnp - @fmnp - j:ézfmnp + géyfmnp + éézfmnp (314)
or
~ Afmnp_fm—lnp Afmnp_fmn—lp Afmnp_fmnp—l
mn — L) L) [iAe) ) P [iie) [iag) . 3.15

Each component is located a half-step backward in the corresponding direction.

3.4.3 Fore- and Back-Vectors

A fore-vector is defined as a vector with components a half-step in front of the corresponding

direction. Fore-vector gmnp can be rewritten as

Emnp = :)A:gm_,_%mp + ?)gmm-i-%m + ?:'gmm,p_% (3.16)

where g,, i is defined at point (m + %, n,p). This means that the Z, g, and Z components of
Emnp are defined at different points on the grid.
A back-vector is defined as a vector with components a half-step behind the corresponding

direction. Back-vector gm,np can be written as

gmnp = ‘f:gmfé,n,p + ggm,nfé,p + égm,n,pf%‘ (317)
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3.4.4 Discrete Divergence

In order to calculate divergence, we need to define a fore- and a back-vector to operate on. We

define fore-vector Fp,p,p as

y 2Lz
Fonp =2f, 1 np+yfmn+27p+zfmvn’p+%. (3.18)
and back-vector anp as
anp:gﬁf;_lnﬁgf;n A (3.19)
5, ;n—ip ;

In order for the divergence to be located around the central position of (m, n, p), the divergence
of a fore-vector must be taken using backward differences. Similarly, the divergence of a back-

vector must be taken using forward differences. The divergence of a fore-vector can be taken

as
V Fump = =0 ) Lnp +9, fi ntlp + 822]‘;7”7“% (3.20)
or
x T Yy _fY z z
@ F fm+2, n,p fm——np fmn+ ,D fmn—fp f 7;0—&—2,n,p fmn,p 2 321
x Yy z
The divergence of a back-vector can be taken as
Vo Fump = 0ufy 1, +0uf0 st 0:2f7 1 (3.22)
or
V- Fonp = +3.m ,pA D +3 pA 3P i 7+, Z p—3 (3.23)
T Y 1

Equations (3.21) and (3.23) show that the discrete divergence turns out to be the same in both

cases.

3.4.5 Discrete Curl

Unlike the gradient and divergence, the process of taking the discrete curl causes forward and

backward differences to operate on values located at whole rather than half steps. The result of
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taking the curl is either a fore- or back-vector located at half-spatial step offset in all directions.

The curl of a fore-vector is expanded as

A~

1 =V X Fp (3.24)

m+5.n+5.p+3

z _ fz Y _fY
. fm,n+1,p+é fm,n7p+% fm,n+%,p+1 fm,n+é,p
= —
Ay A,
x _ fx z z
4 fm+é,n,p+1 fm+%,n7p fm+1,n,p+1 T s
A, A,
Yy _f‘y f:t _ fx
p m+1n+3.p m,n+1.p m+3,n+1p m+3.n,p

A, A,

We can see that (m,n + 3,p + 3) is the location of the x-component, (m + 3,n,p + 3) is the
location of the y-component, and (m + %, n + %, p) is the location of the z-component. These
components show us that our new vector is located at (m + %, n + %, D+ %) and the index related
to the component is located a half-step backward, indicating the result is a back-vector.

The curl of a back-vector is expanded as

Botn-1p-1=VXFun (3.25)
z z Yy Yy
n fm,n,p—l - m,n 1,p—7 fm n—— o fm n—f,p 1
=1
Ay A,
x z z
N fm—f,n _fm——n,p 1 fmn,p—— T Im 1,n,p—3
+9 : -
A, A,
Yy _fY T _ frx
~ fm n—f fm—l,n—l,p fm—l,n,p m—1n—1p
13 2P 2 2
A, A,
We can see that (m,n — %,p — %) is the location of the z-component, (m — 2, n,p — —) is the
location of the y-component, and (m — %, n — %, p) is the location of the z-component. These

components show us that our new vector is located at (m — 3,n — 3, p — 3) and the index related
to the component is located a half-step forward, indicating the result is a fore-vector.

Taking the backward curl of a fore-vector or the forward curl of a back-vector would result in
the values within the components of the vector not being located at a single point. For example,

for the backward curl of a fore-vector, the z-component would have values located at both (m, n —
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2.p+3) and (m,n + 1,p — 1). Values being located at consistent positions are important for

stability of finite-difference schemes.
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Chapter 4

Second-Order Field-Potential Finite-Difference Time-Domain

An existing FDTD formulation has been developed that solves the second-order inhomoge-
neous wave equations for potentials [14]. This method uses J and p as sources in order to update
A and ¢. The difficulty of this method lies in the second-order nature of the equations.

Second-order equations make implementation of an absorbing boundary layer difficult. Ab-
sorbing boundary layers are necessary to reduce computational domain size, and therefore compu-

tational resources, while also minimizing reflections.

4.1 Second Order Wave Equations

Maxwell’s equations can be rewritten using the definitions of A and ¢ found in Section 2.2
in addition to a choice of gauge that can be found in Section 2.2.2. If we choose the generalized
Lorenz Gauge generalized for inhomogeneous media, we can convert Maxwell’s four first-order
equations into two second-order equations, the inhomogeneous wave equations. The generalized

Lorenz gauge is written as

0
-1
V- eA = —pe— 4.1
€ € u68t¢ 4.1)
and can be further generalized to
0
V-eA=—x=— 4.2
€ X7 (4.2)

where Y = ae?pand o = 1.
We can insert Equation (4.1) into Equations (2.15a) and (2.15b) to obtain the A-¢ formulation

of Maxwell’s equations, the inhomogenous wave equations for A and ¢. The inhomogenous wave
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equations are
2

0
V- eV — 62u@¢ = —p 4.3)

and
2

1 0
—Vx —(VXA)—e==A+eVe 2y 'V eA = -1J. (4.4)
1 ot?
The first equation only depends on ¢ and p while the other is only in terms of A and J, making
the equations appear separated; however, p and J are coupled via the electromagnetic continuity
equation
dp

V-J+§:0. 4.5)

4.2 Time-Stepping Equations for of A-¢ Formalism

The inhomogeneous wave equations in the generalized Lorenz gauge and the electromagnetic
continuity equation will serve as update equations for the second-order A-¢ FDTD. In order to
time-update these equations, we need to separate the term with time-derivative for each equation.

The form of the update equations are given as

% =-V.J, (4.6a)
ema—zqs =V-eVo+p (4.6b)
ot? ’ '
and
ea—ZA:eVLV-eA—Vx l(V><A)+J. (4.6¢)
ot? €21 1

When we discretize these equations, the time-derivatives will allow us to update the next time
step in the algorithm. First-order derivatives will require one previous timestep of the update
field, while second-order derivatives will require two. This means, for simulation-domain update
equations, both A and ¢ update equations will require two previous timesteps stored in the memory,

while J and p require just one.
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4.3 Discretization of Vector Potential Formulation of Maxwell’s Equations

Since the set of Equations (4.6a)-(4.6c) are continuous, we now need to discretize them. As-
suming that all vectors are fore-vectors and all calculus operators are discrete, we can write Equa-

tions (4.6a)-(4.6¢) using the rules from Section 3.4 as
~ ~n+l
o=~ (V-3557). 4.7)

0 O = € pkbi (V €V + P?j,k) ) (4.8)

and

AL = b (“V X iy s (VAL + Va2V - epnhl o +32,)
4.9)
All fore-vectors and scalar values are located at point (4, j, k). The time-step are a half-step offset
for A and J at n compared to ¢ and p at n + % The details of spatial-steps and timesteps can be
found in Section 3.3.
Next, we add the discretization of the time derivative, the first-order derivative is a forward-
difference while the second-order time derivative is central difference. Expanding the time deriva-

tive in Equations (4.7)-(4.9) gives
o =Pl = A (V25 (4.10)
Tij—li 2¢z] k ¢?Jli + A? z_j2k:u7,] k (@ ’ Ei,j,k@¢2j,k + p237k) ) (411)
and
Afﬁ =2A7;, — A?J_;
N ( VoI s (v x A”k> + ke Y kAT +J”,€> 4.12)

The next sections are devoted to expanding the vector calculus operations in these equations.

The second-nature of these equations makes the expansion of these equations nontrivial.
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4.3.1 Expansion of p Update Equation

Using vector calculus definitions, we can expand Equation (4.10) into finite-differences of the
values of current density. Writing out the discrete divergence in terms of backward differences and

components of the current density gives us

Pl = pn — A (a J" + 9,0 et ) 4.13)

x 1+ 3.0:k Yy w+ .k z 1., k+2

By evaluating the backward differences on the fore-vector, we obtain

n+l1 __ 2
pz,] k — pZJ k At
g gt VST s VRETN -
A, A, A,

Since this equation is first-order, this is the most simple update equation for the A-¢ formalism.

4.3.2 Expansion of ¢ Update Equation

We can expand Equation (4.11) into finite-differences where ¢ updates in time from its own
past values as well as a p source. First, we expand the gradient from Equation (4.11) into forward

differences

n+1 __
ig,k T zyk (bzgk tzgk“zgk

(V- i (800000 + 90,0050 + 200050 ) + piy) - (415)

Next, we can expand the forward differences into different values of ¢

+1 __ 2 _—2
gbn»]y 2¢ .5,k gbl] k + At Z] kMZ7j k

" A:v Ay Az

+p;-fj7k) . (4.16)



33

The divergence can be separated into backward difference operators

qﬁ”fjjl 2¢ 0,0,k ¢Z]k+A2 z]k/“Lz,]k
) i+1,‘,k_¢?,',k 3 n,+1k Cb, k
(O () 0, (a5t ) o
0. (Ei,g,k N ’“)) + p;ijk) L (417)

The backward difference can be taken on the entire expression

n+1 2 -2
1,9,k ¢’L]k} ¢z]k t zgk::uz,jk

1 AN —, L noo— .
€ Z+17]7k 1,5,k € i,5,k i—1,5,k +
-~ Y i (A N e e
A A\ A, B A,
1 n _4n no__an
ivj’k - l,j—l,k
A, A, A,
1 ikl — Pk ik~ Piik
7"7j7 +1 7"7j7 Z’mjv Z’mjv -1 s
(g ettt =P ) (L Gk Pk ) ) e ) (418)
A, ((w A, ) <ZJ A, ))) 1,5,k

After taking the backward difference, € varies by position within the update equation. The as-

sumption of inhomogeniety in the original equation is important because these values appear in

discretization. Terms can be sorted by a coefficient times a value of ¢

n+1
4,7,k 2¢zgk 1]k+At Z]kul,jk

€i7j7k n Elzjyk — 67'_17.] k n 62_17.]7k n
Az Ptk T AZ ik T Az Pinlik
x

€ij, k GGk — G-t k(bn i €ij—1k n
i3,k i,j—1,k

,1,k
O

67’7.7 k¢n 617]7k B Elzjzk_l n + Elzjvk_l ¢n
i,5,k+1 A2 4,7,k Ag 1,7,k—1

+

4.3.3 Expansion of A Update Equation

We can expand Equation (4.12) by first separating the equation into mutliple terms. Say Equa-

tion (4.12) is now

in = ~ntl
Az,zlg - 2A ,], AZ] k + Af ’L_jlk (Aterml + AtermZ + J IS) (420)
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where
n+1 ~ ~ +%
Al = —Voxuly (v x AT 421
and
n+1 n+2
Aterm2 €ij, kvez Js kuz Js k‘v 61»]7kA1 J.k (422)
4.3.3.1 Expansion of A;.,,,1
Starting with Equation (4.21),
n+% o lnd ~ n—}—%
A ==Vt (VX AL, (423)
we can evaulate the first curl as
S B or
Vx ALz =i (9,40 —0.A7 i +
~ n+ n+
A — 0, A
y (a +27]’ a z 7‘7] k+2 +
~ (& n+% 2 n+%
(BAE, —0,A0E ) (24
which gives us the first term as
A
terml V Xul+27]+27k+2
n+g _ants n+i B An-i—%
. z i,j+1,k+3 z 5 k4% Y i,j+5,k+1 Yy ij+s.k
x J—
A, A.
n+ty At n+i 3
. @ it 3,5,k+1 T itijk z it+1,5k+3 z4,5,k+3 "
A, A,
n+% n+% n+% n+%
. Y it+1,+35 .k Yy ij+g.k T it+ij+1k T i35,k
2 — . (4.25)
A, Ay

Taking the curl of this equation requires evaulating finite-differences for all components. We will

simplify this again by separating the full expression into simpler terms.



In general, the curl can be written as

—-VxA=—-z2 <8yaz — Gzay> —q (@aw — 8xaz> -2 <8xay — Oyl
This means the components of A,.,.,,; can be written as
AM% = —(8,a. — O.a
x terml — yWz zWy |y
n+% o 2
Ay terml — azax - axaz y
and
1
n+§ . > -~
Az terml — <all3ay - 8ya$)
where
n—l—% n—&-% n+% n—&-%
-1 2 i,j+1k+5 z ikt Y i,j+5,k+1 Y ij+y.k
Ay = MH.o1 .1 1 - s
i+9.0t5k+3 A, A,
n+% n+% n+% n+%
0 — /fl x it 3,5,k+1 T itijk zi+1,5,k+3 zi5,k+3
01 -1 1 -
v itg.dtgkts A, A, ’
and
n+% n+% n+% n+%
a. = | yit+l,j+3.k yijt+ik T i+l j+1k zi+1.5k
z = 01 .1 1
itgitakts A, Ay

35

(4.26)

(4.27a)

(4.27b)

(4.27c¢)

(4.28a)

(4.28b)

(4.28¢)

Writing each term separately shows which component of finite differences need to be evaulated

on each term

At

z terml —

~

—_ 8y

—1
Hitl it d el

-1
Pl jad ot

1
n+3

1
n+;

— An — A"

yitlj+ik  Tyigrlk zity gLk witgik
A, A,

n+% n ”H‘% n

¢ i+l gk+1 zit3ik z i+1,5,k+5 % ikt 3
A, A,

?

+

(4.29a)
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1

n+3
Ay terml —
n+% i n+% n+% _ n+%
z vl iy 1 1
it it kty Ay A,
n+% . n+% An+% . n+%
) ,u‘l yi+lj+ik yijtik | Twitdi+lk zi+3,5k (4.29b)
T 01 .1 1 P .
it3.dtg ikt A, Ay
and
1
nty o
Az terml —
n+3 _ant3 n+i ot
B (§ ﬂ_l z it 3, k+1 z itgik B z i+1,4k+3 zij,k+3 n
T il i1 1
i+g.0t5ktg A, A,
n+% N n+% n+% _ n+%
5 M_l zij+1k+1 zigkts T yigtgktl yijt+ik (4.29¢)
Y i+l L 1 : :
i3t gkts Ay A,

Evaluating finite differences leads to doubling the number of field values within a term, giving the

. n—&-%
final expressions for the components of A, as

n+%
Aa: terml —
n+% . n—i—% n—i—% . n—i—%
1 . Y itlj+dk y gtk zitd. 1k @ itk
- A 01 -1 1 - -
Ay itg.dtakts A, A,
1 1 1 1
n+3 B An+§ An+§ B An+§
1 yitlj—5.k yij—%.k T it+3,5.k xit+i,j—1k
M. 1. 1 1 -
itg. -5kt A, Ay
n"r% TL-I-% An-}—% An—&—%
. 1 /fl i+ ,gk+1 ¢ i+isk zi+1,j,k+3 z i, k+3
N 01 .1 1 - -
A, it5.0+5.k+5 A, A,
n+3 B n+i n+3 . n+i
M_l zitg,5k xitgik—1 s i+1,5,k—% zd,5,k—3 (4.30a)
S 001 1 1 .
i+3.0+3.k—3 A, A, ’
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1

n+3
Ay terml —
n+% n+% n+% n+%
1 M_l z i1+ 1 2z i5k+3 Yy ij+5 k41 Yy ij+5.k
- A 001 1 1 -
A, | “itaatakts A, A,
n+% . AnJr% An+% . n+%
1 z ij+1lk—5 z ijk—3 Y ijtg.k Y ij+g.k—1
01 -1 1 -
Hitdjrde-1 Ay A,
n—i—% n-‘,—% n—&-% n—i—%
n 1 ol yitlj+ik yig+ik z i+l 1k zi+d gk
N il 11 - -
A, it3.0tgkts A, Ay
1 1 1 1
n+s n+s n+s5 n+s
A 2 1 - A . 2 .1 A .2 1 . - A .2 1 -
Mfl Yy Z7]+§7k Yy 7’71»]4’57’{ z 1757]“’»17]c x Ziiu?vk (4 30b)
Ll 1,1 - ) .
i—gdtgkts A, Ay
and
n+%
Az terml —
n+% n+% n+% n+%
1 ,u_l it 3,5k +1 xit34.k zi+1,jk+3 zi,jk+3
- N 01 .1 1 -
A, itg.Jtgkts A, A,
n+% B n+% n+% _ n+%
1 T i—3 g, k+1 xi—35k zi5,k+3 zi—14k+3
-1 .1 1 -
Hitgriess A, A,
n-‘,—% n—l—% n-‘,—% n+%
L 1 ol 2 i+ 1Lk+3 2 ikt Y ij+i.k+ Y igj+sk
A, it5,J+5kt3 A, A,
n+3 ot n+3 i
/fl z45k+1 zijk+i B Yy i,j+5.k+1 Y ij+s.k (4.300)
il 1,1 . .
it gkt Ay A,
4.3.3.2 Expansion of A;.,,,»
Starting with Equation (4.22),
A2y = Ve 2TV e i Al 431
term2 — Cigk V€ kM kY T €Lg kN Gk (4.31)
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we can expand the first divergence into backward differences

2 Anty 4 n+; n+% +%
VoeijiA i = Ou€ijiA, it T Dyei i nA yigtin T . kA i (4.32)

The backward differences can be evaluated to obtain

~ ~n+% . 1 n+% n+2
Vo €igehie = xo \Gakdy i1~ Gnandy Za )

T i+5,5,k T z—f

1 n—&—l n—&—l
— (€A 2 — € A 2 >+
Ay ( Z’J’k ) l»]+%7k J 17k Yy Zyjfévk

(A s — e AT ) (4.33)

Next, we can take the backward gradient of Equation (4.33) to obtain the next part of A,

term2

Ve 2 bV Al =V

B9,k

1 1 1
-2 1 n+3; n+3
(A:c €igiei ok (Ezuv’fo Y by
1 1 1
—2 1 n+3 n+3
— i €A R —€i1kA 2
Ay z,j,kluz,],k ( i,7:k y z,]—l—%,k hj—1.k yz,]—%,k +

1 1 1
Az €3,k .k (6%3”“’42 i+ L vakflAz ijk=1) )" (4.34)

1
Since we know the gradient is the last operation, we can divide A?;,fﬁ into components to evaluate
each separately

n+z “ ~ A
A i = Ax term2Z + Ay term2ly + Az term2% - (435)

term?2

The components are

nt+s 5 I 5 nt+3 ntg
Ay terma = €k (_A Ciaklligr gk, itdgk €L, A, i—1gk) T
xT

1 1
-2 -1 nt3
A, ikt (EZ’J’kAy RS WA ’“Ay i k) *

1 1 1
-2 -1 o nt3
AZ 627]7’{“”7'7]7]6 (ez’J’kAZ Z,],k+ 627] k— IAZ Z,] k— ) ) (4.36a)
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n+% . 3 1 -2 -1 n—&-% n—l—%
Ay term2 — eiijkay A €i gkt gk Ei:j:kAx itigk Eiflvjvax i—L ik +
z 2 2
1 1 1
-2 1 n+3; n+3
A, “iiktligh (E”Jv’“Ay T s

1 1 1

—2 1 n+3 n+3
— e u e s AR — €. 1A 2 4.36b
AZ l’]’k/llzjzk ( Z’]’k z Z,],k+% Z7J7k 1 z Z7j7k“_% ’ ( 36 )
and

1 ~ 1 1 1
nty -2 -1 nts nts
Az term2 — fi,j,kaz <A €i,j,kui,j7k <€i7j7k‘4x i-l-%,j,k - ei—l,j,kAm i k +
x

2_%’.7"
1 1 1
—9 1 ntg n+3 )
—c S € rA 2 — € 1A 2 +
Ay Z:]JCM%JJC ( i.5:k Y Z,j+%,k‘ i.j—Lk Y ’L,j*%,k
1 -2 -1 An—O—% An—i—% 436
A €i gkt gk \ Ciik zigk+d T Gkl e 1) ] (4.36¢)
z
After evaluating the forward differences, the components become
An+% =€ ! €2 - € An+% € AnJr% +
x term2 — G4k A:c i+1,j,k:ui+1,j,k i+1,5,k44, i+%,j,k 4,5,k43, i—&—%,j,k
1 1 1
) 1 ) ) n+2 o ' n+2
A, €it1,5,kMit1,5,k <51+Ly,kf4y i+1,+1k €z+1,y—1,kAy i+1,j-1 .k +
1 1 1
A, €it1,5,kMit1,5,k <€Z+1J,k‘42 i1,k €z+1,1,k—1Az i+1,j,k—1
1 1 1
-2 -1 /L e AT
( A, CoikHigk <€Z’J’kAz i+3.0.k €i1ikA, imigk) T
1 1 1
2 1 n+; n+; >
—€ i € aipA R — € i1 pA 2 +
Ay Zy]ykljjlajak < i.7:k Y 7,,_]+%,k i,j—Lk Y Z,j*%,k‘
1

et (e AT AT /A, (4372)
A, i,g. Mg ke \ gk z4,5,k+3 G k=140, k=1 x5 )



nt3 _ 1 -2
Ay term2 = €ij.k ((A €ij+1, k“z j+1 k Ei7j+17k‘4
x

L

n+% n+2
x i+g i+ 1k

— €i—1,5+1, kA

n+% n+3
Ay ,]Jrlk/j’z,jJrlk<€17]+17kAyi7j+%7k €z7J7kAy,~7j+%,k +

1 _2 n+%

Az i+, kl‘wﬂ k <€ivj+1v’fAz ij 1k

1 1
R | n+3
( A, CoikHigk (‘fkaAx i+1 ..k

1

—2 1
€5 k+1M5 5 k+1 <€i,j,k+1A

1 _2 n+%

Ay ,],kJrlluz 7, k+1 <€i7j7k+1Ay i,j—&-%,k-{—l

L

-2 -1
—€ i (€A 2
Ay Zvjvk 17]7]9’ < Z"j’k Yy Z,]-‘r%

2 1
—€ (e-’ A
éz 4,9,k 1,g9,k \ ~03

+2
»]J‘f) +

— €i—1,4, kA

nti

.. 2
& ezaj—l7kAyi7j_%7k>+

n—i—% n—&-%
z ikt

n-l—% p An—i—%
witlgher  CLREELO,

— € j— 11<;+1Ay i1, k+1> +

n+3 n+3
A, gkl i1 (6’737"3*1Az igaey Gk i,j,k+§>)

1 1
-2 -1 n+3
( A, CoikHigk (ka’A:ﬁ i+3 ..k

1
2 1
A € 5.k 5.k (Ei,j,k
z

4.3.3.3 A Update Equation - All Terms

— €i-1, kAn+2 ) +

T 1—5,],16

+
— € jopA 2 1k>+

—2 —1
—e i e A2 ;
Ay ZyJ,kljllJJf ( i.7:k Y ’L,j-‘r%,k Y 1,J—

n+% n+2
Az ig.k+3 ~ Cigik— lAz ig.k—2 /AZ

The final A update equations by component are as follows:

oAt n—3 —1
=24, 56 — Avije T €

ATs

T 4,5,k

n+ o n-‘r n—% -1
Ay =24 — Ay ikt €k

y Z?]? y 17]7
and

A™TE gt

z Z7J7k

n—l—% n+é
(Az terml + Az term?2 + '] 1,5,k

(Ay terml + Ay term2 + J .7, k)

1
n+3

1 1
n—3z -1 nta
zi5,k Az 2,5,k + Ei,j,k (Az terml + Az term?2 + ‘] 4,5,k

n+%
Cigir14, i,j+1,k—§>)

i—%,0,k+1

40

— €ijh-14] z.0.7,6_;))) /A, (437b)

(4.37¢c)

(4.382)

(4.38b)

(4.38¢c)



n+3
where the components of A,_, 2, are
g
Ax terml —
n—l—% B n—&—% n—l—% . n+%
1 ol yitlj—ik yij—1ik @ i+igk ¢ i+l -1k
N 01 -1 1 -
A i+5.0—5.k+3 A A
Yy T Yy
n+% _AnJr% n+% B n+%
il il 1 -
itg.tgkts A, Ay
n+% . n+% n+% . n+%
n 1 u‘l z it+d gkl zitdjk z i+1,5k+3 zd,jk+3
N 01 .01 1 -
A, it3.0+5.k+3 A, A,
n—i—% o n—l—% n—&-% n—i—%
,u’l T itd gk zit3j k-1 z it+1,5k—3 zi,5,k—3
s, 1 -1 1
itg.dt3k—g A, A,
n—l—%
Ay terml —
n+% _ n+% AnJr% . n+%
N 01 -1 1 -
A, | " itadtakos Ay A,
n+% . n+% n+% . n+%
! z i,j+1k+3 z i,5k+3 Y ij+5 k41 yij+i.k
01 .1 1 -
itgdtykts Ay A,
n—i—% . n-‘,—% n—&-% . n—i—%
1 1 yitlj+ik yig+ik z i+l 1k zi+d gk
+—— 1 u —
01 .01 1
1 1y 1
A, it tgkts A, Ay
n—l—% . n-‘,—% n—&-% . n-‘,—é
! Yy ij+s.k yi—1j+3.k xi—%,j+1k zi—%.5,k
R S| -
i—gdtgkts A, Ay

1

41

. (4.39b)
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and
1
ntsy
Az terml —
An—&—% . n+% n—l—% . n-‘,—%
1 /fl zi—1jk+1 zi—1jk z i k+3 zi—1,j,k+3
A 1 .1 1 -
7'777J+77k+7 A A
T 2 2 2 z T
n+% B n—l—% n—&—% . n+%
M_l z i+3,5k+1 zit+igk zi+1,5,k+3 zd5k+1
01 1 1 -
i+g.tgkts A A
z x
n+% B n+% n+% B n+%
001 1 1
A, | Titeidtakts A, A,
n+% n+% n+% n+%
A .. 1 A .. 1 A .1 - c.1
H_l z 4,0,k+5 zipkts Ty ijtgktl Y i,J+5.k (4.39¢)
4 hd A A &
Yy z
1
n+3
and the components of A,_, 7, are
nty L -1 n+i n+3
A:c term2 — €ij.k A €1 ki1, 6i+1»jykAz i+3 5.k o €i:j:kAx i+3 .5,k +
x
1 1 1
) —1 ) n+3; ) n+3
A, €it1,5,kMit1,5.k <€Z+17]7kAy i+1j+1k €z+1,a—1,kAy i+1,j- 1k +

1 1 1
-2 -1 L o nt3
A, €it1,5,kMit1,5.k (EHLMAZ i1kt €z+1,J,k—1Az i+1,j,k—1

1 1 1
-2 1 n+3; n+3
( A, €ij kM gk (‘5%3va$ Ry €i1jk A, i~ 1.5k +

1 1 1
—2 1 o opnt3 o nt3
A, otk (E“J”“Ay gt T Gty o)
1

1 1

2 7t (e AR e AT /A, (4.40a)

A i,j,kui,j,k 1,7,k zz’,j,k—i—% i,5,k—1 zi,j,k—% L) .
z
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”+2 _ 1 -2 n+s3 ”+2
Ay termz = ik ((Ax RNV YIRS CRRSNY Y i dgene Gtk AL T )
1 1 1
_2 ) n+3; ) n+3
A, €ij+1, k#@,ﬁl k <€w+17kAy ij+dk ewaAy igrie) T

1 1 1
€2 . nts o nts _
Az i+, k“wH k (E%J“v’fAz ij 1k Cigt1h-14, i j+1k—1
1 1
—2 1 n+3; +2
( A, €ij kM gk (Q,;,zfo i+150k €L, KA, Lk +

1 1 1
—2 1 o opnt3 o nt3
A, Coktliin (E””“Ay b T Gtk Ay o )
1 1 1
-2 1 n+3 n+3
A_ngk'ui,j,k (61"11’“’42 ikl Givjvk—lAz ijk—1 /Ay, (4.40b)

and

n+3 . 1 —92 nt3 n+3
Az term2 = €ijk ((A 1,7, k+1/1“17]7]<;+1 Ei,j,k—l-lAm i+%,j,k+1 - Ei—l,j,k—i-le z—f,] k+1 +

Aiy%%k+1/‘m{k+1 (Eivjvk+1AZ—:5+%,k+l €ij—1 k+1Ay-: =Lkt ) +
Alz 732k'+1’u13k+1 <€i’j’k+1A:—:j,k+% o Ei’j’k z z,jk % >
(Aix%j%k'um{k (6ivj’kA:J2E%,j,k — €1k Lk ) +
Aiyei_f,k“i_,jl,k <€ivjv’fAZt,jl'+§,k - Eivﬂ'*lvath—f k) +

1 1 1
— _2 _1 .. n+2 —_— . n+2
A, €ijikeFisjk <€Z7J7kAz ikt €ijk—14, ijk—3 /A (4400)

4.4 Discretization of Vector Potential Formulation of Maxwell for Graded Mesh

To implement a graded mesh for this system, the distance between points needs to be indexed.
Here, I show how to write the second-order equations for a graded mesh. This is nontrivial due to
the index now corresponding to location of difference.

By defining the index for the graded mesh at position i to be the difference of the positions a
half-step in either direction,

(4.41)
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we can discretize Equations (4.10)-(4.12) for a graded mesh.

There are multiple ways of looking at the problem of an inhomogeneous mesh. One important
consideration is computational resources; increasing the number operations required can increase
computational cost for each time-step. Conversely, an incorrectly graded mesh can lead to inaccu-
racy and instability in the FDTD algorithm. Cost and accuracy factors must be considered when

implementing a graded mesh.

4.4.1 Expansion of p Update Equation for Graded Mesh
First, we again take the discrete divergence of Equation (4.10) to obtain
pz,] k= pz] k At (8 ‘] 7]‘7]9 + éyJ;l + 8 ‘];Lz ],k-‘,— ) (442)

Now, by altering the vector calculus definitions to have the spatial offset vary by position, we can

take the backward difference for the result for a graded mesh

pz gk pZ,] k At
n _Jn n _Jn n _Jn
(Ja: i+1.5k Jx i—1.5k Jy ij+5.k Jy -5k n ‘]z i5.k+3 Jz m;k—é) (4.43)

Ax; * Ay; Az

4.4.2 Expansion of ¢ Update Equation for Graded Mesh

Starting with Equation (4.11), we evaluate the forward gradient to get

7?:1 2¢1jk ljk_'_At ZJk:uz,jk
(V €ijik (wawcb” k + 90,07+ zazqzﬁ;fj,k) + p;jﬂk) . (4.44)

The forward differences can be evaluated on the graded mesh as

n+1l __ 272
1,7,k T 2¢Z]k zyk+At Z]k}uljk

T T n n
- Ohge = Pigk | 2Pk — Pk | Pk — ik
V . ei,j,k xX A + Yy A +z A
Litl Yjvdi Ppyl

+p;-fj,,€) . (4.45)
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Expanding the backward divergence into backward differences gives

+1 _ 2 _—2
¢?]7 2¢13k ¢1]k+At Z]k/’Lij

n n n n
B Piviik — Pijik o Prjrie ~ Pijh o i1~ P
z GZ,_],k‘ Yy 617]7k 1 67‘7.77k
Az, 1 Ay; 1 Az, 1

+p§§j,k) . (4.46)

From here, there are two different ways to evaulate the backward difference. FEither the finite
differences can be evaluated with the original fields in the equation or, in order to simplify, assume
each term already evaluated with a finite difference is located at its average point. By taking the

finite difference of each value, the expression we obtain for ¢ update with a graded index is

n+l __ 2.2
¢,]k ¢’ij? 1]k+At z]kuz,jk

T n n
1 gk — ik ik~ Pk
A Cgh— Ao ) TG A T
Litl Litl T 1
T n n n
1 ik~ Pk ik~ Pk
A gk A T\ Gtk +
Yits Yirs Yj-1
1 ikl — Pk ik — Orjk-1
i7j7 + i7j7 i)j’ i)j) — T
A gk A, | T\ G A || TPk - (4.47)
“htd Pkt Zp—1

The more computationally inexpensive version for a ¢ update with simpliying assumptions about

the graded mesh would be

d)nj:l—ngle ¢Z]k+At Z]]{?/'LZJ’C

]' n n n n
(A:c ) ((%k (¢z’+1,j,k - Uk)) - (Eifl,j,k (¢i,j,k - ¢i71,j,k))) +
i+3

]' n n n n
Ay N2 ((%‘Jﬂ ( i+ 1k wk)) - (fm'—l,k (¢z‘,j,k - ¢i,j—1,k))) +
Yirs
1
AZ, ((eigk (D001 = Din)) = (€grmr (0750 — DFjuen))) + PZch) - (4.48)
3
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Equation (4.48) requires fewer operations than Equation (4.47) to compute values on a graded
mesh; however, Equation (4.47) does not make simplifying assumptions about the distance be-
tween values, thus is more accurate. Since ¢ only has a single update equation, we implemented

Equation (4.47) for increased accuracy and stability.

4.4.3 Expansion of A Update Equation for Graded Mesh

Assume again

AZ;TI? = 2AT?]+,2 - Art] k + A? ;jlk (Aterml + A?etgﬂ + jz;f) (449)
where
Al = Vx A2 4.50
terml - X/’Ll+27]+27k+ ( ,],k) ( * )
and
n—i—% n+i 3
AtermZ €i,j, kvez Js k:/l’z Js kv El’J»kAz Jok (451)
4.4.3.1 Expansion of A;.,,,; for Graded Mesh
Starting with Equation (4.50), evaluate the discrete curl
Vx AL =0 (9,740 =0 AZWW,C) +
§(0A2 00— AT )+
(0L = DAL ) 452)

and the forward differences

n _ n n _ n
T« A7 . Az ij+1,k+4 A ijk+3 Ay ij+5 k41 Ay 045,k
-1 z 1
y]+§ k+§

n _ AN n _ An
Aa: i+1,5,k+1 Az it+15.k Az i+1,4k+3 Az ig,k+3 n
Azt Az

n _ AN n _ AN

R Ay i+1,j+3,k Ay ij+5.k Az i+3,54+1,k Aa: i+3.0,k

Z A — A . (4.53)
Titl Yjrl
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Putting this term back into the entire term

Al V x pu!
= - M. 1.1 1
terml it j+5 ks
n _ AN n _An
. Az i5+1,k+3 Az i,7,k+3 Ay i+1k+1 yij+ik
z A — A +
Yi+i P+l
n _ AN n _ AN
R @ i+3,5,k+1 Aac it+i5.k Az i+15k+3 Az ig.k+3
Yy A — A +
Pk+d Tig1
n _ AN n _ An
y i+1l,j+5.k Ay ij+5.k A7 i+3.J+Lk A7 i+3.0.k
A — A (4.54)
Tivi Yjrl
Simplify the term by separating into components,
VXA=-—3 (ayaz - azay> — 9 (azax - axaz) —z (agcay - ayax> . (455
where
Ag term1 = — (ayaz - azay) ) (4.56a)
Ay terml — — (azax - 8xaz> ) (456b)
Az terml — — (away - ayax> ) (456C)
and
n __ AN n _ AN
-1 z 4,j+1k+3 Al i,jk+3 Ay ij+5,k+1 Ay ij+3.k
Ay = ’ui—i—lj—l—lkz—&—l A - A , (4.57a)
27T 2 yj+% Zk—&-%
n _ An n _ AN
1 Ax it+3,5,k+1 Ax i+35.k zi+1,5,k+3 Az ijk+3
ay = Ni-i-l j-‘rl ka_l,_l A - A s (4,57b)
PRELEP RN Zk+% .Z'Z-+%
n _ AN n _ An
a, = | pt y itlj+s.k Ay i,j+ 3.k A7 i+5.4+1k A7 i+3.5.k (4.57¢)
z Z+l,+l,k+l - . .
2713 2 Aaf)i+% ij+%
Here are Ay.;,,1 components
Aw terml —
n _ AN n _ AN
5 ! Yy it+1,j+5 .k Ay ij+%.k A i+3.5+1.k A i+3.5.k n
IR R RN , B ,
2 2 2 sz+% ij+%
An AN n _ AN
A _ z i1 5.k+1 z i+1j.k z i+1,5,k+2 z 0,5, k+%
' : 2~ 2 2 (4.58a)

2\ M1 11 )
Z+77]+77k+7 .
23 2 AZkJr% A$Z+%
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Ay terml —
A™ — A" A™ — A"
o ! z 0,j+1k+3 zijk+3 Y ij+5 k41 yijt+ik n
IRGA R F A N , -
2 2 2 ij+% AZkJr%
A" — A" A" — A"
o 1 yit+l,j+5.k Yy ij+ik zi+1j+1k zi+3,5k
Or | 15 o1 g - . (4.58b)
itg.dtgkts Ax; 1 Ay;i1
2 2
and
Az terml —
A" — A" Ao — A"
~ M_l T H—%,],k-‘,—l T z+%]7k z ’L+1,j,k‘+% z z,],k—&—% +
T\ Pl gL ktd -
2 2 2 AZ]H_% sz+%
A" — A" A™ — A"
A -1 z 45+ 1k+3 z i,5,k+3 Y i,j+5.k+1 yij+ak
2 2 2 yj—f—% k—&-%

Since each equation contains 8 terms, taking the backward difference of each term will result
in a total of 16 terms per component. The most detailed grated grid evaluation of finite differ-
ence would require 3 different grid differences while the most simple would require 1. Due to
the number of operations already present of each component, we evaluate the grated grid as the

most simple version. Here are Ay.,,,; components in the most simple evaluation of the backward

~— | & 1.1 1
Az " itadtakts Aza Aa:z+2
A" — A" A" —
1 T z+2,],k T i+%j,k71 z i+1,j,k7% z z,] k—

4.
Pithoriicy Arps A (5%

difference
Ax terml —
Am — A" A"
1 ILL_l ) l+17]+%7k Yy Z?]+%7k z Z+27]+1 k x ’L+27]7
e 01 .1 1 -
Ay] Z+§7]+§7k‘+§ sz l Ay]+
n __An n o
ﬂ_l Ay i+1,jf%,k Ay Z,j** k A:t i+%,j,k Ax 'L+2,] 1,k
3.0 5k t5 . B .
2 2 2 Al‘lJr% Ayﬁé
n _An n
1 _1 Am i+l gkl Ax i+igk _ Az i+lgk+s z i.J, k+2>

it+3
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Ay terml —
1 . 24 j+1k+1 z i5k+3 y i+l k1 y ij+ik
- X 01 -1 1 -
Az \"itzdtakts Ay Az
n — A" An — A"
. i +lk—3 % ijk—3 yigtgk  yigtgk-l
01 -1 1 -
it5.dtgk—g Ay Az
n 1 . y i+lj+1k yij+ik zit+3,j+1k @ itk
N 01 -1 1 -
Ag; \"itadtakts Az Ay
A" — A" A" — A"
1 Y ij+s.k yi—1,j+3.k xi—3.j+1k zi—5.5,k 4,508
:ui,l G4+L k4l A - A ) ( . )
27T 2 x Yy
Az terml —
n _An n AN
1 ,u_l x it+d,gk+1 A:c i+34.k Az i+1,5,k+2 Az igk+3
Az \Mitlgrdkrd N A -
ALL‘Z 2 2 2 AZ]H_% AiH_%
n AN n _An
M_l Ax i—1,5k+1 Aw i—15.k Az ig.k+3 Az i—1,5k+1
-1 -1 1 -
7‘_77]+77k+7 .
2 2 2 AZ’H—% AxH%
n 1 ol 2 i j+1k+3 2 igk+3 Y it ktl Y igtik
~ 01 .1 1 - -
‘ vl gl
Ay] 1+5,0+5:k+3 ij+% AZ]H_%
A" — A" A" — A"
-1 z i,jk+3 zi,jk+3 Yy ij+5 k41 yij+ik 459
/‘L,H_l j_l k‘-}—l A - A . ( . C)
272 2 yj-i—% Zk—&-%

Notice these update equations still contain a large number of operations. These equations need

to be updated every timestep, so keeping the number of operations is small is important.

4.4.3.2 Expansion of A,.,,,» for Graded Mesh

Starting from Equation (4.51), evaluate divergence term

T e AT — Ao AT ) . . AY
V- Em,kAz;j,k = 8$6’L»]»k’Ai+%,j,k + 8y€1737kAi,j+%7

L+ Os€ijn AL (4.60)

ij,k+5
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and evaluate backward difference

- ~ 1

n _ - o n
v EZ’]JCAiJJf - Az, (61Jvaz i—i—%,j,k €i-1, kAx z—f,],k> +
i

Ay;

1
n
(ﬁw,kAy ij+ik  Gial kAy z,j—%,k> +

1
— €A — €1 A . (461
Azk < .5,k Z/L’]’kJr% 1,5,k—1 Zl,j,kfé ( )

J

The entire term can be written as

v @7, klu“z,],kv €ZJkA1]k =V

I
AJ]Z'E

-2 -1 n
GZ,J,kuZ,j,k <€Z’J’kAy Z?]J’_%ak 67,,] 1 kAy ( ]_7 k> +

1
Ay,

Divide into components

1
Ax;

1
Ay;

A:c term2 — Ei,j,kax (

1
Az,
1
Ay;

Ay term2 — 6i,j,kay (

1
Ax
1

Az term2 — 6i,j,kaz (

Ay;

2 -1
i,j,kﬂi,j,k ( 1,9, kAac 1+2,] k — €i-1, kAx 7,_,7],]€) +

L - n
AZk Ei,jg,klui,jl,k (Ei,j,kAz i,j,k—‘r — €i,5,k— 1Az ijik— )) . (462)

,] k)/'LZ] k (El] kAIZ‘ Z+ ] k EZ_ ‘7 kA 2_7’]’]{?) +
7]7kM17] k (6 0.3, k Yy Zv]+%7k 617‘7 1 kAy i Jf%”“) +
1

N €t <€i,j,kAZi,j,k+ — €igh—1 AL )) , (4.63a)

—2 -1 n
€i.j ki gk <€izjzkAm gk EGLikAg 1 k) +

-2 -1
€Z7J7ku7’7]7k < 4.3 kAy Z?]J’_ k 617'7 1 kAy 7’7]_7 k) _'_

1
2 1 n "
AZkEi,j,k:ui,j,k <€z,g,kz42i7j’k+% Q,;,kqui’j’k_%) , (4.63b)

—2 —1 n n
€i gk gk (%J,kAz i+igk €i-1,j kA z’—%g’,k) +

-2 -1 n
el’Jak'LLl:.]vk (El’]’kAy ’l,]+%,k§ €Z7J 1 kAy % ]—* k?) +

1
—2 -1 n n
A € i gk <€i,j,kAz gkt T €ijr—1A7 z',j,k—%) . (4.63¢)
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Make the same assumption to simplify the graded mesh that was made for A.,,,; and evaluate the

forward difference

1
—_— . . [ 2 . . n p— .. n
Aq: term2 = €ijk ((A[L’ z+1,] kHlJrL]’ <€Z+17]7kAI i+%,j,k EzﬂJgAx i+%,j,k> +
L €. o €ir1j kAT — €1, -1,A" +
Ay, Cittakbirtih \ LRy e gk T LI LAy gk
J

1
—2 n n
Az €it1,5, k;/%+1j k <€z+1,3,kAz i+1gk+3 6744”17]:]9*1142 i+1,j7k—%>

1
-2 -1 n
(Am617]7kﬂl7j7k <€z’j’kAI l“l’%:]:k 62_ ’J kAx 177’]7]6) +
7

1
-2 —1
ij Cigkllisi < b, kAy ij+5.k — Cij-1 kAy -1, k) +

I — n
A b (€aahA? jps = gk A, k_))) [Azi 1, (4.642)

1
_ -2 . n € 4. n
Ay term2 = €ijik ((Aa: €41, k/iwﬂ k (€Z7J+17kAz i+, 5+1k 61—17J+1J€Am z‘—%,j+1,k> +

1
_2 n n
Ay; €ij+1, kluz,j+1 k <€z,J+LkAy ij+3 .k E'Lv]vay i,j+§,k> +

1
—2 n n
Azk ij+1, kﬂz,ﬁl k (Ez,J-HJfAZ i\j 1k 627]+17k_1AZ i,j+1,k—%>

1
-2 —1 n
(AZBZ' €3 kHi gk (617]7kAx itk Gi-1d, rAG z",],k> +
—1 €2t A" — € A" +
AyA 1,5,k171,5,k €ijk yz]Jr k t,j—Lk y”,,k
j

I — n
_Azk eijkum{k, (QJ,kAZ kL — €k 1AZ is k_))) /Ayﬂ%, (4.64b)
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n n
(QJ kHAm itlgkd1 Eifl,j,kHAx z‘—%,j,k—&-l) +

L
AL term2 = €ijk ((E ]k+1ﬂm k+1
1 —2 n A
Ay; €i.d, k+1luz,] k1 \ €ingik41 IENEE N AN — Cij-1k+1 y i,j— 5. k+1 +
J
L =2 AT A
AZk 9, k+1Ml,] k1 \ Cigk+141, z‘,j,k+3 €ijk 1, i, k:+2
1 -2 -1 An A"
A_:L'-Ei,j,kui,j,k Ei"j’k z i+%7.77k €i-1 Lj k<t 74_*1.7,]‘3 +
(2
1 -2 -1 n
Ay‘j E’L,],k’LLZ,j k (ezvjvay Z,]Jr%,k - ezvj_lvay 7,]77 k‘) +
e (AT ko1 A" A 4.64
Azkei’j ki gk \ Cigk zigk+d T €iyjk—1 zik—1 / “k+ (4.64c)
4.4.3.3 A Update Equations for Graded Mesh - All Terms
The A update equations for a graded mesh are given below
Al —oAlTE AT A2 (AT AT, T 4.65
N 1,5,k 1,7, k: + 7,] k terml + term?2 + 7.k ( : )
where
%y -l S o A +%>
Aa = —Vxuly (v x Al (4.66)
and
n—i—l TL+
Aterm2 €., kVEZ WJs kuz 2Js kv elJ,kAz 2Js k2 : (467)
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Each update term contains many operations even with the simplifying assumptions about the

graded mesh. The equations for the first term are

Aa: terml —
n _ n n _
1 1 Ay i+1,5—3.k Ay i3k Aac i+3.5k Az it+3.-1k
~ | P U W | -
Ay] 1+35.J 27k+2 A.[L'Z+2 Ay]+2
— n —
1 Y i+ 1545k Ay ij+5.k A i+5.d+1k x z+2,a k
M —_—
it 5.0+ 5.kt g ‘ .
2 2 2 ALL' ij_f_%
n _ n n —
1 _1 Aa: i+ 3,5k +1 Aa: i+34.k Az i+1,5,k+3 z igk+3
~— | K. 1.1 1 -
Az \ " itadtakts Az 1 Az,
2
n n n _
_1 A:v H—Q,j,k Aa: i+%j7k—1 Az i+1,j,k—% z i,5,k—
2T 2 Zk:-i—% $i+%
Ay terml —
A" — A" A" — A"

1 ! zij+1k—3 zigk—1 y itk Y it k-1
n -1 .1 1 - -
Az " itadteks Ayt Azpya

n _ AN n _ AN
! z i,j+1k+3 Az ig,k+ 5 Ay ij+3,k+1 Yy ij+s.k
S O | 1 -
l+5;]+§,k+§ Ay]+% Azk—i-%
n _ AN n _ AN
1 ,Lfl Ay i+1,5+35 .k Ay ij+3k Am i+1.5+1k zit+i,jk
A T S | 1 -
A(L’i i+5,J+5.kt+5 Ax ij+%
n _ AN n An
71 Ay 7".7+27k Ay i— 7.]+2’k Az 1_77.]"'_1 k x Z_%).])k
T A — (4.68b)
BPEAPE 2 X

Y
i+3 AYji1



54

and
Az terml —
n AN n _An
1 /fl zi—1.jk+1 Ax i—14k Az ijk+1 zi-1,jk+3
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) i—% gLkt
Ax; 20T RT3 AZ,H_% AJ?H_%
n _ An n _An
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The equations for the second term are
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1
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Ay.ei,j,k”i,j,k ( gk Ay ij+ik  Cig—1 kA i1, k) +
J

1 —2 —1 n
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4.5 Simulation Results

We have implemented the discretized equations for a uniform mesh (Sections 4.3.2 and 4.3.3.3)
and for a graded mesh (Sections 4.4.2 and 4.4.3.3). The simulation was on a 90 x 100 x 110 grid
in free space. We give our simulation a current source, a dipole source with a wavelength of 940

nm. The source is located at the center of the simulation.

Z.maX jmax kmax _
JZ< 5 ' 5 g )—1 cos(wt). (4.70)
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The graded mesh has varying values of grid spacing but still must not violate the Courant

stability condition
1

A, < “4.71)
C\/A;?rnin + A;?nin + A;?nin
where A; i, is the minimum mesh separation in the i-direction. We use
0.99
A = 4.72)
C\/A;%nin + Ay_%nin + Az_?"nin

The timestep is calculated to be A; = 0.090 fs, and A; i, = % for standard grid sampling.

The E and H fields can be obtained by discretization of the definitions from A and ¢. This
is useful if someone wanted to compare values to conventional FDTD or visually confirm the
behavior of the electromagnetic fields is not unexpected. The values for A and ¢ are less intuitive

than the standard E and H fields.

4.5.1 Uniform Mesh

Figure 4.1 shows field values for A and ¢ as well as E and H for t = 50A; or ¢t = 4.4805 fs.
Figure 4.1a gives values of A and ¢ calculated directly from the simulation. Figure 4.1b gives
values of E and H calculated from the discretized definitions of E and H in terms of A and ¢.
We observe a circular wave propagating outwards from the center for the z-components, as well
as ¢, as expected. Other components appear symmetric about the origin and seem to have stable
propagation characteristics. One thing to note is that the values appear smooth along the wavefront;
this indicates a stable simulation.

Figure 4.2 shows field values for A and ¢ as well as E and H for ¢ = 5004, or ¢t = 44.805 fs.
Figure 4.2a and Figure 4.2b are calculated in the same way as in Figure 4.1. These results appear
a little rough. I think this is due to lack of consideration of edges of the simulation. The benefit
is that, in coding, all updates were evaluated in one loop, speeding up computation time. This
differs from conventional FDTD because the second-order update equations are uncoupled, so the
previous values only depend on prior timesteps, not the position-dependent values of another field

at the same timestep. However, if I were to work on this simulation again, I would put p, ¢, and A
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(a) Values for A and ¢ calculated from the second-order A-¢ FDTD at ¢t = 4.4805 fs
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(b) Field values E and H calculated from A and ¢ in the second-order A-¢ FDTD at ¢t = 4.4805 fs

Figure 4.1: Shows A, ¢, H, and E values calculated from the second-order A-¢ FDTD at ¢t =
50A; = 4.4805 fs for a dipole current source .J, in Equation (4.70).
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(b) Field values E and H calculated from A and ¢ in the second-order A-¢ FDTD at ¢t = 44.805 fs

Figure 4.2: Shows A, ¢, H, and E values calculated from the second-order A-¢ FDTD at ¢t =
5004, t = 44.805 fs for a dipole current source .J, in Equation (4.70).
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in separate update loops with appropriate indices for grid termination. Iteration through multiple
loops would be more computationally expensive, but it would allow for the creation of a symmetric
domain. Another method to create a symmetric domain and minimize loops could be by creating a
second loop with just the boundary value updates. How to determine boundaries for FDTD loops

is covered in a later section for the development of FiPo.

4.5.2 Nonuniform Mesh

The nonuniform mesh is defined at both half and whole steps for each coordinate. We consider
a graded mesh where the size of the cell varies linearly with position. The slope of the grading is

found by

d le x Ay i
slope — gradeScale x A, nin @.73)

Tmax — mid

and spatial steps calculations for the first half of the grid (1 to mid) are defined as
A, = —slope x (it — mid) + Ay min (4.74a)

A, = —slope x (i — mid + 0.5) + A, min (4.74b)

The equations for the second half of the grid (mid to 7,,,,) are calculated in the same way except
with a slope of the opposite sign. We defined a mesh grading scale gradeScale of 0.10 that changes
how quickly the spatial variation of the grid changes. We chose a value of 0.10 in order to not vary
too much and make the simulation unstable but also have a nonnegligible spatial variation. The
value mid is the center point of the simulation.

Figure 4.3 shows field values for A and ¢ as well as E and H for t = 50A, or t = 4.4805 fs for
a nonuniform mesh. Figure 4.3a gives values of A and ¢ calculated directly from the simulation.
Figure 4.3b gives values of E and H calculated from the discretized definitions of E and H in
terms of A and ¢. Similar to the uniform simulation, we observe a circular wave propagating
outwards from the center for the z-components as well as ¢, as expected. However, ¢ now has both
positive and negative values and there are now differences for the now non-negligible components

for A, and A,. There appears to be some roughness at the edge of £, and E, that could be due to
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Figure 4.3: A, ¢, H, and E values calculated from the second-order A-¢ FDTD with nonuniform
mesh at A, = 50, t = 4.4805 fs for a dipole current source .J..



Ax.txt

20

40 60
X index

80

%1028
5

y index

X index

Phi.txt

x index

%1028 Az.txt %1023
5

20 40 60 80
x index

%1077

-5

61

(a) Values for A and ¢ calculated from the second-order A-¢ FDTD with nonuniform mesh at

t = 44.805 fs
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Figure 4.4: A, ¢, H, and E values calculated from the second-order A-¢ FDTD with nonuniform
mesh at A, = 500, ¢t = 44.805 fs for a dipole current source J,.
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instabilities arising from the nonuniform mesh. The results have some differences from Figure 4.3
that could be a result of error from the nonuniform mesh.

Conventional first-order FDTD can be troublesome to implement if not careful of the indices;
the second-order equations are much worse in this regard. I ended up implementing the operations
in code rather than opting for writing out individual values because when I tried, they were ex-
tremely prone to error. This method of programming operations, however, results in unsimplified
equations and increases overall compuatational cost. It would be better to simplify in terms of
coefficients and field values of the same position and timestep. The problem is that there are so
many different field values for a single update equation that the solution is a mess. As you could
see in the derivation, I divided the A update equation into multiple terms where each term was
complicated with many different values. Details of implementation were not included in Ryu et
al. [14], but due to the complexity of this method, the amount of work necessary to recreate the

FDTD is impractical for use of those who are not well-versed in FDTD.

4.6 Discussion of PML for Second-Order Equations

The A-¢ FDTD works well enough for a sample simulation; however, to use this method for
device simulation, absorbing boundary conditions need to be implemented. This section will go
over the PML implemented in Ryu ef al. [14]. We have already discussed the impractical nature
of the second-order update equations, but the complexity of the second-order update equations

really shines in PML implementation. We can demonstrate the difficulty of PML implementation



63

by looking at the update equation for A:JrE, given as

_1 n—3 n—? n—1 n—? n—1 n—3 n—5
ayH: 2 - 2asz 2 —|'_ asz 2 + O-Z ayHZ 2 - asz 2 azHy 2 - 2aZHy 2 + aZHy 2
A? € 20 A?

n—l - nal nl no3 no? nI
o,0.H, * —0.H, 2+ Ar 2 —4A; P +6A, 2 —4A; P+ A 2
¢ 27, ‘ Al
1 Ant3 nfé nf% 1 % n—2 n—32 n—3
§A:B - Ax + Am - §Az Oyaz Ax 2 — QA;L« 2 + Ax 2
+ (oy + 02) A7 + ; A?
Vo/la® =2Vl + [Vl Vot = [V
sflz 2 — sflz 2+ [Vsflz ? sflz 2 —[Vsflz ? O0y0 n—3
T g
x - x + T
= 4.75
Note, the original paper appears to contain a typo where there is a multiplication of the [V f ];—5

term rather than addition — this term is altered here. Notice that in the form given, the update
equation still needs to be solved for A;Hr% in order to update the next timestep. By inspection,
we can tell this equation is the update equation for A;Jr% because there is only one value at the
n + % timestep, whereas the rest are at n — % or lower. We can see from the indices listed on
the values in the update equation, that we will need to store four previous timesteps of values in
addition to the value being updated. Storing five fields for one variable at once is a notable concern
for computational demand. The benefit of first-order FDTD is that only one previous timestep is
stored for simulation updates, resulting in two total. For the second-order FDTD simulation region,
two previous timesteps are required to be stored, three total. With the addition of the PML, the
second-order method requires storage of five total timesteps for a single variable. Table 4.1 shows
how many timesteps are required for each variable.

In the simulation domain for the A-¢ FDTD, only p, ¢, and A are updated. J should be
provided and stored in the simulation as a source. In this update equation, on top of the extra
timesteps, we now have the additional values of H and [V f]. H and [V, f] appear as simple
values, but their calculation is also somewhat involved.

In the paper, Ryu et al. [14] claims

H=/,"'V,xA, (4.76)



Variable Requires Timesteps Number of Stored Timesteps
A, n+in-in-3n-3n-1 5
H, n—%,n—%,n—g 3
H, n—%,n—%,n—g 3
[V fls n—in—-3n-2 3
Iy n—%,n—%,n—g 3
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Table 4.1: Shows variables required for update of Equation (4.75), the timesteps that require

storage, and the number of stored timesteps per variable.
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which takes the definition of H in terms of the vector potential A and changes the curl operator
to be a stretched-coordinate operator. The occurence of the stretched-coordinate operator in this
definition seems logical but, due to the lack of a time-derivative in the equation, may not necessarily
hold in terms of physics. I will discuss the presence of the stretched-coordinate operator in this
equation in a later derivation in this thesis.

The calculation of H is not just a simple calculation from A, however. The authors of [14]
claim the calculation of one component of H takes 3 variables, such that H, = H, . + H . +

Hy, .. where H, . and H,_ , can be calculated by solving

1 1
Ay 2(i+1,5+ L k) — Ay 2(i,j+ Lk nel oap (R a1 a1

y ( J T35 ) y ( J T35 ) _ ,UHsz,;‘l‘O H ZHSZ’; +§Hsz,22 A, (4.77)
z €

and

n—
z

1 1
AZ_§<Z+17]7]€+%> _A E(Zh?’k—i_%) n*l O'x/L — mfl 1 nil
_ AI - /J/HS:myQ € nlzl st,yQ + §H3muy2 At'

(4.78)
No equation is given for H,, ,; I assume it is included in the equation for completeness, but does
not actually exist due to the nature of the derivation and how the components come from the curl..

From these equations, H iz% can be calculated from AZ_% and H. ;:Z,% can be calculated from A, 2
for the A, PML. One important thing to note here is that the integration of the component of H is
over all timesteps. This means that, for every timestep, an integration variable must be stored in
addition to the stretched-component field value.

Similar to the calculation of H, f can be calculated as f = f,, + fs, + f.. fsnz_% can be found

from A, 2 by solving

n—1 . . 1 . 1 . 7’L—l
nel o, mel 1 ,_1 1 e(t+3,5,k)Az > —€e(i —3,75,k)Az 2
fsz 2 _'_ _" <Z fsz 2 + _fS:E 2) At — _2 ( 2 j ) ( 2 j ) . (4.79)
€ \~— 2 €
This equation looks similar to the H update and requires the storage of integration variables as
well as values for f,, .. f only has a single component instead of three like H, but we also need

to update the gradient for this value for the PML update equation. In order to update the value for
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the gradient, we need to solve

(i 1,4, k) — a0, k) R ==V O
Am - [VSf]JT + ? <mzz:1[vsf]$ + i[vsf]l’ > At' (480)

There is another typo in this equation that was changed here; [14] uses n instead of m for the
index of the [V, f], in the sum. Again, this equation will require the storage of components and
integration variables.

A summary of update equations, update variables required, and integration variables required
can be found in Table 4.2. For the update of the A, PML alone, 17 variables are required to
be stored for direct calculation. Integration variables and intermediate update variables require
additional memory for storage. The equations to update intermediate variables as well as the update
equation contain many operations. Second-order PML is computationally expensive, memory
intensive, and nonintuitive, and this is why we chose to develop a new method rather than to
use the method that has already been developed. We do not know how well this PML performs
because, unlike most papers on PML implementation, no data was given in Ryu et al. [14] to show

PML performance [56].



Update Equation | Required Update Variables | Required Integration Variables
Hy,y A, H,, ,
Hy, . Ay Hi, -
Hy, . A, H,, .
H, o A, H,, .
Hs. Ay H,. .
H,, , A, oy

H, Hg, o, Hs, 2, Hs, 2 None
H, Hg, y Hy, o Hs, y None
H, H, ., Hs, ., Hs, . None
[s. Ay s
f Sy Ay f sy
fs A, fs.
f Jour Jsyo [ None
[Vl f [Vl
[Vl f V1],
[Vf]: f [Vf].
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Table 4.2: Required update equations for the PML for second-order A-¢ FDTD, the variables

required for the update equation, and variables that require integration.
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Chapter 5

Field—Potential FDTD Method

We have established that second-order FDTD for potentials is not a very practical method. The
update equations have many variables to store and operations to perform, and the PML is even
worse in that regard. The second-order nature of the equations makes the method complicated.
When you look at conventional FDTD, update equations are first order and easier to handle, and
the formalism has already been extensively developed. We wanted a method to solve for potentials
that would be able to use the advancements already made for conventional FDTD, like a PML, and

that requires a first-order method.
5.1 First-Order Equations

5.1.1 A New Set of Update Equations

In order to develop first-order equations, we need to look at possible FDTD update equations
for the potentials. FDTD update equations utilize discretization of the time derivative in order to

march a variable update forward in time. From the definitions, we see

E=-0,A-V¢ (6.1
is a good candidate for an A update equation. We can rewrite the update equation as

OA =-E—-Vo¢ (5.2)

and see that the time update for A requires values for E and ¢.
The tricky term in Equation (5.2) is ¢ because the definition for E in Equation (5.1) is the only

place ¢ appears in the field definitions. The only other equation that could contain ¢ is potentially
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the choice of gauge. This means that the restriction for the gauge must mean it would ideally have
a time-derivative of ¢ in order to be an update equation.

Luckily, a common gauge, the Lorenz gauge, contains a time derivative of ¢. Since our domain
for FDTD is likely to be an inhomogeneous material, we can choose our update equation as the

generalized Lorenz gauge for inhomogeneous media [32, 53]
€udip = —e 'V - (eA). (5.3)

Other than requiring ¢, Equation (5.2) also requires E. This is convenient because we know
that conventional FDTD already is able to solve for E. From conventional FDTD, we have an
update equation for E

OE=V xH-1, (5.4)

which requires H as well as a current source J. Since J is often given as a source in simulations,
this just leaves the update for H.

H is also updated in conventional FDTD, so a previous update equation exists, but H is also
defined in terms of potential A. This gives a couple options for updating H. The update equation
from conventional FDTD is

10 H = -V x E. (5.5)

This equation uses E to update H. To obtain H from potentials we can use the definition
pH =V x A. (5.6)

This equation uses A to update H. An important note here is that there is no time-derivative for

the calculation of H in this equation.
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5.1.2 Update Order for New Equations

We have gathered four equations to calculate values we need to update the potentials. The

equation to update H is a choice we will discuss. The five possibilities of update equations are

A = —E — Vo, (5.7a)
Eudp = —V - (eA), (5.7b)
e E=V xH-1, (5.7¢)
pH =V x A, (5.7d)
o H= -V x E. (5.7¢)

From Equation (5.7a) and our knowledge of the Yee grid (see Section 3.3), we can tell A is
located a half timestep from E and ¢ and that E and ¢ are updated at the same timestep. E and
H fields should be consistent with the conventional Yee grid. From Equation (5.7d), it is obvious
from the lack of time derivative that H and A are located at the same timestep. This means E and
¢ should be updated in one timestep, and H and A should be updated in another. The update order
of which set first should not matter but requires a choice. Since the update equation for E contains
a source, it makes sense to update it first, so that the result of adding a source can be present in the
entire timestep. This means we place E and ¢ are at timestep n, and H and A are at timestep n + %
In terms of update order, whether E and ¢ are first should not matter since they do not depend on
each other. The update for A, however, must come before H for the Equation (5.7d), so we will

update H after A in the FDTD algorithm. The ordered set of equations is:

Eudip = —V - (eA), (5.8a)
cOE=V xH-1J, (5.8b)
OA = —E — Vo, (5.8¢)

pH =V x A, (5.8d)

o H= -V x E. (5.8¢)
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Figure 5.1: Diagram of ¢, E, A, and H update positions at respective timesteps for the FiPo
algorithm. Field updates are given in blue on the left, and potential updates are pink on the right.

Arrows show the progression of field values through the update equations.

Since Equations (5.8a)-(5.8¢e) update both fields and potentials, we can start to develop what we
call Field-Potential (FiPo) FDTD. Equations (5.8d) and (5.8e) present two different methods for
updating H. The algorithm using Equation (5.8e) as the H update is called FiPo Basic since this
method is conventional FDTD with the addition of update equations for potentials. The downside
of this method is that information from A or ¢ is not fed back into the update equations for E and
H. The algorithm using Equation (5.8d) as the H update is called FiPo Hybrid since this equation
self-consistently updates all field and potential values, creating a hybrid method of conventional
FDTD with new update equations for potentials. Figure 5.1 shows the FiPo Basic and FiPo Hybrid
algorithms and follows the updated values for a single timestep.

Figure 5.1 shows the update algorithm for both FiPo Hybrid and FiPo Basic. The center rep-
resents a single timestep for integer step n and half-integer step n + %; the top and bottom are
grey and represent the previous and next timesteps, respectively. Each labelled box with gives the
variable being updated as well as those needed to do the update. Arrows show the progression of

updates in the order of the algorithm. ¢ is first updated from the previous A. Next, E is updated



72

from the previous H, as well as a source J. Moving to the half timestep, A is updated from E
and ¢. Finally, H is updated differently in each algorithm — from E in FiPo Basic and A in FiPo
Hybrid. Values from H and A are then used in the next timestep to move forward in time. The
fields (blue) and potentials (pink) are differentiated by color in order to show the exchange of infor-
mation between the two sets of variables. Notice information only moves to the right, from fields
to potentials, in FiPo Basic, but information moves from potentials back to fields in FiPo Hybrid.
You can see conventional FDTD represented in Figure 5.1a by looking at blue-box quantities and
arrows with solid lines.

To explicitly write out the update equations, the FiPo Basic update equations are

Eudip = —V - (eA), (5.9a)
O E=V xH -7, (5.9b)
QA = —E — Vo, (5.9¢)
poH = -V x E, (5.9d)

and the FiPo Hybrid update equations are

Eudip = —V - (eA), (5.10a)
O E=V xH-1J, (5.10b)
A =—E — Vo, (5.10c)
pH =V x A. (5.10d)

Notice that FiPo Basic and FiPo Hybrid are the same except for the update equation for H. Each
of these sets of equations has four equations now instead of the total five we have been working
with because there are two options for H updates, and we split the H update options into two

different methods, FiPo Basic and FiPo Hybrid.
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These equations written component-wise are

E10ip = —(0z(eAs) + 9y (eAy) + 0. (eAy)), (5.11a)
0B, = 0,H. — 0.H, — J,, (5.11b)
OB, = 0.H, — 0,H. — J,, (5.11c)
e E. = 0,H, — 0,H, — J., (5.11d)
A, = —E, — 0,0, (5.11e)
A, = —E, — 0,0, (5.116)
A, = —E, — 0.9, (5.11g)
pH, = 8,A, — 0,A,, (5.11h)
pH, = 0. A, — 0, A., (5.11i)
pH. = 0,A, — 9,A,, (5.11j)
udH, = 0,E, — 0,E., (5.11K)
pdH, = 0,E, — 0.E,, (5.111)
pdH, = 8,E, — 0,E,. (5.11m)

The first two variables updated in FiPo, ¢ and E, are interchangable in update order. One reason
we chose the order ¢-E-A-H was due to the symmetry of updating a potential first and then the
field in a single half-timestep, so the algorithm updates potential-field-potential-field. However,
arbitrary update orders are not allowed for all variables in FiPo. The main restriction is which
fields are at n and which are at n + % After the timestep update consideration, we must then
consider if a variable depends on a value updated at the same timestep. For this reason, H must
be updated before A in FiPo Hybrid, and it makes sense to keep the update order the same for the
same variables in both FiPo algorithms. However, in FiPo Basic, the update order for H and A is
interchangable just as ¢ and E are in both FiPo algorithms. The update for the simulation source
appears in the update equation for E, but the same timestep for ¢ only receives information from
the simulation source at the next timestep. ¢"+! updates from A"z, A""z comes from E" and

. . . _1 . . . _1
¢", E" receives information from the source J"~ 2, so ¢"*! receives information from J"~2 when
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it updates. Note, the second-order update equation for ¢, Equation (4.19), updates ¢™ ! from p".

The discretized continuity equation would act as an update equation for p" from J "=3. The FiPo

update for ¢ comes from an equivalent source as the update for ¢ in Ryu et al. [14].

5.2 Discretization

FiPo’s first-order update equations are much simpler to discretize than the second-order equa-

tions in Section 4.3. The update equation for discretized ¢ is

¢n+1_ ﬂ,_i €. 1. A _
ivjvk - Z)J}k 2 l+§7]7k T Z+%,],k

n—i—% n—l—% )
.. .k
€5,k Mig.k J

€1 . .
1_57.77]@ zz—é

n+% n+% n+% n+%
+<€i7j+%7k‘4yi,j+%,k Ez‘,j—%,kAyi,j_%,k - ei»jyk"i‘%Azi,j,k—i-% ei»]}k’—%Azi,j,k—% - (612

The update equations for discretized E components are

n+1 o n
E =CAiinkys

T it+i,5.k k T OBi+%’j’k

+3.,

1 n+3 n+i 1 nt1
_<H,21Alk_H.21A1k>+_<HA21Ak1_
Ay zi+5,J+35, zi+5,0- 5, A, Y itg,0k—35

n—+1 . n
B iein = Oy e T OBt

yij+3.k
Aa: Z1=5,J+5; zitg,0+5; Az T 4jtgkts
n—+1 o n
B ijkes = CAijret Bl ey + OBy

1 n+3 n+i 1 nti
(I —HIE ) (0 -
{AI ( y i+3.0.k+3 Yy i—g.k+3 + A,z ij—%.k+3
where the coeffiecients are given in Table 5.1.

The update equations for discretized A components are

yit+3.gk+i

H'? )} . (5.13a)

e )} . (5.13b)

H'? >] . (5.13¢)

 i,j+3.k+3

n—i—% . n—% n 1 n n
At = A~ B\ Bl n T A (081 — Dhjn) ) - (5.14a)
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Variable Value Value with o =0
1_ Zii: kBt
2€i,5.k
CAZ'J"k U.—”At 1
1+ 3,5,k
2¢; .k
Ay
. i,g,k At
CBZ,],]{? +‘7i,j,kAt € 5.k
2€i5.k

Table 5.1: Update coefficients for E in Equations (5.13)

RS ( L Sy ) )) (5.14b)
yigtL ” i,j-l—%,k t y z,]+%,k Ay 1,7+1,k 1,7,k ) .
z iJJH‘% z iJ»"/’"‘% ! z ZJJH_% Az Lk nak . '

The update equations for discretized H components for FiPo Basic are

n+% o n—% + At

1 n n 1 n n
{A_y <Ez igkti K] @',j+1,k+§) + A_z (Ey ijtsktl Ey z‘,j+;,k>] , (5.15a)

n—l—% n—% At
yl+27]7 +2 y1+27j7 +2 ILLO

1 n mn 1 n n
|:A_x (Ez i+15k+3 14 i,j,k—&-%) + N <Em i+tigk L, i+%,j,k+1>:| , (5.15b)

z

n—i—% n—% At
1 -1 - H 1 -1 + —
Zl+§7j+§)k ZZ+§7]+§’k /‘LO

]' n n 1 mn n
|:A_x (Ez igk+l T 1 i,j-}—l,k—i—%) + A_y (Ey igtsktl Ey z‘,j+§,k>] . (3.15¢)

The update equations for discretized H components for FiPo Hybrid are

ntl 1 1 ntl ntl 1 ntl ntl
H, i,;+§,k+% - % {A_y <Az i,]2'+1,k+% - Az ij’,k—i—%) + A_z <Ay i5+§,k - Ay i,j+§,k+1>:| ’
(5.16a)
n+i 1 1 n+i n+i 1 n+i n+ 1
H' :—[— (A=A ) (A AT )} (5.16b)

yi+35k+1 Lo A, zi5,k+3 z i4+1,5k+3 A, ri—i—%,j,k—i—l_ xit3.5k
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Hn—O—% i |ii (An—&-% _ An—i—% ) i L (An—&-% _ An—i—% ):|

zi+%,j+$,k_ﬂo A, " yitlitgk y ij+3.k A, z it 3,5k @ it+3,5+1k
(5.16¢)

5.3 Results

In order to test the FiPo a algorithm, we simulated a differentiated Gaussian pulse in free space
(¢, = 1, 0 = 0). The z-component of the current density is located at the center of the simulation

and can be expressed as

t—1g _t=te?

A (5.17)

where ?y adjusts pulse start time, ¢,, adjusts the duration the pulse, and the coefficient J; is an
adjustment to the magnitude of the current-density source.

For this simulation, we chose a pulse width that corresponds to a 6 GHz bandwidth ¢,, =
(mbandwidth) ™' = 0.053052 ns and ¢, = 4¢,, &~ 0.21 ns. The simulation was run on a 300 x 300 x
300 grid with A, = A, = A, = 1 mm for a total of 2000 timesteps with dt calculated to be smaller
than the stability condition as A; = 0.9/(0\/(A;2 + A2+ A7%)) ~ 1.73 ps. Jy is defined as

2.0 x 1073, where the factor of two comes from the differentiation of the Gaussian. Since .J, is
a source for ., our main magnetic field components should be in H, and H,. Additionally, we
should see the largest A values for A,, the same directional component as E field, and ¢. Figure
5.2 shows pulse for these fields and potentials at ¢ = 300A; ~ 0.52 ns for FiPo Basic. Results for
FiPo Basic and FiPo Hybrid appear the same for the simulation with reflective boundaries.

In Figure 5.2, we can see the propagation characteristics are the same for both FiPo Basic and
FiPo Hybrid simulations. For both simulations, the wave propagates symmetrically outwards from
the source in the center of the simulation. Since the results for the simualtions are identical for both
methods, Figure 5.3 shows a later timestep of only the FiPo Basic simulation after the wavefront
has reached and reflected from the outer boundary of the simulation. The simulation appears to
remain stable after reflection, indicating field indices at the boundary are implemented correctly.

These results show our set of first order equations propagate waves as expected.
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Figure 5.2: Spatial profile of (top row) E,, H,, and H,, as well as (bottom row) A, and ¢ for a
differentiated Gaussian current source from Eq. (5.17) at time ¢ = 0.52 ns (3004, or 9.801¢,,)

after start of the simulation.
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Figure 5.3: Spatial profile of (top row) E,, H,, and H,, as well as (bottom row) A, and ¢ for a

differentiated Gaussian current source from Eq. (5.17) at time ¢ = 0.87 ns (5004, or 16.335t,,)
after start of the FiPo Basic simulation.
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5.4 Implementation

One difficulty with implementation is knowing where to define fields and potentials. We know
spatially where they are located on the Yee grid, but we also need to know how to properly ter-
minate our simulation boundary with our defined fields. A table with fields and potentials with
respective positions on the Yee grid, update timestep, array size, and range of updates for the
variable are given in Table 5.2.

Correctly defining the boundary is important. We choose the values on the boundary such
that integer indices are located on the boundary. This has implications for defining array sizes.
Anything with an integer index will have n; grid points. Anything with a half-integer index will
have n; — 1 grid points since they lie in between integer grid points, and integer grid points are on
the boundary.

A variable with a integer-index in a direction will be on the boundary for that direction, and is
set to zero for reflecting boundary conditions. In a direction of an integer-index, the updates are
restricted to 2 : n; — 1 to avoid rewriting the boundary. For the variable ¢, all indices are integers,
so it is defined from 1 : n; in all directions and updates inside the boundary from 2 : n,. For F;,
the dimension for : is a half-integer, so we will can use the range 1 : n; in the ¢-direction without
overwriting our boundary condition. However, if we take into account array size since it’s a half-
integer, it is only defined for 1 : n; — 1, so those are our update bounds. For the rest, we need to
avoid updating beyond the boundary, so they are 2 : n; — 1. Since A is defined at the same grid
points as E, the update ranges are the same. For H, we follow the same pattern, but two indices

are half-integers and one is integer and on the boundary.
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Field Array Size Update Range
ijk Mgy Tyy Ny 2:n,—1,2:ny,—1,2:mn, -1
Zi+é,j,k Ng — 1, ny, n, 1:n,—1,2:n,—1,2:n,—1
;i,jJr%,k Ng, Ny — 1, 1, 2:n,—1,1:n,—1,2:n,—1
:i,j,kJr% Mgy Ny, Ny — 1 2:n,—1,2:n,—-1,1:m,—1
1
n+s5
“j%’mk ne — 1, ny, n; lin,—1,2:ny—1,2:n,—1
n+t3 . . :
g ig+Lk Ng, Ny — 1, n; 2:n,—1,1:n,—1,2:n,—1
n+3 . . .
v ikl Mgy My, Ny — 1 2:n,—1,2:n,—1,1:mn, -1
n+ts . . :
2 gLl Ng, Ny —L,n,—1|2:n,—1,1:n,—1,1:mn, -1
ok 1 1]1: 1,2: 1,1: 1
yitd kL Ng — 1, ny, n, — ny—1,2:ny—1,1:n, —
n+t3 . . :
s it il ng—1lLn,—Ln, | 1:n,—1,1:mn,—1,2:m,—1

Table 5.2: Update ranges for FDTD loops and array sizes for fields and potentials updated at the

specified time and position on the Yee grid.
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Chapter 6

Perfectly Matched Layer Absorbing Boundary Conditions

In order to simulate structures in a finite domain, absorbing boundary conditions are necessary
to minimize reflection error. Reflection error happens when waves travel to the boundary of the
simulation and reflect back into the simulation domain. A perfectly matched layer (PML) absorb-
ing boundary layer is a layer of cells generally placed next to the boundary of the simulation that
acts as a material that “matches” the one in the simulation domain but is designed to absorb waves.
This “matching” paired with gradual varying of the material properties in the PML allows the
wave to enter and be absorbed without the reflections associated with an abrupt change of material
properties.

Many PML methods have been formulated for FDTD since the original formulation of PML in
Berenger’s split-field PML method [57, 58, 59, 60, 44]. Chew and Weedon formulated a stretched-
coordinate formalism for PML, which is a compact formalism to write Berenger’s split-field [61].
Uniaxial PML (UPML) [62, 63], another common method, has been shown to have equivalent
reflection error to Berenger’s split-field PML [44, 64]. The convolutional PML (CPML) method
has lower reflection error and is more efficient than the above methods [44]. CPML uses the
recursive convolution (RC) technique to handle convolution, and is widely used and efficient, so
we will implement a CPML for our first order equations [56, 65, 44]. Both the auxiliary differential
equation (ADE) [66, 67] and piecewise linear recursive convolution (PLRC) [68, 69] are similar
methods capable of handling the convolution and are used to model dispersive media [44]. Higher-
order CPML, a CPML with additional auxiliary variables, is able to reduce the error with respect
to the original CPML formulation and could be used to lower reflection error as an extension to

CPML [70].



82

6.1 Stretched Coordinate Derivation

Stretched coordinates are a common formalism to describe how PMLs absorb [61, 71]. Intro-
ducing a stretched coordinate allows us to have Maxwell’s equations within a PML medium but
have them look like standard Maxwell’s equations just in a complex coordinate system. In order to
introduce this formalism for potentials, we start with the frequency-domain update equations for

both FiPo Hybrid and FiPo Basic

jwe g = =V - (€A), (6.1a)
JjweE =V x H, (6.1b)
jwA = —E — V¢, (6.1c)
jwpH = =V X E, (6.1d)
pH =V x A. (6.1e)

Notice that in Equations (6.1a)-(6.1a), no current density has been introduced yet. In order for
fields and potentials to decay in the PML, our system must contain a physical mechanism for fields
and potentials to be absorbed. Electric current density J* contains information about how electric
charges move over time. These charges regulate how the electric field is absorbed and decays.
In order for the PML to cause fields to decay, we must introduce analagous ficticious charges for
both fields and potentials, meaing we must introduce terms for current densities for these charges.
We include the real electric current density J* and the commonly used, but ficticious, magnetic
current density M = J H Here, we introduce the idea of two additional ficticious quantities: the
magnetic vector potential current density J# and electric potential current density J*. We do not
add a ficticious current density to the H update equation for FiPo Hybrid, Equation (6.1e), since
JH contains information about how the ficticious magnetic charges move over time, and there is

no time derivative acting on H.



jwelug = =V - (eA) — J?,
jweE =V x H — JF,
jwA = —E - V¢ —J4,

jwpH = =V x E — J7,

pH =V x A.
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(6.2a)
(6.2b)
(6.2¢)
(6.2d)
(6.2e)

Next, we need to split fields into components for stretched coordinates s,, s,, s, like in [61].

This is done in order for absorption in each direction to be handled separately. The components

added together should return the original field

¢ = s, + &5, + Gs..,

E=E, +E, +E,,
A=Ap+ A i+ A+ A2
H=H, +H, +H,,

H=H,, + H,, + H,_.

(6.3a)
(6.3b)
(6.3¢c)
(6.3d)
(6.3¢)

Notice that Equation (6.3c) contains the extra term A . This difference is due to Equation (6.2c)

containing a term with E with no derivative. Stretched coordinates act with the derivative operator,

and with no operator present, the coordinate cannot be stretched. Equation (6.3c) is unique in ing

this term because A and E are offset in time but not position, so the value for E doesn’t need to

be stretched since it is colocated with A on the lattice. This concept could also be considered in

terms of thinking of current densities as movement of charges over time. Since the value for E and

A are located at the same position, the charges are not moving, meaning the part of A related to E

doesn’t contain information on moving charges.
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Using the components from Equations (6.3a)-(6.3e), the component-separated Equations (6.2a)-

(6.2¢) can be written as

Jwe gy, = —0y(eAy) — J2 (6.4a)
Juet s, = —0,(eA,) = J7 . (6.4b)
Jwe ngs, = —0.(eA.) — J2, (6.4¢)
jweE,, = 0,%x x H—J7 (6.4d)
jweBy, = 0,y x H—J7 (6.4e)
jweE,, = 0,2 x H—J7 | (6.4f)
jwAp = —E, (6.42)
jwAs, = —0,0 — J2, (6.4h)
jwAs, = =0,6 = J2, (6.4i)
jwAs, = =8.0 — JZ, (6.4j)
jweH,, = -0, x E — JI, (6.4K)
jweH,, = —8,§ x E—J[I| (6.41)
jweH,, = —0,2 x E — JI, (6.4m)
pH, = 0,% x A, (6.4n)
pH,, =0,y x A, (6.40)
pH, = 0.2 x A. (6.4p)

Since we now have information in the equations on how the charges move in each direction of
the PML, we can introduce how they decay. Electric conductivity represents material absorption of
electric field, we can use this property to introduce a lossy medium and absorb the field. We need
analogous material properties for the all fields and potentials in order to absorb them as well. Here
H

we introduce a lossy medium with conductivity o, magnetic loss o

loss o4, and electric potential loss o such that JZ = ¢PE, M = J? = ¢ H, J4 = ¢AA, and

, magnetic vector potential
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J? = 0%¢. We can put these relations into Equations (6.4a)-(6.4p) to obtain

Jwe s, = —0:(eAz) — 006, (6.5a)
Jwengs, = —0,(cAy) — s, (6.5b)
Jwel g, = —0.(eA.) — 09, (6.5¢)
jweB,, = 0,% x H — ¢"E,_, (6.5d)
jweB,, = 0,5 x H—oVE, | (6.5e)
jweE,. = 0.2 x H — o7E,_, (6.5f)
jwAgp = -E, (6.5g)
JwA,, = —0,0 — 02 A, (6.5h)
JwAs, = —0,0 — 0, A, (6.51)
jwA,, = —0.¢ — oA, (6.5))
jweH,, = —0,%x x E — ¢H,_, (6.5k)
jweH,, = —0,§ x E — o'H, , (6.51)
jweH,, = —0.2 x E — o"H,_, (6.5m)
pH,, = 0,% x A, (6.5n)
pH,, = 0,§ x A, (6.50)
uHg, = 0.z x A. (6.5p)

In order to give the stretched coordinate a similar form in all equations, we introduce values
of kK where K = E, H, A, or ¢. For E and H these values have physical meanings - x is the
relative electric permittivity and ! is the relative magnetic permeability. The analogous values
we introduce for A and ¢ don’t have the same direct physical meaning but are denoted x* and
x®. Values of s written in terms of materials properties are ¢ = eok”, u = pos®, 1 = k%, and
€1 = €2pgk?. We know that the physically, higher values of relative permittivity x” slow the
propagation of the electric field in a material. Higher values for the relative permeability < also

slow the propagation of the magnetic field in a material. This tells us that increases in <%, as a
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material property, slows the propagation of the wave for the value it corresponds to. In the PML,
defining a € is beneficial because by slowing the wave, the wave spends more time in the lossy
region in which the wave decays. However, if x* changes abruptly, there is risk of reflections at

the boundary. We can simplify Equations (6.5a)-(6.5p) by moving the conductivity term to the left
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(6.6a)

(6.6b)

(6.6¢)

(6.6d)

(6.6e)

(6.61)

(6.6g)

(6.6h)

(6.61)

(6.6))

(6.6k)

(6.61)

(6.6m)

(6.6n)
(6.60)

(6.6p)

Here, we introduce the definition for stretched coordinate. The variable terms for sZ include

the electric permittivity and the conductivity.
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(6.7a)

(6.7b)

(6.7¢)

(6.7d)

Now, we introduce the stretched coordinate into our equations and move the stretched coordi-

nate term to the side with the spatial derivative.



. 1
GQMJW¢SI = _Eax (erc) )
2, 1
€ N]W¢sy = _?ay (EAy),
y
2, 1
€ ,leWQbsz = _Eaz (EAZ) )
. I, .
ejwE, = S—E@zx x H,

. I, .
ejwEs, = —0,¥ x H,
Sy

. I, .
ejwEs, = —0.2 x H,
SZ

JWAE = _E7
. 1
]WASx - S_Aax¢7
) 1
JwA,, = —S—Aayqﬁ,
y
. 1
JWASZ = _S_Aaz¢7
. I, .
ejwH,, = ——0,X X E,
. L.
ejwH,, = —— 0, X E,
Sy
. I, .
ejwH,, = ——0.2 X E,
SZ
MHSI =0, X X A,
,UHsy = yy X Aa
pH, = 0.z x A.
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(6.8a)
(6.8b)
(6.8¢c)
(6.8d)

(6.8e)

(6.81)

(6.82)

(6.8h)
(6.81)
(6.8))
(6.8K)
(6.81)
(6.8m)

(6.8n)
(6.80)

(6.8p)

From here, we can recombine the field components into the full fields in terms of the stretched

coordinate. We want to see this form of the stretched coordinate because all operators

1
K are

paired with a spatial derivate 0;. In this form, applying the stretched coordinate is like making an

adjustment to the spatial derivate operator.
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1

. 1 1
Eujweg = ——0:(eAs) — —0,(eAy) — —0.(€A.), (6.92)
Sz Sy Sz
) 1. 1 . 1.
cjwE;, = gﬁxx x H + gayy x H+ Eﬁzz x H, (6.9b)
. 1 1 1
54 s; 5%
. | 1 .. 1 ..
ejwH,, = —gaxx x E— gayy x E— gﬁzz x E, (6.9d)
pHy, = 0,X x A+ 0,7 x A +0.2 x A. (6.9¢)

We can define a streched coordinate form of the operater V as

1. 1. 1_.
vE = 70X+ 20+ 02 (6.10)
x Yy z

This leaves us with FiPo equations with stretched coordinate operators in the frequency domain

jwelng = —V7 - (eA), (6.11a)
jweE = VI x H, (6.11b)
jwA = —E — Vig, (6.11c)
jwpH = =V X E, (6.11d)
pH =V x A, (6.11e)

From here, we can introduce the stretched coordinate used in [56]. A shift in the frequency-
dependent pole was introduced by [72] and aids in the absorption of evanescent waves. Evanescent
waves are a source of numerical error in the PML [73]. We introduce an « in our stretched coordi-

nates for each quantity
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¢
¢ _ .0 Iy _
$V =k + ————— v =1y, 2, 6.12a
vt e e, Y (6.12a)
E E oy
=K, +—",Vv=20,2, 6.12b
Sy Ky OéE+jWG0 v T, Y,z ( )
A A ;!
si=kll+ —""— v=u,1,2, 6.12¢
v = Y,z ( )
oH
sH =gt ¢ — UV =1,y 2. (6.12d)
a + Jwio

We can simplify the above to the complex frequency-shifted (CFS) tensor coefficient [60, 56,

447,
Ky T, 6.13
Su _I{V C_KK—FjCL)? V—Z’,y,Z, ( . )
where we define bar values as
@
5,9 = 6‘2’;0, (6.14a)
0
E
5= (6.14b)
0
H
g1 =2 (6.14c)
Ho
ot = o, (6.14d)
¢
a,® = e‘jﬂ , (6.14e)
oM0
E
@ = 0‘6— (6.14)
0
H
(%H:%}, (6.14g)
0
@t =l (6.14h)

A PML using the CFS tensor coefficient in the stretched coordinate is typically called a CFS-PML.

One thing to also note is that FiPo Hybrid equations imply the following vector identity:

VE.VxA=0. (6.15)
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The identity in Equation (6.15) should hold because we can expand this relation to be

1

F(V-VxA)=0 (6.16)

where V - V x A = 0 is a known vector identity.

6.2 Convolutional Perfectly Matched Layer (CPML) Derivation

Since we understand how coordinate stretching relates to our new FDTD update equaions,
we are able to derive a PML absorbing boundary layer to attenuate the fields and potentials. We
will derive the update equations for a convolutional PML (CPML) [56]. The CPML in [56] was
originally formulated for fields, but we show that this method can also be applied to potentials.

The stretched coordinate for a CFS-PML in frequency-domain is given in Equation (6.13) as
5K
sfz%f—i—dKVTjw, v=uz,9,2, (6.17)
where K denotes which field or potential E, H, A, or ¢ the values «, 7, and & relate to. Taking the
inverse Fourier transform, as in [56], we can utilize Laplace transform theory to obtain

_ o) oy oy -
(1) = WK ) exp {— (K—K + af) t} u(t), (6.18)

v v

which we can write as

sy (1) = % + (1), (6.19)

v

where u(t) is a Heaviside step function and 0(¢) is the Dirac delta function, also referred to as the
impulse function.

We can start from Equations (6.11a)-(6.11e), the FiPo update equations in the frequency-

domain,
jwelng = —V7 - (eA), (6.20a)
jweE = VE x H, (6.20b)
jwA = —E - Vig, (6.20c)
jwpH = =V x E, (6.20d)

pH =V x A. (6.20¢)
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For the CPML derivation, we will look only at the x-component for vector-valued fields and
potentials. We can transform Equations (6.20a)-(6.20e) back into the time domain where ® denotes

a convolution

Epdyp = — (52 ® 0, (€A,) + 55 ® 0, (eAy) + 52 ® 0. (eA.)) (6.21a)
By + 0E, =5 ® O,H. — 57 ® 0.H,, (6.21b)
A, = —E, — 52 ® 0,0, (6.21c)

poH, = s ® 0.E, — 5./ @ 0,E., (6.21d)

pH, = 9,A, — 9.A,. (6.21¢)

By applying the definition for s from Equation (6.19) to Equations (6.21a)-(6.21e) gives

1 1 1
Eudip = — (—¢8x (eA,) + —50y (eA,) + —50: (eA,) (6.22a)

L @0, () + €8 ® 0, (cAy) + £ @O, <eAz>),

1 1
OB, + 0B, = —0,H. — —50.H, (6.22b)

Yy z

+§5®asz _sz®azHya

1
Ay = —E, — — 0,0 — £ ® 0,0, (6.22¢)
’%x
1 1
u@tHx = @azEy — @%EZ (622(1)

+ gf @ aZE’y - 65 @ aysza
pH, = 0,A, — 9.A,. (6.22¢)

In order to discretize our equations containing the convolution, we need to define the discrete

impulse response of &, as

ZK (m) = / &,(7)dr, (6.23a)
mA¢
OTVK (m+1)At OTVK x
L o[ Cprer) ] (62

= a, exp {(% + oz,,) mAt} , (6.23c¢)



where
_K
K JV

a =

—K
e (| (G t) o] 20)
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(6.24)

Note that Equation (6.22e) contains no convolution, so we will drop it out of the derivation.

Using Equations (6.23c) and (6.24), we can discretize Equations (6.22a)-(6.22d) as

eu, .
E(ﬁb Tk~ Oh) =

(e
+ #Ay@y (6

1
+ M az<”k+2A

Z

1
n+3

1
n+3

( 1+2,j k
( 7J+27k
( ijk+5

mn
-k, i35,k

€réo <En+1
At T z+2,]k

1 < n+3
KyEAy z it 5, j+5.k

n-‘,—%
yits.gk+s

1
KEA, (
N—1
+ Z Zf(m
m=0

- NZjZf(m)Ai (H

~—
b~
<

I

1
n_l'_,

k‘1
H“Q,J T i+

Zv]+%7kAy Z,‘]Jr%,k

zi,5k+1

n—+1 n _
) +3 2 (Ex z+2,]k+Ez z+2,gk> -
n+%

z i+$,j—

—H"
Yy 7’+27.7 ki*

(Hn—m—‘r%

zitdjtsk

n—m—&—%
Yy it+igk+3

(6.25a)

n+s
27.7»k elié’J’kAx 747%».77]6)

1
n+3

6 7.7 kaAy 7,,]7* k)
n+%

1
n—m+3
~ G-1i, kAa: ifé,j,k>

n m—o—%

@ it 3.5k

n—m-+

1 1
n m+3 5
2 A 2
— €. . 1
EZ’]_i’k Y 17]_%7k>

yij+ik

n m+%
z ig.k+3

n—m+3;

4)

T Cigk—3 gk

(6.25b)

1
E’k>

n—m-‘,—%

1

§’k>
)
2

n—m+%

Yy Z+%’]’k7
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1 n+1l n—1
- 2 _ 2 —
At <A$ i+iik e i+%,j,k) (6.25¢)
1
B — (0 —
IZ+§7]71€ K?Aw ( 7’+17]7k Z,],k)
N-1 1
A n—m n—m
_ Z Zgg (m)A ( i+1,5,k ~ Yijk ) ’
— x
m=0
Mo Lo n—&—% n—%
A, H, i kL vijtihtl) T (6.25d)
1
n n
KA, (Ey igdar By m‘+§,k>
. 1 En _ En
/{Z{,{Ay z4,j+1,k+3 z 4,5,k+5
N—-1
+ ZH(m)i Enm _ rm—m
# L\ yigtg ikt yij+ik
m=0
N—-1
- ZH(m)—1 E™T .
v y \ZitLEtg zigk+d )
m=0

The details of discretizing the equations can be found in [74]. However, in their current form, the

discrete sums that evaluate the convolution

would be expensive to perform. In order to reduce the

computational cost of these sums, we can utilize the recursive convolution (RC) method [75, 76].

The RC convolution method works by introducing an auxiliary variable 1) that is updated in order to

recursively evaluate the convolution summa

are written as

tion. The update equations with the auxiliary variables

2
n+1 n o
A, (P — i) = (6.26a)
1 n+3 n+i
— —(€i+l'k2A ,21. _e’i—l'k} ,21. >
/‘idx)Az 2R T it 5,0,k 2R T i 5,5,k
1 1 (6 n—&-% ¢ n+% )
Hsz LItk y gtk ik Ty -1k
1 n+2 n+2
—_— . . 2 _— . . 2
- N <€m,k+%‘42 igkt+t T Cigk-3, z’,j,k—%)
z
n—&-% n+% n—l—%
x /L‘? " i7 ‘7 z 2‘7 ‘7 )
ty Jk+w¢y Jk+w g,k
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€r€o n+1 n
A, (Ex i+3.5k 128 i+5.5k) (6.26b)
g
e n+1 n _
+ 2 (Ez i+3.5.k + Ex i+%,j,k> -
1 (Hn—&-% . Hn—&-% )
KEA, \7 7 itgityk zitg. =gk
1 ( n+3 n+3 >
KEA, \"y i+3.0,k+3 Y it+3.gk—%

n+% n+%
+ 1/}E zy i+i5k ¢E a2 i+d 5.k
1 n+1 n—1
_ 2 _ 2 —
At <Ax i+1.5k Ax z’+§,j,k) (6.26¢)
1
— E".

A _( K )
T it5,5,k KAN, i+1,5,k i,5,k
xT

— "
Az it gk

For Ho ( gte s ) = (6.26d)

A, wigtikts @il k+d

1
mn mn
KEA, (Ey ij+5 k41 Ey z‘,j+§,k)
z

/ﬁfAy z 45+ 1k+5 z 05, k+5

n n
+ wH Tz i,j+%,k+% wH Ty i,j+%,k+%'

Notice that the auxiliary variable for ¢ in Equation (6.26a) only contains one subscript component

in the notation. We do this as a convenience to due to the partial derivative always being taken

for the respective component of the potential. This means we write the auxiliary variables for ¢ as

V¢ 2o = ¢ . For other auxiliary variables, the first subscript is component of field updated and

the second subscript is the component of the partial derivative. The update equations for E and H

require a total of six auxiliary variables total (two per component), A requires three, and ¢ requires

three. The auxiliary update equations needed for Equations (6.26a)-(6.26d) are written as

1
19,2
=b5y 27 ik (270
1 ! 2
4 An+2 n+j
a,— (€1 . 1., T €61 i1
+ mAI i+5.9:k :BH-%J,]C i=3.0k xz—%,],k ’



1
n+3

1
16,2
1% y 1,5,k _by@% y 1,5,k

n+% n+% >
’

1
gy — €. .
tay A, CigrthAyiiin Gty ik

n—&-% _b¢ n—%
¢¢ z imjvk - Z¢¢ z i?jvk:

n+3 n+3 )
)

¢_— _
+a, ] Cigkt3 s gl T Cak—5 0 jp-1

wn—f—% _ E¢n—§
E zy it+1,5k Y VB ay i+l ik

1 1 1
E n+3; n+3
a, — (H 2 . —H 2
el CAEPETES S PRI
¢n+§ _ Ewn—%
E:rziJr%,j,k z EzziJr%,j,k
1 1 1
E nt+3 n+3z
+a —(H 2 —H %
Z A, U yitgikts Yy itsz.5k—3)"

¢n —pAn—1
Azitigk T TAzitljk

‘HL?A_ ( 1k ?]k) )
X

wn — H_ n—1
Hayij+g.k+3 Y 7 Hayijriktd

H n n
Ty X < zigtthed — B i,j,k—i—%) ’
v

wn :bH n—1
H azij+3.k+3 2 VH vz ij+3k+3

H n n
+a; A, (Ey b~ By z‘,j+§,k>’

where
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(6.27b)

(6.27¢)

(6.27d)

(6.27e)

(6.27f)

(6.27g)

(6.27h)

(6.271)

(6.28a)

(6.28b)
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Method E|vg | H| ¥y Ya | ¢ | Yy || Total

A

Conventional FDTD || 3 | 6 | 3| 6 [0 ] O |0 O 18
3
3

FiPo Basic 316 |36 3 /13 28
FiPo Hybrid 316 (3|0 3 /13 22

Table 6.1: Required number of arrays for storing fields, potentials, and auxiliary variables for

conventional FDTD, FiPo Basic, and FiPo Hybrid.

The update equations for the components of E, H, and A not written here can be derived similarly.

The amount of memory required by the algorithm depends on the number of fields that have
to be stored. The number of fields includes the components of each field as well as each auxiliary
variable needed for field decay in the PML. Table 6.1 lists the number of variables required to be
stored in each method. Conventional FDTD requires a total of 18 varaibles. FiPo Basic requires
10 additional fields from conventional FDTD, including fields for A and ¢ and the associated
auxiliary variables, for a total of 28. FiPo Hybrid requires 6 less variables than FiPo Basic due to

the removal of auxiliary variables for H.

6.2.1 All CPML Update Equations

For reference and completeness, all CPML update equations for fields, potentials, and their

auxiliary variables are given here.
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6.2.1.1 Fields and Potentials

The PML update equation for ¢ is

2 n+l
o e = (6.29)
1 An+% An+%
A Nk i g T gk i L
z g
1 nt n+y
— e .1 A 2 — € A ;
+ lisz ( LItk Ny gLk ik v ii—gk

1 n+i n+i
—l——(e-- AR e AT )
/ﬂ)fAZ 0,7,k+5 72 1,5,k +5 0,5,k—5 "2 i,J,k—5
n—&-% n-‘,—% n—l—%

T Vs 2igk T Vo yign T Vs 2ign |-

The PML update equations for E are

€r€o n+1 n
A, ( a:i+%vjvk_Exi+%,j»k - (6.30a)
n—+1 mn _
2 <E:1: z+2,]k+Eac z+2,jk> -
()
KEA, zz‘+%,j+%,k zit5—g.k
s ()
KEA, yitigk+3 Yy it+igk—3
1
n—l—f n+j

+¢E Ty Z+2,_]k wE' Tz i+%,j,k’

€réo n+1 n .
A ( yijtik Ey m’+§,k> = (6.30b)

o
—(E"! E". =
+ 2 ( y747]+%,k + y7’7]+%7k

el CAIPRES A NTRY
P
_L< "t _gte >
KEA, \ "z i+50+5k zi—g.jtgk

n+% n+3;
T Vg bt gk Ve 4o it gk



€r€o (En—i-l

n _

A, 2 i5k+3 zi,j,k'+%) -
o

e n+1 m _

+ 92 (Ez ig.k+3 + Ez i,j,k+%> -

1 < n+i Hn—i—%
S001 1
/{gAw yl+§:]7k+§

yi—ijk+3

. 1 < n+% - Hn+%
L1
KEA, @ity hts
n+% n+%
Ty iinit ~ Vg i1
E zz i,j,k+35 E zy i,5,k+3
The PML update equations for A are

1 n+% nf%
E( xi—i—%,j,k:_A > -

T i+1.jk
—_ E" 1

S (qsﬂ = )
zi+3,5k KAN, i+1,5,k 0,5,k
T

— "
Azitd gk

i( ntg _A”_é ) _
A \yigtbk

y ij+ik
_ En - L (¢n _4n )
Y 4,J+5,k A t,j+1k 1,5,k
2 Ky Ay

_ ,¢n
Ayij+ip

L (gt A
At <Az igkty 4 ) -

z 4,5kt
B
z45,k+3 KANA, i,5,k+1 1,5,k
z

— "
Azigk+sg”

The PML update equations for H for FiPo Basic are

Hor o (Hn-i-%

H'?
Ay \Twiitkty m‘u’+%7k+%>

1
E™ — E"
KITA, ( Y ij+5,k+1 Y ij+s.k

K@[/{Ay z 45+ 1k+5 z i5,k+5

n n
+ wH zz i j+ik+d wH xy i+ 5 k+50
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(6.30c)

(6.31a)

(6.31b)

(6.31c)

(6.32a)
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<Hn+%1 . 1 n_.§1 . 1> ==

At Y Z+§7]7k+§ Y Z+§7]7k+§
Féfﬁx z it+1,5k+3 z i.5,k+3
HfAz x i+3,5k+1 z i,5,k+3

n n
TV g i+3akts Vi ye i+ 3.0kt 3
Hor o <H ) _
Ay

1
n+3

1
n—3

zit+i j+3.k zit+d j+3.k

1 n S
K)HAy T itii+1k zit3.5k
)
kHA, \Y i+1,5+ 1 ki Yy ij+s.k
X

n n
+ 7\pH zyY i+%,j+%,k’ wH zx i+%,j+%,k'
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(6.32b)

(6.32¢)

The PML update equations for H for FiPo Hybrid do not exist because no PML is implemented

for the FiPo Hybrid H update due to the lack of time derivative
6.2.1.2 Auxiliary Variables

The auxiliary equations for ¢ are

n+t3 —p? n—j

(6.33a)
1 1
¢ nts _ nts
+ay A, (€i+%,j,k vtk G5k fe Lk )
WS Lo (6.33b)
¢y ik T Ty IiTe xigk )
1 1
o 1 nt3 _ nt3
+ayjAy €i g+, ik Cig=gk -1k )
nty 6 n3
wq& 2 0,5,k =b; kw¢ i,k (6.33¢)
1 1
o 1 nts _ nts
+azkAZ €igitiA, igktt T Ciak—5 k-1 )



The auxiliary equations for E are

¢n+2 bE ‘¢n—§
E xy z+2,jk YI7TE zy i—&-%,j,k

af H 2
+ y]A ( z H—%,]—l—%,k
G =
E xz i—i—%,j,k 2kYE 2 i—i—%,j,k
1 n+l
a® H 2
ta, AL ( Y it3.0.k+3

vy =by
E yx ij+3.k Eay w+2,k

1 1
E nt3
+a; . (H 2

A, zit5,5+5.k

I/JTH—% wn—l
E yz i,j—l—%,k 2kYE gz z,]—l— k
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+az kA <Hz ij+s.k+3

U e =
E zx i,j,k+2 E xy l,],k+2
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af H 2
+ TIA, ( Y itgikts

n_l

w""'z _bE w 2
E zy i,j,k+2 FE zz i,j, k+2
1 n+
2 p—
+ay j A (Hx i+ 1 k4D

The auxiliary equations for A are

wn P : 1lp
A xits,gk x z+ Am z+273k

1
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+a L — (¢i+1,j,k _

x 7,+§ Ar
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Ayijtgzk  Tyits TAyijt+ik
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A
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(6.34a)

(6.34b)

(6.34¢)

(6.34d)

(6.34e)

(6.341)

(6.35a)

(6.35b)
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n _ 1A n—1
Vi ijkAd =b, k+3 7 A z g k41 (6.35¢)
1
n n
+aly, VAL (07 k1 — Djk) -
The auxiliary equations for H are
n _1H n—1
wH zy i+ 5. k+5 _by J+37H ay Gj+i k3 (6.36a)
1
H n n
Ta, it+3 A, < z i j+1k+d 18 i,j,k+%> ’
n 1 H n—1
1
n mn
+az k41 A (Ey z,]+2,k+1 Ey i7j+%7k> )
n J—
Vi yx it+3, 5 k+L T m+1¢H ye i+l kel (6.36¢)
1
H n n
+a’x i—&-% A_m (Ez i+1,j,k+f Ez i,g, k4% >
n [—
Vit g i b s =0 k3R g it st (6.36d)
1
n mn
+az ktg A <Ex i+3 .5, k+1 Eac i—i—%,j,k) )
n
wH zx i+%,j+%7k 5E1+*¢H o 7»+2,J+2,k (6366)
1
H n n
+aas i+2 Ax (Ey 7,+1,]+27]<;+1 Ey i,j-i—%,k’) )
n _1H n—1
Uh 2y i+3.0+5 .k _by J+3TH zy i+l ik (6.36f)
1
H n n
+ay]+2A (Ex z+2,]+1 k+2 Ez z+2,jk+ > :
For these equations,
K
v K
a, = (b —1.0) (6.37a)
v ~K.,.K K\2 =K v 9
O-V KJV —"_ (KZV ) aV
(6.37b)
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6.3 Relationship Between Parameters for Perfectly Matched Layer

Implementation of a CPML typically involves utilizing the same values for CPML parameters
for both E and H fields offset by a half position step [44]. The ability to define the CPML param-
eters with only one set of variables is a consequence of impedance matching. Here, we show this

relation holds for the potentials in the FiPo algorithm.

6.3.1 Fields in a Lossy Half Space

The first step in PML analysis is to find and minimize the reflection coefficient. In order to
minimize the reflection coefficient, we need to define the fields and potentials in a system that
models waves from the simulation region impinging on the PML. We model this by defining a
wave incident on a lossy half space like in Taflove and Hagness [44]. Region I is lossless and is
characterized by 1, and €;. Region II is lossy and characterized by s = s 119 and €5 = kF¢
as well as conductivity oF and loss values for each other field and potential ol o4, and o®. The
boundary between Region I and Il is at + = 0, where Region I is defined for x < 0 and Region
II is defined for x > 0. The incoming wave is TE_-polarized at an arbitrary angle 6 relative to the
X-axis.

The magnetic field for a TE.-polarized wave in Region I can be written as
HZI = H, (1 + I‘€2j61zm) e_jﬂlzl'_jﬂlyy’ (6.38)

where [ is the reflection coefficient and /3 is the propagation constant. Using Ampere’s law, we

can use Equation (6.38) to solve for the components of the electric field E in Region I, resulting in
1 ‘ . .
El = ——B1,Hy (1 + De?P1er) = ier—iby, (6.39a)
weq

1 . ‘ 4
E; = EBMHO (1 — Fer/B”x) e IP1az=iPyy (6.39b)
1

The magnetic field with loss for a TE-polarized wave in Region II can be written as

Hil — HOTe_j'Bsz_jBny (6.40)
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where 7 is the transmission coefficient. Using Ampere’s law again, we can use Equation (6.40) to

solve for the components of electric field E in Region II, resulting in

Bl =~ L Horemsssom, 6:412)
0°g
11 e
By = —— o Hore /e, (6:41b)
0

y
These fields are fairly common and given in [44]. In order to examine FiPo equations, however, we

have to use these fields to derive the corresponding potentials. For Region I, we can use Equations
(6.38), (6.39a), and (6.39b) to derive values for A from the definition of H in terms of A, Equation
(2.6), which gives us

Ho i ) ) )
Al — _ HoJpa (1 + Fe%ﬂudf) e—]ﬁuﬂﬁ—]ﬁuﬂ) (6.42a)
’ 2 /Bly
Ay = 70% (1 = Te¥Pa®) gmiPar=ibiy, (6.42b)
1z

For Region II, we can use Equations (6.40), (6.41a), and (6.41b) with Equation (2.6), resulting in

A= _Hodka | —iprojony (6.43a)
2 623/
Hyj .
AlT = Z0IB2  iaea—ity, (6.43b)
2 /82£E

We can get ¢ using the gauge condition, the generalized Lorenz gauge from Equation (2.27).
The definitions for ¢ also assume that materials properties vary such that 0;¢ = €09;. This assump-
tion should hold for € that varies slowly on the grid. Since we are trying to analyze the reflection
coefficient for these equations, we are looking at the boundary between Regions I and II in partic-
ular. At the boundary between these two materials, this assumption should hold. ¢ in Regions I

and II can be written as

1 H z ; j j j
I _ : 270 (% (1 _ FeQJBuﬂU) _ % (1 + Fe%ﬁlﬂ)) e-]ﬁlzl’—ﬁlyy’ (6.44)
jw€1 1y lx
o1 — #; % % (% _ % ) re—iB2t—iBayy (6.45)
Jweg o S 2x 2y

Knowing the definitions of fields for all fields and potentials should allow us to analyze the re-
flection coefficients for all fields and potentials. This analysis will give us the relationship between

the stretched coordinates.
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6.3.2 Propagation Constant and Impedance

We need to clearly define the propagation constant and how it relates to materials properties.

We can express the propagation constant 5 in Region I and II as
Bi = B, + Biy = ki = e, (6.462)
B3 = B3, + B3, = kis”s™ = weopos”s”, (6.46b)
where the components of [ can be expressed as
Bra = kicos(0), (6.47a)

By = kisin(0), (6.47b)

Bz = \/ kgsPstt — 33, (6.47¢)

Assuming s? = s?, the impedance in Region I can be written as

m= ]2, (6.48)

€1

and the impedance in Region II can be derived from the ratio of the electric and magnetic field

amplitudes as

E| 1 /1
772_@: 2\ 5F 3, (6.49)
1 1 ’ 2 HJFE
— w2€2 S_E w ILLOEOS S 5 (6'50)
0
SH
:’//:_2 S—E) 6.51)
H
Ko (HH‘F Z >
= ];‘0 , (6.52)
\ oo (5 25)
H
2 1+ ,Z
— ( ngff) (6.53)
\e(i+:25)
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Note that the analysis is being done on a definition of the stretched coordinate that doesn’t
include the CFS term « introduced by Kuzuoglu and Mittra [72] and included in the stretched

coordinate defined in [56].

6.3.3 Impedance Matching for E and H

By enforcing continuity of tangential fields at z = 0, we set E!(z = 0) = E/'(z = 0).

Enforcing continuity gives us 31, = 2, = k; sin(6), and the reflection coefficient is be found to

be
Plz BQQ:E
I' = —;11:5 Eg:z . (6.54)
el egst

The general reflection coefficient is nonzero for arbitrary angle. We examine the case of normal
incidence where = 0. This means the y-components of 3 are 0 (81, = f2, = 0), and the

x-components of J are

Biz = k1 = w161, (6.55)

Bow = \/ k3sEsH = wr/ pupeosEst = wy/pgea(1 + 0P [jwes) (1 + o [jwps)). (6.56)

Inserting the definitions from Equations (6.55) and (6.56) into Equation (6.54), we can simplify I’

to be
p_ p2 1+Uz§jwu2
\/ € \/ 2V 1+0¥ /jwes
r=-Y_ - . 6.57
o i e ©>D
€1 €9 1+0¥ /jwes
We can be write Equation (6.57) in terms of impedance as
p=n—" (6.58)

M+ 2
The reflection coefficient is minimized (I' = 0) when 7; = 7,. When the PML material is

impedance-matched with the simulation, we can write

H
f2 <1+ = 2)
S = — R (6.59)
€1 €9 (1“— - )

Jwea




108

The easiest way to solve this equation is to set € = e;=¢ and p = p1=pio

\/E: " (1+j;’;1) 660
€1 €1 <1 4+ 2= ) 7 .

Jwel

which can be simplified to

E H
gz 7 (6.61)
€1 M1
By solving for o, we see the relationship between the o and oy is
of = Sot, (6.62)

When the material is impedance-matched, this relationship between o and o/ holds. This
relationship also implies the stretched coordinates for E and H are equal s” = s if we defined
the materials parameters in the PML such that k¥ = xH . Now, we need to find conditions for o

and 0% for an impedance-matched medium.

6.3.4 Impedance Matching for A and ¢

The definition of E in terms of potentials shows E and A are related by a time-derivative and
no other operations. This should mean that the boundary conditions for A are the same as those
for E. Doing the same analysis as the previous section, we should have continuity of tangential

components of A. By setting Al (z = 0) = Al/(z = 0), the reflection coefficient is

M p2
I = % (6.63)
ﬁla: /82.Z

If we assume the case of normal incidence ( = 0), it becomes

B € 1+0¥ /jwes
\/ \/ n2 V 1+t /jwps
I'= (6.64)
€1 + €2 1+0’E/jw62
B p2 \ 1+of [jwps

r=2_= (6.65)

which can be written as
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Minimization of this reflection coefficient results in the same relationship between o and o'/ as
the continuity analysis for E. The result is consistent, but since our expression for A was derived
from the definition of H, there is no stretched coordinate in the equation to give us a relationship
between o4 and another known value. We will use a different method to obtain the relationship
after doing the analysis for ¢.

¢ must be continuous across the interface, so we can do the same continuity analysis for ¢ such

that ¢’ (z = 0) = ¢!/ (x = 0)

1 (B Pa T Bae _ B2y
5% B1x ﬁly G%HOS¢ BQy B2z

I'= . (6.66)
_L<@+5ﬁ>_ i <5L_6L>
et \ Biz By €2pos® \ Bay B2z
If we assume the case of normal incidence (f = 0), it simplifies to
r L2/61x - %BQm (6 67)
B 251:):_'— 2#05‘155233 .
which can be expanded to
p1 1 MQ\/H(T /
\/ 6_1161 € ,uos¢ sPstt
I'= i (6.68)
fpi 1 21060 [ oH
€1 €1 € uos‘?/’ TS

We know the stretched coordinates for E and H are equal (s¥ = s%), so we can insert the definition

for the stretched coordinate to get a result in terms of £

p1 1 pey/B2er 140 /jwey
€1 €1 e2puok® 1409 /jwedpns

, . (6.69)
+ poy/i2€2 1+0F /jwes
1 61 eg,uon¢ 1+a¢/jwa%,u2
Inserting the definition of x results in
_ peyvmees 1+0F [jwey
61 @ Zuzk® 1409 /jwelpus (6 70)
|y r2yiEE 1o jue '
€ e esp2  14+0%/jwesps
which simplifies to
fua p2 1 140" /jwes
€1 €2 €2 14+0?/jwelps
(6.71)

€1
p 1 w2 1 14+0E [jwey
€ e € e 1+o‘¢/jw52u2
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We can now minimize the reflection coefficient by assuming € = €;=¢, and y = p;=p». This

results in an equation for o€ in terms of o¢.
e_ L 4
o” = —0o (6.72)

This implies s = s?. So far we have proven s¥ = s = 5% but now we need to find the relation
for s4.

Recall the problem with minimizing the reflection coefficient was that our definition for A does
not contain s”. This is because our A field was calculated using the update equation for H in FiPo
Hybrid, which does not contain a time derivative, which is necessary for an equation to have to
have a stretched coordinate. Unfortunately, even though the update equation for H in FiPo Basic
contains a stretched coordinate s*, it does not contain A and will not allow us to calculate s*. The
equation that contains the term s is the update equation for A, or the definition of E in terms of
A and ¢. We could not do this originally because we needed to find A from H before being able

to calculate ¢. Since we have all fields and potentials, we can insert out definitions for E, A, and

¢ into the definition of the y-component of E in terms of ¢ and A and arrive at

2 1 1
2 A o 2 2
w’pgegs” = <_SE _s¢’) By, + —S¢52y. (6.73)

We can use the previously derived s = s to simplify this to
wQ,uoeosAsE = 32 (6.74)

Since we know (3 in terms of s¥ and s, we now show that s = s#. This means we have proven
sF = st = 54 = 5%,

Stretched coordinates being equal is an important result because it allows us to assume CPML
coefficients a and b from Equations (6.28a) and (6.28b) are equal for all fields and potentials, such
that a? = o = a! = af and V¥ = b = b’} = b®. For different values, a and b are located
at different positions, but no extra coefficients need to be calculated or stored in a conventional
FDTD CPML versus a FiPo CPML since the coefficients are already calculated at both integer and

half-integer position steps. In a conventional FDTD CPML, a” is calculated at integer steps due to
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the positions of auxiliary variables ¢x. al is calculated at half-integer steps due to the positions
of auxiliary variables 1. By looking at the positions of 14 and 14, we know that a” is calculated
at the same position as a?, and a* is calculated at the same position as a’'. Since all X are equal,
no extra CPML parameters need to be calculated or stored for the FiPo CPML - the same applies
to b%. The auxiliary variables 14 and 1), still require extra storage, but the coefficients to update

these variables do not.

6.4 PML Parameters

The PML is a material designed to absorb waves with minimal reflection, and in order for the
PML to absorb, we need to assign it values for its material properties. The PML is defined for the E
field such that it has a conductivity o, a dielectric constant ¥, and a complex frequency shifting
(CFS) parameter ¥, Introducing o allows the wave to decay in the material, increasing x slows
the wave, and adding « can increase absorption of evanescent waves. Analogous quantities are
defined for PMLs for H, A, and ¢. A sudden change in materials parameters causes reflections,
so grading these values over the PML domain is important for minimizing reflections. We do this
for xk and o by increasing their values deeper in the PML with a polynomial grading as found in
[44]. The addition of « reduces reflection error at low frequencies but causes propagating waves
to not attenuate well [44]. This can be remedied by grading o with its maximum value at the PML

interface and scaling it to O deeper in the PML. Polynomial gradings for o, , and o can be written

as
02(2) = Oz,max (%)m (6.75a)
Ko@) =1+ (Komax — 1) (2)7” (6.75b)
0 (T) = g max (d - m) h (6.75¢)

where each value varies with respect to position and depends on the size of the PML d, maximum
paramter value, and a scaling order m. Large m means lower values for the parameter near the
surface of the PML and a steep increase deeper in. Deeper in the PML, fields have decayed

significantly and reflections due to discretization error have less of an impact [44]. Values in the
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Variable K | K Unit | % Unit o¥, o Unit
E V/m none |s*A?m 3 kg™ =S/m
H A/m none kgms™2 A2
A Vs/m | none s
o Vv none s> A2m S kg!

Table 6.2: Variable K denotes a field or potential in column one. Units for fields and potentials
are given in second column. Units for CPML parameters <%, 0%, and o€ for fields and potentials

are given in columns three and four.

range of 3 < m < 4 are typically optimal for minimizing reflections [77, 57, 64, 78]. We have
chosen linear scaling for o (m, = 1) and m = 3. These scalings are different due to the different
behavior these parameters have at the interface. While o and x must start small and gradually
increase to minimize reflections in the PML, o must be nonzero at the interface and become smaller
further in to not hinder the absorption of propagating waves where the values of ¢ and « are largest.
If oax 1s too large, discretization error will dominate in the simulation. Choosing 0., aims to
balance reflection error and discretization error [44]. The following are definitions for maximum

values for o, k, o for a polynomial grading:

(m + 1) In[R(0)]

T,max — v

O, o (6.762)
Rz max = 15 (6.76b)
o = 0.24. (6.76¢)

Reflection error R(f) at normal incidence is reffered to as optimal reflection error R(0). R(0)
depends on size of PML and has been shown to be R(0) = e~'° for a ten-cell PML and R(0) = ¢™®
for a five-cell PML [64, 44]. For a ten-cell PML, this leads to an expression for o, of

0.8(m +1)

_ 17
A it (©.77)

Oopt =
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Table 6.2 gives units for PML parameters for fields and potentials. The first column gives fields
and potentials as a variable K, and the second column gives the unit of the fields and potentials. The
third column is present for completeness but shows that the value of « for each field and potential
is unitless. The fourth column combines the units for o and « because they are the same and gives
the units for all fields and potentials. The unit for ¥ is the standard unit for conductivity. Since
ofl, o4, o? are all ficticious values for loss, the units are not commonly defined, so they are given
here.

The choice of parameters has a large impact on PML performance, although it is only one factor
of many that impacts the absorption properties of the PML. If parameters are chosen without care,
discretization or reflection error can dominate the simulation. Since CPML is a commonly-used
method for conventional FDTD, the choice of parameters are well-documented. For FiPo FDTD,
we have shown in Section 6.3.2 that the parameters for conventional FDTD can be utilized for

the CPML for potentials, eliminating the need to rederive or reoptimize parameters for our new

method.

6.5 Simulation Results

In order to test the CPML developed for FiPo, we consider four different test simulations.
The first example is the simulation in Section 5.3 with an added CPML boundary layer. It is
a basic differentiated Gaussian source launched from the center of the simulation in free space.
The example is intuitive and allows us to visually examine the effectiveness of the PML. The
second, third, and fourth simulations are similar in order to compare the effect of material and
adding a scatterer to the simulation. The second simulation is similar to the first with the addition
of a PEC and source moved 2 points up in the z-direction. The source for the third and fourth
simulations is the same as the second. The third and fourth examples use the materials properties
from Roden and Gedney’s original CPML paper [56] for a PEC in soil. The third simulation is
only the differentiated Gaussian pulse launched in soil. The fourth simulation is like the third with

the addition of a PEC.
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Relative error plots are a common way to evaluate the effectiveness of a PML. Generally, a large
simulation will be run with a PML, as well as a smaller simulation, also with a PML. A receiver
is placed at a location in each simulation such that, if the simulations were overlayed, the receiver
would be at the same position in each. The field values for the large simulation can be checked
at this point to ensure no reflections are present at the receiver for the reference simulation. The
values of the field are recorded at the receiver for each simulation, and the relative error between
the two simulations is calculated and plotted over time. The maximum error in dB is generally a

good indicator of the performance of the PML.

6.5.1 Free-space Simulations

6.5.1.1 Resonant Cavity with CPML

In order to first test the PML, we again look at the simulation of the resonant cavity first
dicussed in Section 5.3. We use the CPML parameters discussed in Section 6.4. To make the
reference simulation for the resonant cavity with CPML, we added a ten-cell PML to the FiPo
Basic simulation of a resonant cavity from Section 5.3.

Figure 6.1 shows snapshots of FiPo Basic (Figure 6.1a) and FiPo Hybrid (Figure6.1b) with
CPML as the wave is impinging on the absorbing layer. Both simulations appear to have identical
propagation characteristics prior to wave decay in PML. Figure 6.2 shows snapshots of FiPo Basic
with no PML (Figure 6.2a) shortly after the wave reflects from the reflective boundary in the
reference simulation as well as FiPo Basic (Figure 6.2b) and FiPo Hybrid (Figure 6.2c) with CPML
after wave decay in the PML. We observe very little visible reflection for FiPo Basic with CPML,
but we do see reflection for FiPo Hybrid with CPML, although the method still decreases the
magnitude of the wave compared to the reference. In particular, the visible reflections for ¢ for
FiPo Hybrid with CPML are negligible and appear to be identical for FiPo Basic and Hybrid with
CPML. A difference in absorption between FiPo Basic and Hybrid is to be expected because of
the nature of their update equations - the FiPo Hybrid update equations are Equations (5.16), and
FiPo Basic update equations are Equations (6.32). The FiPo Basic CPML algorithm uses auxiliary

variables to attenuate the wave in H, while the FiPo Hybrid H is updated directly from A and does
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Figure 6.1: Spatial profile of (top row) E,, H,, and H,, as well as (bottom row) A, and ¢ for a

differentiated Gaussian current source from Eq. (5.17) in free space at time ¢ = 0.69 ns (4004, or

13.0684t,,) after start of the simulation. Dashed black line represents CPML boundary.
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Figure 6.2: Spatial profile of (top row) E,, H,, and H,, as well as (bottom row) A, and ¢ for a

differentiated Gaussian current source from Eq. (5.17) in free space at time ¢ = 0.87 ns (5004, or
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not decay in the PML region. H, and H, update equations cumulatively have four more auxiliary
variables in FiPo Basic than in FiPo Hybrid. This is due to each component of H containing two
auxiliary variables, as can be seen in Equations (6.32a) and (6.32b). The update for H contains no
auxiliary variables in FiPo Hybrid, and is the same as its update equation in the simulation region.
Additionally, the ¢ update equation, Equation (6.29), contains more auxiliary variables than other
CPML update equations. We attribute to the improved absorption to be a result of Equation (6.29)
containing more auxiliary variables. The number of auxiliary variables in an update equation
depends on how many spatial derivatives are present in that equation as well as the method used to
derive the CPML.

In order to test the absorption of the PML, we ran simulations for FiPo Basic and FiPo Hybrid
scaled to 71 x 71 x 71 and compared them with a reference simulation of the previous FiPo Basic
simulation for Figures 6.1a and 6.2b. A receiver placed 5 points away from the PML boundary
in x and in the same plane as the source in y and z captures the fields and potentials, and the
field magnitude was checked to make sure no reflections from boundary were observed from the

reference. The calculation for relative error from [56] is written as
1Xi(t) = Xier (1)

| lrefmax

where ;(t) is the value of a time-dependent component of a field or potential, x;.,(¢) is the value

errorgg(t) = 20 logy, (6.78)

of a time-dependent component of the field or potential in the reference simulation, and x;, ., is
the maximum value of x; (%) over the full simulation time. The relative error for the magnitude
of fields and potentials for this simulation is plotted in Figure 6.3. The results confirm our initial
obeservations from Figure 6.2. The error being below 0dB indiciates that the waves are being
absorbed, indicating that the PML is working as expected. The reflection error for FiPo Basic
peaks well below -50 dB, confirming the low reflections we see in Figure 6.1a. For FiPo Hybrid,
however, the reflection error is above -50 dB for E, H, and E, explaining the reflections we see for
those fields and potentials. The reflection error for ¢ in FiPo Hybrid peaks for a value below -50
dB and appears to be similar to the error for ¢ in FiPo Basic, which is congruent with our previous
observations from Figures 6.1a and 6.2b. The difference in error between these two methods is due

to the lack of auxiliary variables in the update for the H in FiPo Hybrid compared to FiPo Basic.
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Figure 6.3: Relative error of fields and potentials for FiPo Basic and FiPo Hybrid simulations for

a wave propagating in free space.
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6.5.1.2 Resonant Cavity with PEC and CPML

The PEC is defined in free space (¢, = 1, 0 = 0) from z € [30 mm,40 mm] and y €
[30 mm, 40 mm| where z is at the center of the simulation. The plate is illuminated by the current
density .J, source from Section 5.3 paced two points above the plate in the z-direction (i.e., above
the plane of observation). The simulation is run on 71 x 71 x 71 cell lattice with a ten-cell PML.
The reference simulation using FiPo Basic is run on a 300 x 300 x 300 grid with a ten-cell PML.
The reference fields were recorded five points away from the x PML boundary and in the center of

the y—z plane. For parameters, we use m = 3 and m, = 1. PML parameters are defined as

m+1
max :11—, 6.7
7 1507A /e, (6.792)
Fomax =15, (6.79b)
o =0.24. (6.79¢)

The waves from FiPo Basic and Hybrid appear identical propagating from the source at ¢t =
100A; in Figure 6.4. Once the wave impinges on the PML at ¢t = 2004, in Figure 6.5, the waves
appear to be well absorbed by FiPo Basic because the wavefront still appears circular, unaltered
by reflections. The wavefront from FiPo Hybrid is no longer spherical and has been altered by
reflections at ¢ = 200A,. The wave has been absorbed in FiPo Basic’s PML at ¢t = 3004, in
Figure 6.6, but waves in FiPo Hybrid still propagate in the simulation. Figure 6.7 shows the
relative error of FiPo Basic and FiPo Hybrid. The difference in error between FiPo Basic and FiPo
Hybrid is similar to difference in error in Figure 6.3, where FiPo Hybrid’s error is above -50 dB and
FiPo Basic’s error is below -50 dB. The simulations for Figure 6.3 and 6.7 differ by the addition
of a scatterer, the change made for o0,,,,, and the source being moved by two points. The most
notable increase in error is for ¢ in FiPo Hybrid. The increase in error from ¢ could come from
the self-consistency of the FiPo Hybrid algorithm, where the unattenuated values of other fields
and potentials can contribute to reflection error for ¢. ¢, in other simulations, seems to be able to
compensate for this error with its three-auxilary variable PML. The PEC scatterer affects values of

¢, however, and this effect can be seen as non-zero ¢ values in Figure 6.6 for FiPo Hybrid.
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Figure 6.4: Spatial profile of (top row) E,, H,, and H,, as well as (bottom row) A, and ¢ for a
differentiated Gaussian current source from Eq. (5.17) in free space at time ¢ = 0.17 ns (1004, or

3.2671t,,) after start of the simulation. Dashed black line represents CPML boundary. Solid red

line outlines the region defined as a PEC.
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Figure 6.5: Spatial profile of (top row) E,, H,, and H,, as well as (bottom row) A, and ¢ for a
differentiated Gaussian current source from Eq. (5.17) in free space at time ¢ = 0.35 ns (2004, or

6.5342t,,) after start of the simulation. Dashed black line represents CPML boundary. Solid red
line outlines the region defined as a PEC.
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Figure 6.6: Spatial profile of (top row) E,, H,, and H,, as well as (bottom row) A, and ¢ for a
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line outlines the region defined as a PEC.
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Relative Error of Fields for FiPo
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Figure 6.7: Relative error of fields and potentials for FiPo Basic and FiPo Hybrid simulations for

a wave propagating around a PEC in free space.
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6.5.2 Soil

The background material for the simulations in this section are defined for soil in [56] as €, =
7.73 and 0 = 0.273. The simulations are run on 71 x 71 x 71 cell lattice with a ten-cell PML. The
reference simulations using FiPo Basic are run on a 300 x 300 x 300 grid with a ten-cell PML. The
reference fields were recorded five points away from the x PML boundary and in the center of the

y—z plane. For parameters, we use m = 3 and m, = 1. PML parameters are defined as

m+1
max :11—7 6.80
7 1507 A6, (6.502)
Kmax :]-5, (680b)
a =0.24. (6.80c¢)

The simulation is sourced by the current-density J, source from Section 5.3 two points above the

midpoint in the z-direction.

6.5.2.1 No Scatterer in Soil

Figure 6.8 shows identical wave propagation characteristics for FiPo Basic and FiPo Hybrid
at t = 2004, before the wave impinges on the PML. As the wave propagates into the PML at
t = 3504, in Figure 6.9, we can see the wave in slowed in both cases, and FiPo Hybrid has visible
reflections. ¢ looks identical in both FiPo Basic and FiPo Hybrid simulations. Att¢ = 5004; in
Figure 6.10, FiPo Hybrid values have more reflection than FiPo Basic with the exception of ¢,
which appears identical in both simulations. When comparing the relative error in Figure 6.11, we
see that reflection error is higher for FiPo Hybrid compared to FiPo Basic, but the error is much
closer for the two algorithms compared to free-space simulations in Figures 6.3 and 6.7. FiPo
Hybrid peaks above -50 dB and decreases to around -100 dB. FiPo Basic peaks at about -50 dB
and decreases to around the same level as FiPo Hybrid. Reflection error in FiPo Basic is most
likely reduced because of the added loss from the nonzero conductivity of soil. In this simulation,

reflection error for ¢ appears identical for FiPo Basic and FiPo Hybrid.
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Figure 6.8: Spatial profile of (top row) E,, H,, and H,, as well as (bottom row) A, and ¢ for a

differentiated Gaussian current source from Eq. (5.17) in soil at time ¢t = 0.35 ns (2004, or 6.5t,,)
after start of the simulation. Dashed black line represents CPML boundary
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6.5.2.2 PEC Scatterer in Soil

The PEC in this simulation is defined from = € 30 [mm, 40 mm]| and y € [30 mm, 40 mm],
where z is at the center of the simulation.

Wave propagation is identical for FiPo Basic and FiPo Hybrid as it emanates from the source
at t = 200A; in Figure 6.12. Att = 500A; in Figure 6.13, the wave enters the PML. ¢ appears
identical in both FiPo Basic and FiPo Hybrid, but H has waves penetrating farther into the PML.
The difference in E and A between the two algorithms is visible, but not pronounced. By t =
1000A; in Figure 6.14, both FiPo Basic and FiPo Hybrid look identical without waves propagating
in the background medium; however, values of H are present in the PEC. Relative error for a
simulation of a PEC in soil is shown in Figure 6.15. The relative error between FiPo Basic and
FiPo Hybrid is larger for FiPo Hybrid initially but begins to become more comparable to FiPo
Basic over time. FiPo Hybrid peaks at above -50 dB while FiPo peaks at about -50 dB. Both FiPo
Basic and FiPo Hybrid’s error decreases from the peak over time to levels between -50 dB and
-100 dB. The relative error for ¢ is about the same in both FiPo Basic and FiPo Hybrid. The added
loss of soil and the addition on the PEC plate have resulted in reflection error for FiPo Basic and

FiPo Hybrid being closer in magnitude for simulations in soil than in free-space simulations.
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Figure 6.12: Spatial profile of (top row) £, H,, and H,, as well as (bottom row) A, and ¢ for a
differentiated Gaussian current source from Eq. (5.17) in soil at time ¢t = 0.35 ns (2004, or 6.5%,,)

after start of the simulation. Dashed black line represents CPML boundary. Solid red line outlines
the region defined as a PEC.
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Chapter 7

Conclusion

In order to tackle the challenge of coupling quantum transport to electrodymanics, we have
developed FiPo FDTD, a first-order solver for Maxwell’s equations for both fields and potentials.
These potentials are able to couple to quantum transport via the electromagnetic Hamiltonian for
a single particle, and a quantum transport solver can output charge and current density that can
be input into FDTD. The development of FiPo may prove to be a cornerstone of conquering this
challenge by tackling the electromagnetic modeling of potentials in an approachable way, as an
extension of conventional FDTD.

To introduce the techniques needed to deveop FiPo, Chapter 2 covers theoretical electromag-
netic background for electromagnetic fields and potentials. Evaluating electromagnetic equations
on a discrete lattice is covered in Chapter 3, where conventional FDTD is explained, including the
Yee grid and formalism for discretizing equations. We discuss the second-order FDTD developed
by Ryu et al. [14] in Chapter 4. This method solves for the magnetic vector potential and the
electric scalar potential using second-order Maxwell’s equations coupled by the continuity equa-
tion. We have implemented this method without a PML absorbing boundary layer. The PML for
this method is computationally expensive and storage intensive, meaning it is not practical for use
in coupling to quantum transport. Exploration into this method drove us to develop a first-order
solver.

FiPo FDTD, our first-order solver for Maxwell’s equations is introduced in Chapter 5. Two
different algorithms for FiPo FDTD have been developed, FiPo Basic and FiPo Hybrid. FiPo
Basic is identical to conventional FDTD in its updating for the electric and magnetic fields, but

introduces updates for the magnetic vector potential and electric scalar potential. FiPo Hybrid is a
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self-consistent method to solve for fields and potentials, allowing information from the potentials
to pass into the electric and magnetic fields. Absorbing boundary conditions, developed in Chapter
6, allow for the truncation of the simulation grid while minimizing reflection error from the outer
boundary. A CPML boundary layer has been formulated for both FiPo Basic and FiPo Hybrid.
The CPML for FiPo Hybrid has auxiliary variables, the mechanism for absorption, removed from
its update equations for H due to the nature of FiPo Hybrid’s algorithm. The removal of these
variables causes absorption of the CPML in FiPo Hybrid to be less effective than that of FiPo
Basic. However, this work has developed a framework for CPML for a self-consistent method
for modeling fields and potentials and can utilize the existing work from CPML for conventional
FDTD to improve its performance. The CPML for FiPo Basic performs as well as the CPML for

conventional FDTD for both fields and potentials.
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