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ABSTRACT

The continuous miniaturization of electronic devices has given rise to structures whose dimen-

sions do not exceed a few nanometers. At this size, electron transport can no longer be explained

by simple drift and diffusion processes; electrons do not behave as point particles anymore but as

propagating quantum-mechanical waves. In this thesis, we employ state-of-the-art quantum me-

chanical methods such as the non-equilibrium Green’s functions and the density matrix method

to study electron motion and light-matter interaction in nanostructures. We Will introduce new

device functionalities that arise by tailoring two-dimensional materials such as graphene, phos-

phorene and transition-metal dichalcogenides (TMDs) into lower-dimensional nanostructures.

In the first chapter we study electromagnetic field tuning of electronic properties of phospho-

rene and its nanoribbons. We show that by applying an electric field, phosphorene transitions from

an insulator to a semimetal where a new type of quantum hall effect is observed. Later on, we

show that near-equilibrium electron transport in metallic phosphorene nanoribbons takes place in

the states whose wavefunctions are located near the edges of the ribbon. Electrical manipulation

of these edge states provides a platform for the implementation of two different schemes of pseu-

dospin electronics, a form of electronics based upon manipulation of tunable equivalents of the

spin-one-half degree of freedom, i.e., the pseudospin.

In chapter 2, we will introduce a numerically efficient density-matrix model applicable to mid-

infrared quantum cascade lasers. This model allows for inclusion of the lasing field and unlike

previous models does not rely on phenomenologically introduced parameters. With the inclusion



xi

of lasing field a significant increase in the current density is observed, which leads to a better

above-threshold agreement between the computed and experimental current density.

In chapter 3, we study plasmon-enhanced optical non-linearity in low-dimensional nanostruc-

tures. We show that graphene nanomeshes and nanotriangles made of transition-metal dichalco-

genides have great potential for applications in nonlinear nanophotonics. In particular, these nanos-

tructures host plasmonic modes which can be easily excited and tuned for strong second- and

third-harmonic generation.
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0.1 Note

Significant portions of this thesis originally appeared in my previously published papers [5, 6,

7, 8].
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0.2 Overview of the Thesis

The first chapter focuses on the effects of electric field on the electronic band structure and

transport in multilayer phosphorene and its nanoribbons. In phosphorene, at a critical value of

applied vertical electric field (Ec), the band gap closes and the band structure undergoes a massive-

to-massless Dirac fermion transition along the armchair direction. This transition is observable in

quantum Hall measurements, as the power-law dependence of the Landau-level energy on the mag-

netic field B goes from� (n+ 1=2)B below Ec, to� [(n+ 1=2)B]2=3 at Ec, to� [(n+ 1=2)B]1=2

above Ec. In phosphorene nanoribbons (PNRs), electric field can be employed to manipulate the

midgap energy bands that are associated with edge states, thereby giving rise to new device func-

tionalities. We show that – through electrical manipulation of edge states – electron propagation

can be restricted to one of the ribbon edges or, in case of bilayer phosphorene nanoribbons, to one

of the layers. This finding implies that edge and layer can be regarded as tunable equivalents of the

spin-one-half degree of freedom, i.e., the pseudospin. In both layer- and edge-pseudospin schemes,

we propose and characterize a pseudospin field-effect transistor, which can generate pseudospin-

polarized current. Also, we propose edge- and layer-pseudospin valves that operate analogously to

conventional spin valves. The performance of valves in each pseudospin scheme is benchmarked

by the pseudomagnetoresistance (PMR) ratio. The edge-pseudospin valve shows a nearly perfect

PMR, with remarkable robustness against device parameters and disorder.

In the second chapter we present a time-dependent density-matrix model to study photon-

assisted (PA) electron transport in quantum cascade lasers. The Markovian equation of motion

for the density matrix in the presence of an optical field is solved for an arbitrary field amplitude.

Level-broadening terms emerge from microscopic Hamiltonians and supplant the need for empir-

ical parameters that are often employed in related approaches. We show that, in quantum cascade

lasers with diagonal design, photon resonances have a pronounced impact on electron dynamics

around and above the lasing threshold, an effect that stems from the large spatial separation be-

tween the upper and lower lasing states. With the inclusion of PA tunneling, the calculated current

density is in good agreement with experiment.
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In chapter 3, we investigate plasmon enhanced non-linearity in low-dimensional nanostruc-

tures. we show that transition-metal-dichalcogenide (TMD) structured into nanotriangles have a

large effective second-order susceptibility [�(2)] at mid-infrared to near-infrared frequency range.

This is owed to the broken centrosymmetry of the nanotriangles. We use the density-matrix model

to calculate �(2). It is shown that �(2) peaks in the vicinity of two-photon resonances and plasmon

resonances where the former is fixed and is dictated by the size of the nanotriangle and the latter is

tunable by changing the density of electrons. By changing the carrier density plasmon resonances

can be aligned to two-photon resonances which leads to values of �(2) as high as 10�6 m/V. Also,

we show that graphene nanomesh behaves as a quasi-one dimensional plasmonic crystal in which

plasmons have large propagation lengths and are easily excited. It is shown that, the periodicity

of the graphene nanomesh pattern can be optimized for efficient diffraction coupling at mid- to

near-IR frequency frequencies. It is shown that the graphene nanomesh has tunable, broadband,

and considerably strong nonlinear plasmonic response. Over the mid- to near-IR frequency range,

the third-order Kerr and third harmonic susceptibility can be as high as 10�7 and 10�9 m2V�2,

respectively.
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Chapter 1

Phosphorene

1.1 Introduction and Overview of the Chapter

Black phosphorus (BP) is a thermodynamically stable allotrope of phosphorus with a layered

structure. The layers of covalently bonded atoms are held together by the van der Waals interaction.

Similar to obtaining graphene from graphite by mechanical exfoliation, BP can be isolated to a

few layers [9, 10]. The resulting structure is a recent addition to the family of two-dimensional

(2D) materials called multilayer phosphorene. Monolayer phosphorene has a direct band gap of

1.45 eV [10]. In multilayer phosphorene, the gap decreases with increasing number of layers

owing to relatively strong van der Waals interactions between the layers and remains direct [11].

This makes phosphorene a promising candidate for electronic and optical applications [12, 13, 14,

15, 16, 17, 18]. Moreover, the phosphorene crystal structure is highly anisotropic, which gives

rise to phenomena such as anisotropic electronic and thermal transport [19, 20, 16, 21, 22, 23],

linear dichroism [16, 21], and anisotropic plasmons [24]. Additionally, owing to its heavily

puckered structure, phosphorene is highly tunable by strain [25, 19] and electric field [20, 26].

In particular, applying an electric field normal to the layers reduces the band gap, leading to a

transition from a moderate-gap semiconductor to a semimetal [27]. Applying an electric field also

leads to the emergence of more exotic features of phosphorene, including nontrivial topological

phases [28, 29, 30]. However, the transition of the Landau levels (LLs) under the influence of

electric field as a trademark of the topological phase transition has not been fully understood.

Furthermore, little is known about the possible practical use of electric-field modulation of the

electronic characteristics of nanostructures based on phosphorene, such as nanoribbons [31].
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In this chapter, we investigate the effects of electric field on the electronic properties (band

structure and electronic transport) of multilayer phosphorene and its nanoribbons. In multilayer

phosphorene at low fields, electrons with momenta in the zigzag direction have parabolic bands,

but in the armchair direction they behave as massive Dirac fermions with a gap-dependent effec-

tive mass. At a critical electric field Ec, the gap closes, and electrons exhibit a massive-to-massless

Dirac fermion transition. Above Ec, there are two Dirac points, and the band structure is that of

anisotropic massless Dirac fermions. This continuous massive-to-massless Dirac fermion transi-

tion could be observed in Hall measurements, as the LL energy dependence on the magnetic field

would change from linear below Ec, to the novel 2/3-power at Ec, to the square-root dependence

above Ec. If two-dimensional (2D) bulk phosphorene is nanostructured in one dimension (1D),

the electronic properties of the resulting quasi-1D phosphorene nanoribbon (PNR) will strongly

depend on the direction of confinement and the type of edge termination. In particular, metal-

lic multilayer PNRs have twofold-degenerate bands within the bulk gap and the associated wave

functions are localized near the ribbon edges. We show that the application of electric field in

metallic PNRs can selectively affect electrons in these midgap bands and thereby give rise to novel

functionalities. Specifically, charge transport in bilayer zigzag phosphorene nanoribbons (ZPNRs)

can be limited to one of the layers by applying a perpendicular electric field. This gives rise to

the concepts of “up” or “down” pseudospin when charge transport takes place in the top or bottom

layer, respectively. Analogously, applying an in-plane electric field across either single layer or

bilayer ZPNRs restricts charge transport to the “left” or “right” edge of the ribbon, where electrons

are considered to have “left” or “right” pseudospin polarization, respectively. In both cases, the

pseudospin can be flipped by changing the sign of the applied electric field. In each case, we in-

troduce nonmagnetic analogues of the spin field-effect transistor and spin valve, in which the role

of the magnetic field is replaced by an electric field. For the pseudospin valves, a nonmagnetic

counterpart of the magnetoresistance ratio, called the pseudomagnetoresistance ratio (PMR), is in-

troduced and a large value is obtained at room temperature for both edge- and layer-pseudospin

valve. Furthermore, we evaluate how the PMR is affected by the geometry of pseudospin-valves

and presence of disorder. In particular, the PMR in the layer-pseudospin scheme is sensitive to
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the length of the valve and strong disorder, while in edge-pseudospin scheme is completely robust.

These findings show that phosphorene nanoribbons provide key features necessary for pseudospin

electronics that is compatible with current nanotechnology.

1.2 The Tight-Binding Method and the Band Structure

Tight binding (TB) approximation is a tool for finding electronic bandstructure of with periodic

systems. In comparison to the density functional theory method, tight binding provides a degree of

simplicity which is convenient for quantum transport calculations. In the TB model it is assumed

that atomic orbitals are tightly bounded to the atoms and the orbitals are used as the basis for ex-

panding the wavefunction of electrons. The band structure of multilayer phosphorene is described

by a tight-binding (TB) Hamiltonian

H =
X
i;j

ti;jc
y
icj; (1.1)

which was parametrized on the basis of first-principles calculation within the GW0 approxima-

tion [2, 32]. As the TB parametrization was benchmarked for mono-, bi- and trilayers, we restrict

our study here to these three systems, but note that TB may be suitable for larger multilayers,

as well. A phosphorene monolayer contains two sublayers in a puckered structure and has four

atoms per unit cell. Each additional layer brings four more atoms to the unit cell (see the structure

of bilayer phosphorene in Fig. 1.1), with odd-numbered layers aligned with other odd-numbered

ones, and analogously for even-numbered layers. A unit cell for bilayer phosphorene is denoted

by the shaded box in Fig. 1.1(a). In the nearest-neighbor approximation, there are fifteen relevant

tight-binding hopping parameters (Table 1.1), ten intralayer and five interlayer. The multilayer

phosphorene structure is highly anisotropic. Cutting phosphorene in the (horizontal) y direction

(see Fig. 1.1) would result in an armchair edge, while cutting along the (vertical) x direction would

result in a zigzag edge. We refer to the y-direction as armchair and the x-direction as zigzag.

The band structure of trilayer phosphorene is depicted in Fig. 1.2(a); note the rectangular

Brillouin zone (BZ) and its high-symmetry X and Y points along the x and y directions. The

band gap, Eg, is at the � point and has a value of 0:85 eV. Along the zigzag direction, both the
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Table 1.1: Hopping parameters for the tight-binding Hamiltonian in Eq. (1.1). i = 1� 10 are

intralayer and i = 11� 15 are interlayer coupling terms.

i ti(eV) di(Å) i ti(eV) di(Å) i ti(eV) di(Å)

1 �1:486 2:22 6 +0:186 4:23 11 +0:524 3:60

2 +3:379 2:24 7 �0:063 4:37 12 +0:180 3:81

3 �0:252 3:31 8 +0:101 5:18 13 �0:123 5:05

4 �0:071 3:34 9 �0:042 5:37 14 �0:168 5:08

5 +0:019 3:47 10 +0:073 5:49 15 +0:005 5:44
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Figure 1.1: Schematic of bilayer phosphorene. (a) Top view. (b) side view. The left and the right

edges are zigzag, while the top and bottom edges are armchair. Yellow (blue) circles are the

phosphorene atoms in the upper (lower) layer while the atoms in the upper (lower) sublayer are

portrayed a bright (dark) color. The gray rectangle denotes the unit cell of bilayer phosphorene.

Higher multilayer systems will have the unit cell with the same top view and with additional 4

atoms per layer.
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conduction band (CB) and the valence band (VB) show quadratic dependencies on the wave vector

k [Fig. 1.2(a)]. We calculate the effective masses of mc = 3:18m0 (CB) and mv = 0:84m0 (VB),

where m0 is the free-electron rest mass. In the armchair direction, however, the dispersion has an

asymptotic linear trend. To describe this highly anisotropic band structure near the band gap, we

propose a low-energy two-band Hamiltonian as

H(k) = h(k) � �; h(k) =

�
~2k2

x

2mc(v)

+
Eg
2
; ~vyky; 0

�
: (1.2)

Here, � are the Pauli matrices, mc and mv are the effective masses in the zigzag direction, and

vy = 7:4 � 105m=s is the Fermi velocity in the armchair direction. In Fig. 1.2(a), we see that

the fit from this effective two-band Hamiltonian (red dots) agrees very well with the CB and VB

dispersions obtained by TB (solid curve) within �1 eV of midgap. Finding the dispersion for

kx = 0 from the two-band Hamiltonian (1.2) leads to

E(0; ky) = �

s
(~kyvy)2 +

�
Eg
2

�2

: (1.3)

This is a characteristic dispersion of massive relativistic particles [33], where Eg plays the role of

rest energy. Upon employing the relativistic definition of the effective mass asmy = ~2k
�
dE=dky

��1,

we obtain an effective mass for both CB and VB in the armchair direction to be my = Eg=2v
2
y =

0:12m0, a value close to the experimentally obtained 0:08m0 [27], which could not be explained

previously based on the parabolic approximation. Thus, it is important to consider electrons in the

armchair direction as massive Dirac fermions.

Since unbiased phosphorene is a conventional 2D electron gas, the CB and VB edges are ex-

pected to have linear dependencies on an applied vertical magnetic field [34, 35, 36]; the CB/VB

edge in a magnetic field is the lowest/highest Landau level (LL) in the CB/VB, respectively. In

order to test this hypothesis, magnetic field is incorporated in the tight-binding model through the

Peierls substitution, which adds a phase to the hopping term between any two sites,

ti;j ! ti;je
e
h

RRj
Ri

A:dl; (1.4)

where A = (�By; 0; 0) is the vector potential and B is the magnitude of the magnetic induction

in z-direction. By this substitution, one will arrive at Harper’s equation [37, 38, 39, 40], and
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Figure 1.2: (a) band structure of unbiased trilayer phosphorene over the first Brillouin zone. Cuts

normal to (10) and (01) through the Dirac point are projected onto the side walls, with the

high-symmetry �, X, and Y points denoted. The solid lines are from TB, the red dotted line from

the low-energy two-band Hamiltonian (1.2). (b) The dependence of the conduction band (CB)

and valence band (VB) edge (i.e., the lowest/highest Landau level in the CB/VB, respectively) on

the external magnetic field for trilayer phosphorene in the absence of a vertical electric field. The

blue lines are linear fits to the yellow dots obtained from Harper’s equation.
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LLs are obtained by numerical calculation of its eigenvalues. For unbiased trilayer phosphorene,

the LLs were calculated at various magnetic fields. The CB and VB edges are shown in Fig.

1.2(b). Predictably, the CB and VB edge change linearly as a function of magnetic flux density

B. While our calculations of LLs versus B presented throughout this paper hold down to low

magnetic fields, LLs are unlikely to be resolved in experiment at low fields owing to disorder

(B�� 1 is needed to resolve LLs, where � is the electron mobility in the sample). Therefore, we

present the dependence of the lowest Landau levels in the conduction and valence bands on B in

the experimentally relevant high-magnetic-field range that was previously used by Jiang et al. [41]

for the Hall measurement on graphene.

1.3 Bulk Multilayer Phosphorene in a Vertical Electric Field

Next, we extend our model to the case of a vertical electric field Ez [applied normal to the

layers, i.e., in the z-direction in Fig. 1.1(a)]. In the TB calculations, Ez is accounted for by assum-

ing a linear potential drop across the structure extending from �h=2 to h=2 (h is the thickness): a

potential energy Vi = eEz(�h=2 + zi) is added to the diagonal terms of the TB Hamiltonian in

Eq. (1.1) according to i-th atom’s z coordinate. Figure 1.3(c) shows that, as Ez increases, the CB

and VB shift toward each other due to the Stark effect. The band gap closes at a critical electric

field, Ec, [27] which decreases with increasing number of layers: Ec ’ 0:17 V/Å for bilayer (also

reported in [42]) and Ec ’ 0:15 V/Å for trilayer phosphorene. The full band structure of trilayer

phosporene at Ec is depicted in Fig. 1.3(a). Electric field affects the curvature of the parabolic

CB and VB bands along the zigzag direction [Fig. 1.3(b)]: mc (mv) decreases (increases) with

increasing Ez, but mv < mc for all values of Ez, in keeping with the high hole mobility reported

in experiment [10].

Application of the vertical electric field and the corresponding gap reduction have a strong

effect on dispersion in the armchair direction: as my / Eg, my drops with increasing Ez and

reaches zero at Ec [Fig.1.3(c)]. Therefore, there is a smooth transition from massive to massless

Dirac fermions in the armchair direction under a vertical electric field. At Ec, the dispersion of CB
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Figure 1.3: (a) band structure of biased trilayer phosphorene at the critical electric field

(Ez = Ec). (b) Effective mass in the conduction and valence bands as a function of electric field

along the zigzag direction. (c) Band gap and relativistic effective mass (both CB and VB) in the

armchair direction versus electric field. (d) Energy of the lowest LL in the CB and VB versus

magnetic field B, obtained by solving Harper’s equation (dots). Solid lines are fits based on Eq.

(1.6).
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and VB near the gap becomes

E(k) = �

s
(~kyvy)2 +

�
~2k2

x

2mc(v)

�2

: (1.5)

Owing to the anisotropic dispersion at the critical electric field – massless Dirac [Eq. (1.5)] along

y, parabolic along x – the electron density of states (DOS) has a peculiar energy dependence:

�(E) � m
vy

p
E [43]. If such an electron system were placed in a uniform vertical magnetic fieldB,

it would exhibit a unique dependence of the LL energy on the B field (stemming from the square-

root energy dependence of the DOS [5]) that has never before been observed in experiment:

En �
��
n+

1

2

�
B

�2=3

; (1.6)

We obtained this dependence [see Fig. 1.3(d)] by numerically solving Harper’s equation, as de-

scribed earlier. The 2=3-power dependence is distinct from the linear dispersion in two-dimensional

electron gases,En �
�
n+ 1

2

�
B [shown in Fig. 1.2(b)], and from the square-root dependence char-

acteristic of Dirac fermions, En �
q�

n+ 1
2

�
B. Biased multilayer phosphorene would be the first

realization of this LL dispersion in a real material, though the phenomenon was thoroughly investi-

gated on a parametric honeycomb lattice [44, 45, 46]. While Yaun et al. [42], recently investigated

LLs in perpendicular electric fields, they did not solve the Harper’s equation [37, 38, 39, 40] in an

extended system, as we did here, and did not emphasize this peculiar behavior at Ec. We propose

an extension to experiment [27], where the gap is closed via doping and mimics applying Ec: a

measurement of the Hall conductance at this condition would experimentally confirm the peculiar

form (1.6) of the LL B-field dependence.

Increasing the electric field beyond the critical value (Ez > Ec) splits the Dirac point into two.

The Dirac points (�X) move away from the � point along the X direction as a function of electric

field [see Fig. 1.4(a)]. In the low-energy, two-band Hamiltonian (1.2), h(k) takes the form

h(k) =

�
~2k2

x

2mc(v)

� Einv
2
; ~vyky; 0

�
; (1.7)

where Einv is the value of the inverted gap shown in Fig. 1.4(a). At each Dirac point, the Hamil-

tonian can be expanded in terms of q = k � k�X
, which gives us the low-energy form H(q) =
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~vxqx + ~vyqy, a generic Dirac Hamiltonian with anisotropic Fermi velocityvx;c(v) =
p

E inv =mc(v)

and ultimately the dispersion relation

E(q) =
q

(~vxqx )2 + ( ~vyqy)2 (1.8)

Based on this dispersion, the Berry phase,� , can be calculated by integrating the Berry poten-

tial, r � = ~2vx vy

2E (q)2 [� qy; qx ], over a closed path around each Dirac point; the integration path chosen

here is a circle around each Dirac point, depicted in Fig. 1.4(a).� = � � is obtained from both the

two-band low-energy and TB Hamiltonians [47, 48]. This means that electrons in biased multi-

layer phosphorene carry an extra degree of freedom called the pseudospin. Dirac fermions exhibit

unconventional quantum Hall effect, where LLs vary withB asEn �
q �

n + 1
2

�
B [49, 42]. The

magnetic-�eld dependencies of the CB and VB edge of multilayer phosphorene biased atEz > E c

are shown in Figs. 1.4(b). As can be seen, both CB and VB (yellow circles) follow the square root

power law of Dirac fermions (blue lines).

1.4 Phosphorene Nanoribbons

Nanoribbons are quasi-1D systems with a high length-to-width ratio, often fashioned from the

ultrathin quasi-2D materials. The nanoribbon geometry is more amenable to device applications

than the quasi-2D sheet geometry, and the electronic properties of ultranarrow nanoribbons are

very sensitive to edge termination. Phosphorene nanoribbons, in particular, can combine the effects

of band structure anisotropy and sensitivity to external �elds, which characterize the underlying

2D phosphorene, with the effects of edges to give rise to unique electronic properties. Indeed,

armchair and zigzag PNRs nanoribbons have been attracting a lot of attention in recent years

[50, 51, 31], with skewed-armchair nanoribbons having come into focus more recently [52]. Here,

we are speci�cally interested in metallic PNRs, which are found among skewed-armchair and

zigzag PNRs [see Figs. 1.5(a) and 1.5(b), respectively]. These metallic PNRs have interesting

behavior in vertical and lateral electric �eldd, which, as we will show, gives rise to new potential

device functionalities. Other types of PNRs are insulating and will not be considered in this work

[52, 53, 50].
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Figure 1.4: (a) band structure of biased trilayer phosphorene atEz > E c. A pair of Dirac points

appear in the band structure (� x ). (b) The CB and VB edge (yellow dots) as a function of

magnetic �eld obtained from diagonalization of Harper's equation atEz > E c. The data is �tted

with the square root power law of Dirac fermions (blue lines).

Figure 1.5: Crystal structure of bilayer skewed-armchair (a) and zigzag (b) PNRs. Corresponding

unit cells are outlined by the solid line boxes.
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The calculated band structures of mono-, bi-, and trilayer zigzag PNRs are shown in Figs.

1.6(a)–(c) and those corresponding to skewed-armchair PNRs are shown in Figs. 1.6(d)–1.6(f),

respectively. One can see the presence of midgap bands (red curves) completely detached from

the bulk bands (shown in blue). For zigzag PNRs, each layer of phosphorene contributes one band

of twofold-degenerate midgap states, making a total of two, four, six midgap states for mono-,

bi- and trilayer PNRs, respectively. However, in the case of skewed-armchair PNRs, each layer

provides two, twofold-degenerate midgap states. As a result, a total of four, eight, twelve midgap

bands are present for mono-, bi- and trilayer skewed-armchair PNRs, respectively. We used the

same tight-binding parameters for the PNRs as in the bulk calculation (Table 1). Of course, there

is generally no guarantee that the bulk tight-binding parameters remain suitable for nanoribbons.

In fact, later on we show that coulomb interaction at the level of Hubbard model should be added

to the TB model in order to have band structures consistent with (density functional theory) DFT

results.

In the absence of a vertical electric �eld, zigzag PNRs are metallic since the Fermi level passes

through all midgap bands and is far from the bulk states. In a similar manner, metallicity of

skewed-armchair PNRs is caused by the two midgap states closest to the Fermi level without any

contribution from the bulk states [see Figs. 1.6(d)-1.6(f)]. Therefore, near-equilibrium electronic

transport in metallic PNRs is governed by midgap states. In Figs. 1.6(g) and 1.6(h), we plot the

probability density for twok = 0 wave functions marked in Figs. 1.6(a) and 1.6(d), respectively,

one from a midgap band (shown in red) and another from the bulk CB (shown in blue). In contrast

to the states from the bulk bands, whose probability density peaks near the PNR middle, the midgap

state's probability density is highest by the edges (near one edge in the top sublayer and near the

other end in the bottom sublayer of a given monolayer). Therefore, electronic transport in PNRs

should be tunable by the manipulation of the midgap states, con�ned to the edges. The dispersion

of the midgap bands and the localization of their corresponding wave function at the edges is not

dependent on the width of the ribbon; rather, it is dictated by a topological invariant, �xed by the

hopping elements of the Hamiltonian [54].
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Figure 1.6: band structure of (a) monolayer, (b) bilayer, and (c) trilayer zigzag PNRs. band

structures of their skewed-armchair counterparts are shown in (d)–(f), respectively. All ribbons

are18nm wide. (g) and (h) Probability densities of the states whose energies are marked by “x”

in panels (a) and (d), respectively. The red (blue) circles denote the probability densities of the

midgap (bulk) states shown by the same color in panels (a) and (d).
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Since the results from DFT calculations show that skewed-armchair PNR are mechanically

unstable, the device functionalities presented here are limited to zigzag phosphorene nanoribbons

(ZPNRs) [5].

1.5 Pseudospin Field-Effect Transistor

The position of the midgap bands in the energy diagram of zigzag phosphorene nanoribbons

(ZPNRs) can be shifted by applying an in-plane electric �eld (along the y-direction in Fig. 1.5, the

ribbon width direction) or out-of-plane electric �eld (along z direction in Fig. 1.5). In both cases,

the applied electric �eld can alter the energy of the midgap bands associated with the edge states.

The effect of the electric �eld is incorporated in the tight-binding model through the diagonal terms

of the Hamiltonian. The ribbons are assumed to be in�nitely long. The resulting band structure

from applying an in-plane electric �eld in the width direction (y) is shown in Fig. 1.7(a). The right

edge is �xed at the potential+0:3 V and the left �xed at� 0:3 V and we assume that the potential

varies linearly between the edges [42]. The applied bias moves bands 1 and 2 upward, while it

pushes bands 3 and 4 downward, and leaves the bulk bands unchanged. The probability densities

of the states 1 and 2 are pushed to the left edge and those of states 3 and 4 are con�ned to the

right edge [see Fig. 1.7(e)]. Under these circumstances, if the ribbon is connected to a source and

drain, whose Fermi levels [one denoted by the dashed and the other by the solid horizontal line

in Fig. 1.7(a)] are slightly offset with respect to one another owing to a small applied bias, the

electronic transport can be channeled exclusively through the states 3 and 4, without contribution

from any other states, so the current is carried only by the states associated with energy bands

3 and 4, which now have wave functions mostly located at the left edge of ZPNR [Fig. 1.7(e)].

Therefore, applying an in plane electric �eld along the width of the ZPNR leads to the generation

of edge-pseudospin-polarized current in ZPNRs. In a similar manner, one can generate a current

with the opposite pseudospin polarization by switching the sign of the applied bias on the two

edges. When the right edge potential is �xed at� 0:3 V instead of+0:3 V and the left edge bias

is changed from� 0:3 V to +0:3 V, states 3 and 4 move upward in the energy diagram, while 1

and 2 are pushed downward [see Fig. 1.7(b)]. According to Fig. 1.7(b), at this bias, bands 1 and
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2 are the only ones within the transport window designated by the source and drain Fermi levels

and thus carrying current. The corresponding states are at the right edge [Fig. 1.7(f)]. Therefore, a

current with pseudospin right (carried only by electrons at the right edge) can be produced.

The feasibility of edge-pseudospin current generation is not limited to bilayer ZPNRs. The

band-structure analysis given above can be expanded to single-layer ZPNRs, where there are two

midgap bands instead of four. Applying an electric �eld along the width of a single-layer ZPNR

leads to separation of these two midgap bands in energy. This separation in energy is associated

with the con�nement of the corresponding wave function at the opposite edges of the single-layer

ZPNR. In the presence of a source and drain, where the transport window between the Fermi levels

intersects only one midgap band, we can obtain an edge-pseudospin current, carried through the

states localized near only one edge associated with that band.

To conclude, in ZPNRs, edge-pseudospin-polarized current can be obtained by the application

of a lateral (in-plane) electric �eld. This can realized by using a side-gate �eld-effect transistor

(FET) [see Fig. 1.8(a)]. Here, a lateral �eld is created by applying voltagesVg1 andVg2 to gates,

which separates the states in the active region of the device (solid-line box in Fig. 1.8(a)). Also

the carrier transport energy window is controlled by the biases on the source (VS) and the drain

(VD ). Side-gate FETs have been proven to be experimentally feasible as they have been used with

graphene as the channel material for other applications [55].

If an applied electric �eld is perpendicular to the surface of the ribbon (along the z-direction in

Fig. 1.6), similar midgap-band separation occurs, where the bands are pushed apart in pairs [see

Fig. 1.7(c)]. Here, the voltage at the top of the ZPNR is �xed at0:3 V and at the bottom is� 0:3

V and the voltages varies linearly in between. Once more, by attaching the ribbon to a source and

drain, with the transport window between their Fermi levels chosen as shown in Fig. 1.7(c), current

is carried solely by the states associated with bands 3 and 4. Since the corresponding wave function

are located in the bottom layer, the current generated can be referred to as “pseudospin down”

current. Similar to the edge-pseudospin scheme, the pseudospin polarization of the generated

current can be changed by switching the sign of the applied biases. With the top of the ribbon �xed

at � 0:3 V bias and the bottom at+0:3 V, bands 1 and 2 are in the carrier-transport energy window
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Figure 1.7: (a),(b) Band structure of bilayer ZPNR in the presence of an in-plane electric �eld in

the width direction. In panel (a), the left edge of the ribbon is at0:3 V and the right edge at� 0:3

V. In panel (b), the signs of voltages have been �ipped with respect to (a). (c),(d) Band structure

of a bilayer ZPNR in the presence of a cross-plane (perpendicular) electric �eld. In panel (c), the

top of the ribbons is at0:3 V and the bottom is biased to� 0:3 V, while in (d) the signs of the

voltages have been inverted. The probability density of the states marked in panels (a)–(d) are

shown in the corresponding panels of the second row, (e)–(h), respectively. The red circles denote

the probability densities. Larger circles correspond to higher probability densities.
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[see Fig. 1.7(d)]; their associated wave functions are located in the top layer [see Fig. 1.7(h)]. The

current produced under these conditions will have pseudospin up (carried only by electrons at the

upper layer).

The FET in Fig.1.8(b) generates current with layer-pseudospin. Voltages on the top (VT G) and

bottom (VBG ) gates are applied to the active region of the device (solid line box). This causes a

potential difference (electric �eld) across the layers which leads to midgap band separation. The

source and drain voltages tune the energy window of carrier transport. Dual-gate structures of this

sort have been realized for bulk phosphorene transistors [1]. Layer-pseudospin current generation

obviously cannot be achieved in single-layer ZPNRs.

To get a clearer understanding of the pseudospin FETs operation, we calculate electrical cur-

rent using the scheme explained down below. The modeling of electrical devices was performed

through a self-consistent solution of two equations. The �rst is the retarded Green'sG function,

which describes the dynamics of electrons inside the active region of the devices [56]

Gr;r 0(E) = [ E � H r;r 0 � Ur;r � � S
r;r 0(E) � � D

r;r 0(E)]: (1.9)

E is the energy at which the Green's function is being calculated.r andr 0 are the lattice-point

positions. H is the Hamiltonian of the active region andU is the self-consistent potential being

applied to the active region.� S(D ) is the self energy of the source (drain). The effects of metal

contacts have been ignored and the contact self-energies were calculated using the Sancho-Rubio

iterative scheme [57]. The number of electrons (n) and holes (p) at each lattice point is calculated

usingn(r ) = 2
R

dE
2� Gn

r;r andh(r ) = 2
R

dE
2� Gp

r;r , respectively. Here,Gn
r;r 0 andGp

r;r 0 are analytical

functions: � S(D ) = � 2Im [� S(D ) ], the Green's function, the Fermi level of the source (E fS ) and

the drain (E fD ), and the Fermi-Dirac distribution function (f (E)):

Gn = G[� Sf (E � E fS ) + � D f (E � E fD )]Gy; (1.10a)

Gp = G[� S(1 � f (E � E fS )) + � D (1 � f (E � E fD ))]Gy: (1.10b)

The second equation that was solved self-consistently with the �rst is Poisson's equation:

r (� (r )r U(r )) = � � (r ) (1.11)
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which determines the self-consistent potentialU for a given charge distribution� (r ). Charge

distribution is a function of the electron and hole occupation obtained from the Green's function.

The dielectric function was assumed to be position dependent to take into account the different

materials (phosphorene sheet;Al 2O3). In the simulations, the dielectric function ofAl 2O3 was

assumed to be9:5� 0 and those of single-layer and bilayer phosphorene were taken to be1:12� 0 and

1:72� 0 respectively [58]. The effect of substrate was ignored and gates were taken into account

via Dirichlet boundary condition. Neumann boundary conditions were assumed at the remaining

boundaries.

The Green's function and the Poisson equation were solved self-consistently until convergence

was obtained. The converged Green's function was then used to obtain the current (I ):

I =
2q
h

Z + 1

�1
dE T (E) [f (E � E fS ) � f (E � E fD )]: (1.12)

Here,T(E) is the transmission function, calculates as

T = Trace(� SG� D Gy): (1.13)

All the simulations are done at room Temperature (T = 300 K). Figures 1.9(a) and 1.9(b) show

the current–voltage relation of the edge-pseudospin FET [schematic shown in Fig.1.8(a)], where

single-layer and bilayer ZPNR were chosen as the channel material, respectively. The Fermi level

of source (E fS ) is set atE fS = � 275meV and drain's Fermi level (E fD ) is kept atE fD = � 325

meV. E fS;D are offset with respect to one another by50 meV and have an average ofE = � 0:3

eV [this contact Fermi level is denoted by the dashed black line in the band structures portrayed in

Fig. 1.9(a)-1.9(c)].E fS;D are kept at these values throughout the paper. In relation to Fig. 1.8(a),

the ribbon width (W) and the gate-oxide widths (Wo) are5 nm and the ribbons are very long (we

will discuss length effects further below).

As can be seen, for both single and bilayer ZPNRs the edge-pseudospin �eld-effect device has

three different regimes of operation, depending on the voltages on the side gates. At low bias

[region II in Fig. 1.9(a) and (b)], the average contact Fermi level passes through all the the midgap

states, leading to a current with no particular pseudospin polarization. By increasing the magnitude
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Figure 1.8: Schematic of the proposed �eld-effect transistor used to generate (a) edge-pseudospin

and (b) layer-pseudospin current in ZPNRs. Gate oxides shown in green areAl 2O3 slabs. Gate

electrodes, source, and drain are made of Au. The materials chosen are used in fabrication of

bulk-phosphorene transistors and phosphorene dual-gate structures [1].
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of gate voltages, the midgap bands are pushed apart. When the voltage on the gates is increased

to highlighted region I (III), the narrow transport window close to the Fermi level passes through

two out of the four midgap bands, whose wave function is con�ned to the right (left) edge. This

results in a pseudospin-polarized current, with edge-pseudospin right (left). The I–V curve of the

layer-pseudospin FET [Fig. 1.8(b)] is shown in Fig. 1.9(c). For this structure, thickness of the

gate oxide (TO) is 5 nm. The width of the bilayer ZPNR is5 nm and the active region is assumed

very long. Similar to the case of edge-pseudospin FET, depending on the bias of the top gateVT G

and bottom gateVBG , the ribbon can be in three different regimes of operation. Once again, at

low bias [region II in Fig.1.9(c)] the current is carried by all the four midgap bands present in

bilayer ZPNRs. This current does not have any particular pseudospin polarization. By tuning the

bias voltages to region I (III), the midgap bands are separated in pairs, and only the midgap bands

with their wave function in the upper (lower) layer overlap with the energy window imposed by

source and drain Fermi levels. This results in a current with layer-pseudospin up (down). In all

cases discussed above, increasing the bias on the gates beyond regions I and III leads to further

separation of midgap states. Consequently, the average Fermi level of the contacts does not cross

any bands, and the ribbon shows insulating behavior. These regions of operation are omitted from

Figs. 1.9(a)-1.9(c), as they occur at high electric �eld and bear no physical signi�cance in the

pseudospin scheme presented here. Simulations on wider ribbons (W > 15 nm) show that the

regions of operations and the current–gate voltage curve remain the same as in Fig. 1.9, which

underscores the topological nature of the midgap states that govern transport [54].

It is important to note that the response of the midgap bands to applied electric �eld depends on

the length of the ribbon. Since the generation of the pseudospin current is based upon electric-�eld

tuning of ZPNRs, the pseudospin polarization of the current is expected to be length dependent,

as well. The polarization of the current can be measured by a population imbalance of electrons

with opposite pseudospin in the active region of the pseudospin FET. Figure 1.10 shows a popu-

lation percentage of electrons as a function of length (L) in pseudospin FETs. Panels (a) and (b)

correspond to edge-pseudospin FET with single layer and bilayer ZPNR as the channel material




